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Introduction

Warning: This is an Al-translated version of my German lectures notes, performed by Gemini 3 Flash
Preview. I have not checked whether Gemini introduced errors. Use with care!

Preface

These notes are an extension of my lecture Linear Algebra A&B in the winter semester 2020/21 and
summer semester 2021 at Leibniz University Hannover. While the lecture was primarily aimed at
computer science students, the present notes are directed at mathematicians. The third part was
added at the end of 2025 and deals mainly with practical applications. Some of the presented theorems
(including those by Fillmore, Mirsky, Mazur-Ulam, Schur-Horn, and Frobenius) are difficult to find
in the standard literature. Furthermore, the Frobenius normal form is treated in full generality. The
exercises are limited to theoretical aspects and should be supplemented by practical examples. I thank
Stefanos Aivazidis, Annika Bartelt, Gereon Koffmann and Claude Sonnet (4.6) for pointing out errors
(further hints are welcome). The following book covers approximately the topics of Part I and II:

Hoffman, Kunze, Linear algebra, 2nd edition, Prentice-Hall, New Jersey, 1971

Motivation

You have obtained measurement data di = —2,d> = 3, ... through physical experiments at various
times t; = 1,t = 2,.... From theoretical considerations, it is known that these data follow a law,
that is, there is a function f with f(¢;) = d; for i = 1,2,.... Here, f depends (linearly) on unknown
parameters 1, 2o, ..., for example f(t) = t?x1 — tzs + 3. Determining these parameters based on the

measurement data leads to a system of linear equations:

T, — X9 +x3 =—2
41 — 229+ 3 =3 (S)

We answer, among others, the following questions:

e When is the system solvable?

e How many solutions are there?

e What structure does the solution set have?

e How does one calculate all solutions in practice?


https://benjaminsambale.github.io/subpages/teach.htmlteach/LAAB.pdf

The developed methods (vector spaces, matrices, and linear maps) have numerous applications in other

fields:
e Image processing: How does one recognize faces in photos?
e Search engines: According to which criteria does Google rank internet pages?
e Coding theory: How does one detect and correct errors in the transmission of digital data?

e Cryptography: How does one encrypt data resistant to attacks by quantum computers?

mark 20.11))

e Electrical engineering: How does one calculate resistances in circuits?
e Meteorology: How does one predict tomorrow’s weather?
e Stochastics: With what probability does one reach the goal after a random walk?

e Artificial intelligence: How are Large Language Models trained?

Notation
ie. id est (that is)
cf. confer (compare)
wlog. without loss of generality
wrt. with respect to
t, f true, false
AV, = e 3V logical expressions
=, & left side is defined by right side
O end of proof
16} empty set
P(M) power set of M
u, U, N, \ union (disjoint), intersection, difference of sets
|A| cardinality of A (number of elements)
(a,b), (x1,...,2) pair, n-tuple
Al x ... x A, Cartesian product of sets Aq,..., A,
[a] equivalence class of a € A
A—B,a—b map from A to B
Fun(A, B) set of all maps A — B
N, Ny, Z natural numbers (without and with 0), integers
Q,R,R50,R>0,C rational, real (positive, non-negative), and complex numbers
Iy field with two elements
K* = K \ {0} (multiplicative group)
flas f 1 fog restriction, inverse function, and composition of functions
f* dual or adjoint map to f

image, preimage, kernel of f
identity (on V)

Ox, Oy, 1g zero element, zero vector, identity element in G
0ij Kronecker delta

o v linear combination

U<V,U<V,V/U subspace (proper), factor space

H<G H<G subgroup (proper) of G



uv=v

V*7vm*

U Uy
UesW,UxW
€ly,...,€En
e,

(S), (S15---,5n)
dimg V =dimV
B[]

Hom(V, W)
End(V)

KnXm

GL(V), GL(n, K)
SL(n, K)

O(V), O(n, K)
SO(n, K)
U(V), U(n,C)
SU(n,C)
Aff(V)

Onxm, On, 1n
Est

A~ B

AxB

(Alb)

Ast

AL AT

At ATt

A A

A, A*

rk(A), tr(A), det(A)

vol(D)
clflB, [f]; cAB
E\(f), Ha(f)

deg(a)

alp

a = (mod 9)
XA;Xf7MA7Mf
oy

[v, w], |v|

vl w

T

cos , sin ¢

SJ_

isomorphic vector spaces

dual space, bidual space

dual complements

direct sum/product of U and W

standard basis of K"

dual basis

span of S

dimension of V' over K

coordinate representation of v wrt. the basis B
vector space of all linear maps V. — W

= Hom(V,V)

vector space of n X m matrices over K
general linear group

special linear group

orthogonal group

special orthogonal group

unitary group

special unitary group

affine group

zero matrix, identity matrix

standard matrix with 1 at position (s, t)

A row-equivalent to B

A similar to B

augmented coefficient matrix

= (asj 11 # s,j #t) (deletion of row/column)
inverse and pseudoinverse of A

transpose and transpose-inverse of A

row echelon form, complementary matrix of A
complex-conjugate, adjoint matrix of A

rank, trace, determinant of A

volume (Jordan measure) of A C R"
representation matrix, basis change matrix
eigenspace, generalized eigenspace for the eigenvalue X\ of f
symmetric group of degree n

alternating group of degree n

sign, permutation matrix of o € S,

vector space of polynomials with coefficients in K
field of rational functions

derivative of a € K|[X]

degree of a € K[X]

« divides 8

0|la—p

characteristic polynomial, minimal polynomial of A, f
minimal polynomial of the cyclic subspace
inner product, Euclidean norm of v

v and w are orthogonal, i.e. [v,w] =0

length of the semicircle arc with radius 1
cosine, sine of ¢

orthogonal complement of S C V



v X W cross product of v and w

D(y), S(v) rotation, reflection in R?

Dg(9) Givens rotation

Sy reflection across the hyperplane v

real part, imaginary part, complex conjugation of z

i imaginary unit

Bil(V) vector space of bilinear forms on V'
BB Gram matrix of a bilinear form [
ind(8), ind(A) index of g € Bil(V), A € K™*"
Jn(N) Jordan block for A € K of size n x n
Je(y) generalized Jordan block for v € K[X]
B(a) companion matrix of a € K[X]

C(f), C(4) centralizer of f € End(V), A € K™*"
W, n-th Fourier matrix

H, n-th Hilbert matrix

Fa discrete Fourier transform

k(A) condition number of A

| Al Frobenius norm of A

ol 141, p-(matri-Jnorm

10/l max, [|Allmax

maximum norm, row summ norm

Ai(A) the k-th largest eigenvalue of A = A*

p(A) spectral radius of A

exp(A) exponential function of A

Ay non-negative matrix (|a;;|)q;

L* dual linear program to L

con(A) convex hull of A CR"

supp(x) support of z € R"

|z, |x] floor and rounded value of x € R

disc(A) discriminant of the lattice A

A* dual lattice to A

FEyg even lattice in R® with full rank

ALA orthogonal decomposition of lattices

Yn n-th Hermite constant

cd, ged (greatest) common divisor

det(q) determinant of the quadratic form ¢

1i(q) successive minimum of ¢
Conventions

e Proper names are written in SMALL CAPS upon first use.

e K is always a field, V' a finite-dimensional K-vector space, subspaces are usually called U, W, V;
ete.

Sets and matrices are denoted by uppercase Latin letters (A, B,..., M,...).

Elements of sets are denoted by lowercase letters, vectors by u, v, w, natural numbers by n,m, k, [,
maps by f, g, h etc.

For sets of sets, “calligraphic” letters are often used (M, P).



e For polynomials, scalars (field elements in the context of vector spaces), and bilinear forms, we
use Greek letters. The most common are:

e} B ~,T 0, A €, € ¢ n 0,9,0 A A 7
alpha | beta | gamma | delta | epsilon | zeta eta theta | lambda mu

v ¢ m, I1 0,0 0,2 T p, ¢, P X P, U w, 2

nu xi pi rho sigma | tau phi chi psi omega




Linear Algebra |
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1 Propositional Logic and Set Theory

1.1 Propositions

Remark 1.1. The language of mathematics is based on logical principles that must ultimately be
accepted as given. All “higher” mathematical objects can be traced back to set-theoretic constructs. We
treat these topics here only as far as they are needed for the understanding of linear algebra. More
information can be found in my notes on logic and set theory.

Definition 1.2.

e A proposition (or simply a statement) A is a sentence that takes either the truth value true (t) or
false (f). One then says A holds or A does not hold.

e For propositions A and B, =A (not A), ANB (A and B), AV B (A or B), A= B (A implies
B) and A < B (A if and only if B) are also propositions with the following truth values:

A B|-A ANB AVB A=DB A&B
t t| f t t t t
t | f f t f f
fot]t f t t f
f £t f f t t

e Two propositions A and B are called equivalent if A < B is true, i.e., if A and B have the same
truth value.

e A predicate is a property A = A(x) that only becomes a proposition by substituting a variable .
If applicable, Vx : A(z) (for all z, A(x) holds) and 3z : A(z) (there exists an x such that A(x)
holds) are propositions.

Example 1.3. The following sentences are propositions (even if we do not know the truth value):
e All blue cats can fly (t).
e 1+1=23(f).
e Every even number greater than 2 is the sum of two prime numbers (7)E]
In contrast, the following are not propositions:
o Let € > 0 (assumption).
e a? +b% = c? (equation).

e This sentence is false (paradoz).

lGoLpBACH’s conjecture

11
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From the predicate x > 0, one can form the true proposition Vx > 4 : z > 0.

Remark 1.4.

(a) In contrast to everyday language, the mathematical or differs from either or. That is, the
proposition t V t is true. We do not introduce a separate symbol for either 07’E| Furthermore,
distinguish between the formulations “There exists a...” and “There exists exactly one...”.

(b) The truth of the proposition f = f irritates many beginners (see [Example 1.3|). Interpretation:

If the premise is not satisfied, there is nothing to show. Furthermore, one must distinguish the
proposition A = B from its converse B = AE|

(c¢) For propositions Ay, ..., A,, one defines Ay A...ANA, by Vi: A; and A1 V...V A, by Ji: A;.

(d) To determine the truth value of a proposition A, one performs equivalence transformations, i.e.,
one replaces A with an equivalent proposition. For this purpose, the following rules of inference
are useful f4

Lemma 1.5. Let A, B, and C be propositions. Then:

(a) The following propositions are equivalent to A:

A, AN, AVE, AN A, AV A, t= A

(b) ANB and B A A are equivalent, as are AV B and BV A (commutative law).
(c¢) AV —A holds (law of excluded middle) and —=(A A =A) (law of non-contradiction).

(d) AN(BVC) and (ANB)V (ANAC) are equivalent, as are AV (BAC) and (AV B) A (AV C)
(distributive law).

(e) =(A A B) and =AV =B are equivalent, as are =(AV B) and ~A N —B (DE MORGAN’s laws).
(f) A= B, AV B, and (—B) = (—A) are equivalent (contraposition).
(9) (A= B)A(B = C) implies A = C (transitivity).
(h) From AN (A = B) follows B (modus ponens).
(i) A< B is equivalent to (A= B) AN (B = A).
Proof. All assertions can be easily verified using truth tables. For three variables, one must distinguish
23 = 8 cases (anyone who finds a faster way can earn a million dollarsEI). Alternatively, some of the

assertions can be derived from those already proven. For instance, the second De Morgan’s law follows
from the first:

~(AvB) LL _(—=4) v (+-B)) <= ~(~(-4 A -B)) 2L (-4 A -B). gl

2In computer science, one speaks of XOR.

30ne could also write A < B.

4A lemma is an auxiliary theorem with little significance of its own.

5The [SAT problem| of theoretical computer science is NP-complete. One of the seven Millennium Problems| asks whether
P = NP.

5This box marks the end of a proof.

12
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Remark 1.6.

(a) De Morgan’s laws can be formulated more generally for predicates in the form (=Vz : A(z)) &
(Fz : (mA(x))) and (—3z : A(z)) & (Vo : (-A(x))).

(b) shows that one can express all further terms using only the symbols = and A. For the
sake of readability, however, one should use all symbols sparingly.

1.2 Sets

Definition 1.7 (CANTOR). A set M is a collection of definite, distinct objects x of our perception
or of our thought into a Wholem One then says: = is an element of M and writes z € M as well as
M ={x:x € M} (resp. * ¢ M for —=(z € M)). The number |M| of elements of M is called the
cardinality or size of M. In the case |M| < oo, M is called finite and otherwise infinite.

Remark 1.8.

(a) [Definition 1.7|is imprecise, because it allows sets that lead to logical contradictions. For example,
let

M:={z:2 ¢z} (RUSSELL’sAntmomy)lﬂ

The proposition M € M can then be neither true nor false. In modern mathematics, such
contradictions are prevented by introducing an aziom system, i.e., one prescribes the truth value
of as few “elementary” propositions (axioms) as possible. The ZERMELO-FRAENKEL system is
widely used. One of its axioms states:

Sets are equal if and only if they contain the same elements.
This implies that the elements of a set have no fixed order. Thus, {2,1,1,2,2} = {1, 2} holds.

(b) In some situations, the so-called aziom of choice (see is additionally required. It is
accepted by most mathematicians, although it allows the construction of counterintuitive sets:
The BANACH-TARSKI paradoz states, for example, that one can decompose a sphere of volume 1
into five parts which, when reassembled differently, yield two spheres of volume 1.

(¢) According to GODEL’s second incompleteness theorem, it is impossible to prove that the Zermelo-
Fraenkel axioms do not yield contradictionsﬂlf this is indeed the case (which most mathematicians
assume), then Godel’s first incompleteness theorem states that there are propositions whose truth
value cannot be determined.ﬂ The best-known example of this is the continuum hypothesis (see
|[Remark 2.11|(f))).

Definition 1.9.
(a) For sets A and B let

o:={} (empty set),
AUB:={z:xz€ AVz € B} (union),

“Cantor’s wording

8The symbol := states that the left side is defined by the right side.

9See [notes| on logic and set theory

10The idea of the proof consists of formalizing the proposition “This sentence is not provable.

”
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ANB:={z:x€ ANz € B} (intersection)ﬂ
A\B:={z:x€ ANz ¢ B} (diﬁerence)@

(b) In the case AU B = B, A is a subset of B. One then writes A C B or A C B, if additionally
A # B (one then speaks of a proper subse@. If A is not a subset of B, one writes A € B.

(c) One calls A and B disjoint, if AN B = &. If applicable, one calls AU B := AU B a disjoint union.

Remark 1.10.

(a) Relationships between sets can be illustrated by VENN diagrams:

AU B: . AN B: A\ B: AQB:

Attention: If more than three sets are involved, the general situation can no longer be represented
by circles[]

(b) Union and intersection of arbitrarily many sets A; (where i comes from an index set I) can be
defined as follows:

UAi::{x:EIiGI:mGAi}, ﬂAi::{x:WEI:xéAi}.
i€l i€l
If A is the disjoint union of sets A;, one speaks of a partition of A.

(c) To prove the equality of sets A = B, it is often easier to show the equivalent proposition
(ACB)A(BCA).

Example 1.11.

(a) The set of natural numbers N := {1,2,3,...}. We set Ny :={0,1,2...} =NU {O}E Note: For
some authors, 0 € N.

(b) The set of integers Z := {...,—2,-1,0,1,2,...}. It holds that N = {n € Z : n > 0}. The integers
of the form 2n (resp. 2n + 1) with n € Z are called even (resp. odd).

(c) The set of rational numbers Q :={§ : a,b € Z, b # 0}.

(d) The set of real numbers R consists of all decimal fractions such as 2 = 2.0, % = 033..,
V2 =1.4142... or m = 3.1415... (the decimal expansion can be terminating, periodic or non-
periodic). In analysis, real numbers are defined as limits of rational CAUCHY sequences. In the
following, we assume the usual rules for basic arithmetic operations. These can also be introduced
strictly axiomatically.

HNote the similarity of the symbols U and V as well as N and A.

2Tn some books one writes A — B instead of A\ B.

13The symbol C is unfortunately not used consistently in the literature.

see https://en.wikipedia.org/wiki/Venn_diagram

15Strictly axiomatically, one defines 0 := @, 1 := {@} and generally n + 1 := nU {n}.

14
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(e) It holds that N C Ny € Z C Q € R. We show the claim Q # R indirectly. Assumption: Q = R.
Then v/2 € Q and there exist a,b € Z with V2 = 7 and b # 0. wlog. , we can assume that a and b
are coprime (otherwise one can simplify ¢). Rearranging yields 202 = @?. In particular, a? is even.
Since the square of an odd number is odd ((2n + 1)? = 2(2n? 4+ 2n) + 1), a is even, say a = 2c. It
follows that b> = 2¢%. By the same argument, b is now also even. Thus 2 is a common divisor of a
and b. This contradiction shows that the assumption was false. Therefore Q # R.

(f) The elements of a set can certainly be sets themselves. In such cases, one often uses script letters.

For example, M := {{1,2},{1,3},{2,3}} consists of all 2-element subsets of {1,2,3}.

Lemma 1.12. For sets A, B and C, the following hold:
(a) ANBCACAUB.
(b)) AN(BUC)=(ANB)U(ANC) and AU(BNC)=(AUB)N(AUC) (distributive law).
(c) A\ (BUC)=(A\B)N(A\C) and A\ (BNC) = (A\ B)U(A\ C) (De Morgan’s laws).
(d) ||AUB|+|AN B| = |A| +|B|| and [AUB| = || + |B].

Proof.
(a) Follows directly from the definition.

(b) We only prove the first equality (prove the second one yourself):

® ®-&-& &

(¢) This time we use [Lemma 1.5] (for the first equation):
r€ A\ (BUC)<= (z € AN(z ¢ BUQ)) <= (€ AN(z ¢ BAx ¢ ())
< (zre ANz ¢ BNz e ANz ¢ C)) <=z (A\B)N(A\C).

(d) If A or B is infinite, then so is AU B and the claim holds if one interprets oo + n = oo for
n € NoU {oo}. Now let A and B be finite, say AN B = {z1,...,xs}, A={x1,...,25,01,...,0:}
and B = {x1,...,25,b1,...,by,}. Then

|JAUB|+|ANB|=s+t+u+s=|A|+|B]|.

If A and B are disjoint, then |[A N B| = |&| = 0 and the second claim follows. O

Definition 1.13. The power set P(M) of a set M is the set of all subsets of M, i.e.

P(M):={N:NC M}.

15



1.3 Mathematical Induction

Theorem 1.14 (Principle of mathematical induction). Let A(n) be a predicate for n € N with the
properties:

e Base case: A(1) holds.
e [nductive step: ¥n € N: (A(n) = A(n+1)).
Then A(n) holds for all n € N.

Proof. Proof by contradiction: If A(n) does not hold for all n € N, then there exists a smallest n
with —A(n). By the base case, n # 1. By the choice of n, A(n — 1) holds. By the inductive step,
A(n —1) = A(n) holds. Thus A(n) holds by modus ponens. Contradiction. O

Remark 1.15. One often uses variants of mathematical induction. For example:
e Base case: A(1) A A(2) holds.
e Inductive step: Vn € N: ((A(n) A A(n + 1)) = A(n + 2)).

Example 1.16. We prove (1 +2+...+n)2=13+234 ...+ n3 forall n € N.
Base case: For n = 1, it holds that 12 =1 = 13.
Induction hypothesis: Assume that (1424 ...+n)? =134+23 4+ ... +n3 () already holds.

Inductive step: We must prove the claim for n 4+ 1. First, an auxiliary calculation:

21424...+n)=10+2+...4n)+n+n—-1+...+1)
=14+n)+@2+n-1)+...4+(n+1)=n(n+1)

(this was recognized by GAUSS as a 9—year—oldE]). According to the binomial formula, it now holds
that

(A4+24 .. 4n)+m+1))2? = 1+2+...+n)? +20+2+...+n)(n+1) + (n+ 1)
(2)13+23+...+n3+n(n+1)(n+1)+(n+1)2

=134+ 4. 0P+ (n+1)3 O

165ee | American Scientist
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2 Cartesian Products and Functions

2.1 Pairs and Tuples

Remark 2.1. According to the elements of a set are unordered. We introduce an ordered

variant.

Definition 2.2.

e Let A and B be sets. The Cartesian product of A and B is the set A x B consisting of all (ordered)
pairsﬂ (a,b) with a € A, b € B, such that

(a,b) = (d',V) < (a=d Nb=1V).

It holds that ‘|A X B| = ]A||B|,‘ provided one uses the rules co -0 = 0 and co - n = oo for

n € NU {oco}.
e Analogously, one defines triples (a,b,c) and n-tuples (a1,...,a,) for n > 2. For sets Aj,..., Ap,
one sets
A X ... X A, = {(al,...,an) tap € Ay, ..., an EAn}
If A:=A; =...=A,, then one uses the abbreviation A" := Ay x ... x A,,.

e Cartesian products can also be defined for arbitrary families of sets. Let I be an index set and
(A; 14 € 1) afamily of sets. One defines X;.; A; := {(a;)icr : Vi € [ : a; € A;}.

Example 2.3.
(a) The Cartesian product R? = R x R consists of all coordinates in the 2-dimensional plane.
(b) It holds that
{1,2} x {2,3,4} = {(1,2),(1,3),(1,4),(2,2),(2,3),(2,4) }.
¢) The Cartesian product X, R is the set of all real sequences from analysis.
1€EN

(d) Let (A; :i € I) be an arbitrary family of non-empty sets. The already mentioned aziom of choice

states that X . ; A; # @, i.e. one can choose an element from each set A; simultaneously.

el
Definition 2.4. A relation on a non-empty set A is a subset R C A x A. Usually, one chooses a symbol,
for example ~, and writes a ~ b if (a,b) € R. One calls R

e reflexive, if Va € A:a ~ a.

o symmetric, if Va,b € A: (a~b= b~ a).

'The formal definition of pairs can be reduced to sets: (a,b) := {{a}, {a,b}}.
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antisymmetric, if Ya,b € A: ((a ~bAb~a) = a=Db)P|
e transitive, if Va,b,c € A: ((a ~bAb~c)=an~c).

e cquivalence relation, if R is reflexive, symmetric, and transitive.

(partial) order relation, if R is reflexive, antisymmetric, and transitive.

If R is an equivalence relation on the set A and a € A, then [a] :={b€ A:a ~ b} C A is called the
equivalence class of a.

Example 2.5.
(a) The trivial relation R = A x A is an (uninteresting) equivalence relation.

(b) The equality relation {(a,a) : a € A} with the symbol = is the “smallest” reflexive relation on
A. Trivially, it is an equivalence relationﬂ Many other equivalence relations can be reduced to
equality. For example, let A be the set of all humans and a ~ b if a,b € A live in the same country.
The equivalence classes then correspond to the countries.

(¢) One can show through simple examples that the properties reflexive, symmetric, and transitive
are independent of each other. For example, the relation

{(1,1),(2,2),(3,3),(1,2),(2,1),(2,3),(3,2)}
on A ={1,2,3} is reflexive and symmetric, but not transitive.

(d) On R, the less-than-or-equal relation < is an order relation. It additionally has the property that
any two numbers a and b are related, i.e., a < b or b < a holds (one speaks of a total order
relation).

(e) On the power set of any set A, the inclusion relation C is an order relation. In the case A = N,
{1} and {2} are not related ({1} ¢ {2} € {1}). In contrast to <, C is therefore not total.

Lemma 2.6. Let R be an equivalence relation on a set A. Then there exists a subset T'C A such that
the equivalence classes [t] with t € T' form a partition of A, i.e., A= J,cr[t].

Proof. Let ~ be the symbol of R. Let a,b € A and ¢ € [a] N [b]. Then a ~ ¢ and b ~ ¢ hold. Since ~ is
symmetric, ¢ ~ b holds. Since ~ is transitive, a ~ b holds. For every d € [b], it thus holds that a ~ b ~ d
and a ~ d. This shows [b] C [a] and analogously one obtains [a] C [b]. It follows that [a] = [b]. Thus,
any two equivalence classes are either equal or disjoint. The existence of T' now follows from the axiom
of choice. O

Remark 2.7.
(a) In the situation of T is called a system of representatives for the equivalence classes.
(b) If A= UieIAi is a partition of A, then
a~b <= Jdiel:abeA;

defines an equivalence relation on A (verify). Therefore, partitions and equivalence relations
correspond to each other.

2 Attention: There is also the stronger property asymmetric: Va,b€ A: (a ~b=b 4 a).
3For symmetric relations, one should choose “symmetric” symbols. Unfortunately, the converse is not always given, e. g.,
the symbol | for the antisymmetric divisibility relation on N.
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Example 2.8. For the equivalence relation on the set of all humans from the presidents
of each country form a system of representatives.

2.2 Injective and Surjective Functions

Definition 2.9.

e Let A and B be sets. A function or map f from A to B is a rule that assigns to each a € A
exactly one f(a) € BE| One then Writeﬂ

f+A— B, a— f(a).
We denote the set of all maps A — B by Fun(A, B).

e A is called the domain and B the codomain of f. Furthermore, f(a) is the image of a under f
and f(A) :={f(a):a € A} C B is the image of f. For B' C B,

f7U(B)={acA:fla)eB}CA
is the preimage of B’ under f.

o f: A— B is called

V’\

— injective, if Va,a' € A: (f(a) = f(d') = a =d).

— surjective, if Vbe B:3a € A: f(a) =b,1.e. f(A) = B.

\/
A

_ Dbijective (or bijection), if f is injective and surjective. If
applicable, A and B are called equinumerous.

N

e The restriction of f: A — B to a subset A’ C A is the function
f|A/:A/—>B, a— f(a).
For another function g: B — C, the map
gof:A—=C,  awr g(f(a))

is called the composition (or composite, concatenation) of f and g.

Example 2.10.

(a) For everyset Aand B C A, f: B — A, b— b is an injective function, which is called the inclusion
map. In the case B = A, f is even bijective and one calls f = id 4 the identity on A.

4Formally: A function is a subset f C A x B such that for each a € A there exists exactly one b € B with (a,b) € f.
®Note the different arrows — and .
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(b) Maps f: R — R can be represented graphically:

fle)=1-2z

Injective (resp. surjective) means that the graph of f intersects every horizontal line at most (resp.
at least) once. We read off:

Function injective surjective bijective
flx)=1-2z v v v
f(z) = a? X X X
flx)=a3—=z X 4 X
flx) =2° v X X

Remark 2.11.

(a) If A and B are finite sets, then |[Fun(A, B)| = | B|l4 holds, because for f: A — B and each a € A
one has |B| possibilities to choose f(a) € B.

(b) Attention: Injective is not the opposite of surjective (a common beginner’s mistake)!

(c) One can make every function f: A — B surjective by restricting the codomain to the image:
fr A= f(A).
(d) For f: A — B it holds that

f injective = |A| =|f(4)| < |B|
f surjective = |B| =|f(4)| < |A]
f bijective = |A| = |B]|

(where oo < 00).

(e) Two finite sets A and B are of the same cardinality if and only if |A| = |B|. In this case, the
properties injective, surjective, and bijective are equivalent according to @ For infinite sets, this
is in general false (Example 2.10)).

(f) Although N contains only “half as many” numbers as Z, N and Z are of the same cardinality
through the bijection
%‘1 if n is odd,

—% if n is even

N — Z, n»—){

A set that is of the same cardinality as N is called countableﬁ According to|Cantor’s diagonalization
arqguments, Q is countable, but R is not, i.e., R is uncountable. The (unprovable) continuum
hypothesis states that every infinite subset of R is of the same cardinality as either N or R. The
following theorem shows that there are arbitrarily “large” sets (cardinal numbers), which, however,
are rarely encountered in practice.

5In some books, finite sets are also counted among the countable sets.
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Theorem 2.12 (CANTOR). Every set M is “smaller” than its power set, i.e., there exists an injective
mapping M — P(M), but no bijection. If M is finite, then |P(M)| = 2| holds.

Proof. The mapping M — P(M), a — {a} is certainly injective. Suppose there exists a bijection
f: M — P(M). Let
A={zeM:x¢ f(x)} € P(M).

Then there exists an a € M with f(a) = A. The contradiction a € A = f(a) <= a ¢ f(a) follows. For
the second assertion, let M = {z1,...,2,}. Then the mapping

P(M) — {0,1}", A (a1,...,ap)

with a; = 1 <= z; € A is a bijection. Thus [P(M)| = |{0,1}*| = 2" = 2IMI, O

Lemma 2.13. Let f: A— B, g: B— C, h: C — D be functions. Then:
(a) (hog)o f=ho(go f) (Associative law).
(b) If f and g are injective, then so is go f.
(c) If f and g are surjective, then so is go f.
(d) If g o f is injective, then so is f.
(e) If go f is surjective, then so is g.
(f) [ is bijective if and only if there exists a function g: B — A with go f =id4 and fog=1idp. If

applicable, g is uniquely determined and one calls f~' := g the inverse function of f.

Proof.
(a) Fora € A, we have ((hog)o f)(a) = (hog)(f(a)) = h(g(f(a)) = h((go f)(a)) = (ho(go f))(a).
(b) For a,a’ € A with (go f)(a) = (go f)(a), it holds that g(f(a)) = g(f(a’)), thus f(a) = f(a’) and

(c) We have (g0 f)(4) = g(f(4)) = g(B) = C.
(d) Let f(a) = f(a) for a,a’ € A. Then (go f)(a) = g(f(a) = g(f(@)) = (g f)(@). Since go f is

injective, it follows that a = a’.
(6) We have C = (g0 f)(4) = g(f(4)) C g(B) C C. thus 4(B) = C.

(f) If go f =id4 and f o g =idp, then f is injective by @ and surjective by @, thus also bijective.
Conversely, let f be bijective. For each b € B, there then exists exactly one g(b) € A with
f(g(b)) = b. Therefore, g: B — A is the only mapping with f o g = idg. From f(a) = f(g(f(a)))
it follows that g(f(a)) = a for all a € A, since f is injective. This shows go f =1idg4. O

Remark 2.14. Do not confuse the inverse function with the preimage. The connection between both
concepts is f~1({b}) = {f~1(b)} for every bijection f: A — B and b € B.

Example 2.15.

(a) The map f: Q — Q,  — 2z + 1 is a bijection with inverse map f~': Q — Q, = — “”T_l (verify).
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(b) The inverse map of the exponential function exp: R — Rsq,  — €* is the natural logarithm
log: R<g — R. One obtains the graph of log by reflection across the line y = x:

Y et

/ log(x)

Note that the mere existence of the inverse function does not yet provide a concrete formula for
f~1(z). This circumstance is exploited in cryptography (one-way function).
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3 Fields and Vector Spaces

3.1 Groups and Fields

Remark 3.1. In almost all applications of linear algebra, only the four basic arithmetic operations
(addition, subtraction, multiplication, and division) are used. So that one does not have to prove every
statement anew for every number system (Q,R,...), number systems are replaced by abstract groups
(with one operation) and fields (with two operations). To describe solution sets of systems of equations,
one introduces vector spaces. Note that these are merely models for investigating linear problems that
have proven themselves over time (just like metric spaces in analysis or the Bohr model of the atom in
chemistry).

Definition 3.2. An operation - on a set G is a map G x G — G, (x,y) — x -y. The pair (G, ) (or just
Q) is called a group, if

o Vx,y,z€G:(x-y)-z=2x-(y-z) (associative law),

e decG:(VreG:e-x=ux=u-e) (identity element),

eV eG:(JyeG:y-x=e=uz-y) (inverse element).
If additionally

o Vr,yc G:x-y=y-x (commutative law),

then G is called abelian[l

Remark 3.3. Let G be a group with identity element e.
(a) For convenience, we often write zy instead of z - y.

(b) If ¢’ € G is also an identity element, then ¢/ =€’ - e = e. Thus e is uniquely determined and we
often write e = 1¢ = 1 or e = 0 = 0 if the operation is +.

(c) Let y,y € G be inverses of z € G. Then

Yy =ye=y'(zy) = (r)y=ey=1y.

Thus z has exactly one inverse and we write y = z~! or y = —x if the operation is +. In the

latter case, we write © — y := x + (—y) for arbitrary =,y € GEI

(d) For 2,y € G, we have | (z71) ™! = 2| and | (zy) ™! =y~ 27! | (note the order!).

Example 3.4.

(a) Because e € G, a group is never empty. On the other hand, there is the trivial group G = {e}.

!'Named after N. ABEL.

2In non-abelian groups, the notation 5 is problematic, because it could mean both zy~!

and y 'z,

23



(b) According to the usual calculation rules, (Z,+), (Q,4+), and (R, +) are abelian groups with
identity element 0. On the other hand, (Z,—) is not a group, because the associative law is
violated:

(1-2)—3=—-4+£2=1—(2-3).

Likewise, (N, +) has no identity element and in (Np, +) not every element has an inverse (e.g.,
—1 ¢ Np).

(c) Obviously, (Q\{0},

},-) and (R\ {0}, -) are abelian groups with identity element 1, but not (Z\ {0}, -),
because 27! = 1 ¢

)
Z.
G

(d) For groups G4, .. n, the set G1 x ... x Gy, is also a group with

(@1, wn) - (Y155 yn) 2= (@101, - -, Tnln)

for (z1,...,2n), (Y1, Yn) € G1 X ... X Gy . The identity element is (1g,,..., 1, ).
One then speaks of the direct product of Gy,...,Gy (instead of the Cartesian product).
Definition 3.5. A field is a set K with operations + and - such that the following properties hold:
e (K,+) is an abelian group with identity element 0.
e (K \ {0},-) is an abelian group with identity element 1. One sets K* := K \ {0}.
e Vr,yzeK:x-(y+z2) = (z-y)+ (v 2) (distributive law).

Remark 3.6. In the following, let K always be a field.

(a) By the convention “multiplication before addition,” we save parentheses. For example, let zy+ 2z 1=
(x-y)+z for x,y,z € K.

(b) For all x € K, it holds that ‘1‘ 0=0=0"x, ‘ because 20 = z(0 + 0) = 0 + z0. It follows that
(—x)y = —(xy) for z,y € K.

(¢) For z,y,z € K and z # 0, the cancellation rule xz = yz = = = y holds, because

r=x-1=x(zz7Y) = (z2)27 = (y2)z7 = ... =y.

Example 3.7.

(a) According to the usual calculation rules, Q@ and R are fields. There are also infinitely many fields

“between” Q and R (cf. [Exercise I.14). On the other hand, (Z,+,-) is not a field, since (Z \ {0}, )

is not a group.

(b) Every field possesses at least the two elements 0 and 1. In fact, Fy = {0,1} is already a field if
one defines 1 + 1 := 0. The operation tables are thereby completely determined:

+0 1 |0 1
00 1 0/0 0
1|10 1{0 1

On computers, all calculations are performed in Fo by interpreting 0 and 1 as bits. In algebraEL
one constructs for every prime power ¢ a field with exactly g elements (cf. [Exercise 1.9)).

3see |Algebra notes
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3.2 Vector Spaces and Subspaces

Definition 3.8. A vector space V over a field K (short: K-vector space) is an abelian group wrt. +
together with a scalar multiplication K x V- — V| (A,v) — X - v with the following properties:

eVoeV:1-v=uw,

e VoweV, Ae K: A (v+w)=A-v+ X w,
eVveV, A ueK:(A+p)-v=Xv+p-v,
e VweV, A ue K:(A-p)-v=XA(p-v).

The elements of V' are called vectors and the elements in K are called scalars (in this context). The
neutral element Oy in V' is called the zero vector.

Remark 3.9. Note that + denotes both the addition in K and in V. Likewise, - stands for the
multiplication in K and for the scalar multiplication (this is imprecise, but quite common). In both
cases, we will often omit the symbol -. If misunderstandings are excluded, we also write 0 instead of Oy .
In case of doubt, you must be able to decide whether the zero element in K or V' is meant.

Example 3.10.
(a) The zero space V = {0y} with the scalar multiplication A - Oy := Oy for all A € K.

(b) For K-vector spaces Vi,...,V,, the direct product (wrt. +) V4 x ... x V}, is also a vector space
with component-wise scalar multiplication: A(vy,...,v,) = (Avi, ..., Av,) for v; € V; and A € K
(verify).

(c) Obviously, K itself is a vector space in which the scalar multiplication coincides with the ordinary
multiplication. According to @ K™ is also a vector space for n > 1. In R?, vector addition and
scalar multiplication can be interpreted geometrically:

y U+ w

(0,0)

(d) If vy,..., v, are vectors from V and Ay, ..., A\, € K, then the linear combination A\jv1+. ..+ Ayv,
also lies in V' (proof by induction on n). One uses the summation symbol for this:

n
Z )\Z"Ui = )\1111 + ...+ )\nvn.
i=1

If v1,...,vy, are pairwise distinct (i.e., v; # v; for i # j)E] and at least one A; # 0, then the linear
combination is called non-trivial. Sometimes the empty sum without summands occurs. This is

“pairwise distinct” is stronger than the formulation “not all are equal”
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always interpreted as Oy . For example 20:1 v; = 0. Let also v; = p1wi1 + piowia + - - . + UimWim

be a linear combination for ¢ = 1,...,n)°| Then one obtains a double sum:
n n m
E V; = E E ,ul-jwij.
i=1 i=1 j=1

Since (V, +) is abelian, one may rearrange the summands arbitrarily and thus swap the summation
symbols:

n m m n
Z Z HijWi5 = Z Z i Wi .

i=1 j=1 j=1i=1

An advantage of algebra over analysis is that all sums are finite and one does not have to consider
convergence.

Theorem 3.11. Let A # & be a set and V a K-vector space. Then Fun(A, V) with the following
operations s a K -vector space:

(f +9)(a) := f(a) + g(a) (f,9 € Fun(M, V), a € M)
(Af)(a) == Af(a) (A e K)

Proof. Obviously f + ¢g and Af lie in Fun(A, V). The trivial map f(a) = 0 for all a € A is the neutral
element wrt. +. For f: A=V, —f: A=V, a— —f(a) is inverse to f wrt. +. For f,g,h: A — V and
a € A we have

((f +9) + h)(a) = (f + 9)(a) + h(a) = (f(a) + g(a)) + h(a) = f(a) + (9(a) + h(a))
= [(a) + (g + h)(a) = (f + (g + 1)) (a).

Therefore + is associative. In the same way, the remaining vector space axioms transfer from V to
Fun(A,V). O
Definition 3.12.

e A subset H of a group G is called a subgroup, if H with the restricted operation is itself a group,
i.e.

— 1lg € H,
—Vg,he H:ghe H,
~-VYheH:h'ecH.

We write H < G if applicable. In the case H # G, H is called a proper subgroup and we write
H < G.

e A subset U of a vector space V is called a subspace, if U with the restricted operations is itself a
vector space, i.e.

— (U,+) is a subgroup of (V,+),
- YveUNeK: : weU.

5In case of doubt, one should separate double indices by a comma ;1.
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We then write U < V as with subgroups. In the case U # V', U is called a proper subspace and
we write U < V.

Remark 3.13.

(a) The conditions guarantee that H is closed under multiplication and U is closed under addition
and scalar multiplication, respectively. Thus the operations on H and U are well-defined. The
remaining group axioms or vector space axioms do not need to be checked, as they already hold
in the larger set G or V.

(b) In the following, we restrict ourselves to the study of subspaces. Most statements also apply
analogously to (abelian) groups.

(c) For vector spaces, the conditions can be summarized as follows: A non-empty subset U C V is a
subspace if and only if for all u,v € U and A € K it holds: Au 4+ v € U (Exercise 1.10)).
Example 3.14.
(a) Every vector space V possesses the subspaces {0y} and V.

(b) From U < W <V it follows that U < V. From U,W <V and U C W it certainly also follows
that U < W.

(c) The intersection of an arbitrary number of subspaces is again a subspace (verify).

(d) We prove U := {(z,0) : z € R} <R? with the help of [Remark 3.13; Because of (0,0) € U, U # @.
For (21,0), (z2,0) € U and A € R we have

)\($1,0) + (I‘Q,O) = ()\1‘1,0) + (xg,O) = ()\xl + :L'Q,O) eU.
Geometrically, U corresponds to the z-axis in the plane. Analogously, the xy-plane
U:= {(:U,y,O) eR3:z,ye€ R}

is a subspace of R3.

(e) The subset U := {(z,2?) : € Q} of Q% is not a subspace, because (1,1) € U, but 2- (1,1) =
(2,2) ¢ U. We show in [Remark 7.19| that every subspace can be described by linear equations.

(f) Obviously U := {(0,0),(1,0)} and W := {(0,0),(0,1)} are subspaces of F3, but U U W is not
(Why?)

Lemma 3.15. Let V be a K-vector space and U < V. ForveV letv+U ={v+u:ueclU}CV.
Then V/U :={v+U :v € V} becomes a K -vector space with

w+U)+(w+U):=(v+w)+U (v,w e V),
Av+U) = +U (A € K).

Proof. Let ©:=v + U for v € V. For v = v and w = w’ we have

vFw=v4+w+U=v4+0w +U=0w40v4+U=w+0+U=0v+u'.
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This shows that the addition on V/U is well-defined. The neutral element is 0+ U = U. For A € K it
holds analogously

MW= +U= +AU=ANv+U)=Av+U)= " +U =\

Thus the scalar multiplication is also well-defined. The vector space axioms for V/U follow directly
from the axioms for V. O

Remark 3.16. One calls V/U the quotient space of V by U. The sets v + U are sometimes referred to
as affine spaces ([Exercise I11.25)). They are the equivalence classes of the relation v ~ w <= v—w € U.
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4 Bases and Dimension

4.1 Linear Independence and Generating Sets

Remark 4.1. In order to be able to compare infinitely large vector spaces, we introduce the dimension
as a finer characteristic. It will be shown that vector spaces are largely determined by their dimension

alone (Theorem 7.10)).

Definition 4.2. Let V be a vector space.

(a) For S CV, let (S) CV be the set of all linear combinations of elements from S. One calls (S)
the span of S[YIn the case S = {s1,...,s,}, we also write (s,...,s,) instead of (S) (i.e. we
omit the set braces).

(b) For subspaces U, W < V| let
U4+W:={ut+w:ueclUweW}CV
be the (MINKOWSKI) sum of U and W. In the case U N W = {0}, the sum is called direct and
one writes U @ W instead of U + WE]

Lemma 4.3. Let V be a vector space, S CV and U,W < V. Then (S) and U+ W are subspaces of V.

Proof. Clearly 0 is a linear combination of elements from S, i.e. 0 € (S) (in the case S = &, choose the
empty sum). Addition and scalar multiplication of linear combinations are again linear combinations.
This shows (S) < V. Because of 0 € UNW, we have 0 =040 € U+ W. Let uy +wy,ug +we € U4+ W
and A € K. Then

AMur +wy) + (ug +wa) = (Aug 4+ ug) + (Awy +wg) € U + W.
cU ew

Thus U + W <V as well. O

Example 4.4.
(a) It holds that (@) = {0}, because the empty sum is the only linear combination from @.
(b) For U <W <V, it holds that U + W =W and (U) =U =U @ {0}.

(c) For si,...,s, € V, it holds that (s;) = {As; : A € K} =: Ks; and (s1,...,8,) = Ks1+ ...+ Ksy,.
In particular, R? = R(1,0) @ R(0, 1).

'n some books, one writes Span(S) instead of (S).
2This replaces the (disjoint) union, see [Exercise 1.12
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Definition 4.5. A subset S of a vector space V is called

e generating set, if (S) = V. In the case |S| < 0o, V is called finitely generated.

e linearly dependent, if Oy is a non-trivial linear combination of elements from S.

e linearly independent, if not linearly dependent, i.e. for pairwise distinct elements s1,...,s, € S

and \i,..., A\, € K, it holds:

=1

e basis, if S is a linearly independent generating set.

Remark 4.6. Since bases are sets, their elements do not have a fixed ordering. In fact, however, many
theorems depend on the order of the basis elements. We therefore introduce the following terminology:
vectors si, ..., sy, are called linearly independent (or form a basis) if they are pairwise distinct and

{81,..

., Sp} is linearly independent (or a basis).

Example 4.7.

(a)
(b)

The empty set is always linearly independent and forms a basis of the zero space.

Because of 1k - 0y = Oy, the zero vector is never part of a linearly independent set. A single
vector v # 0, on the other hand, is always linearly independent, because from A\v = 0 with A € K*
follows the contradiction

v=1v=AM"ANv=xTw)=xTto=0.

Vectors v,w € V' \ {0} are linearly dependent if and only if Kv = Kw, i.e. v is a scalar multiple
of w and vice versa.

Every subset of a linearly independent set is linearly independent.

For n > 1 let

€1 (]-7 07 . ) 0)7

er :=(0,1,0,...,0),

en == (0,...,0,1)
be vectors from K". Since every vector v = (vi,...,v,) € K" can be written in the form
v =y ve;, {e1,...,e,} is a generating system of K. From v =0 <= v; =... = v, =0
follows the linear independence of {ey,...,e,}. One calls ey, ..., e, the standard basis of K™.
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4.2 Characterization and Existence of Bases

Theorem 4.8. Let by,...,b, be a basis of a K-vector space V. Then every v € V can be uniquely
written in the form v =>""_| \ib; with A\1,..., \, € K. In particular, the map

gl]: V— K", v vl i=(A, .., A)

s a bijection.

Proof. Because of V. = (by,...,b,), every v € V is a linear combination of the given form. Let

Aly ooy Any [y -y i € K with
n n
v = Z)\ibi = Zﬂibi-
i=1 i=1

Then 0 =v—v =>" (A — pi)b;. Since {b1, ..., by} is linearly independent, it follows that \; = y; for
1=1,...,n. O

Definition 4.9. In the situation of [Theorem 4.8, p[v] is called the coordinate representation of v wrt.
B.

Lemma 4.10. For a vector space V and B CV, the following are equivalent:
(1) B is a basis of V.
(2) B is a minimal generating system, i.e. for allb € B, B\ {b} is not a generating system.

(3) B is mazimally linearly independent, i. e. for allv € V'\ B, BU{v} is linearly dependent.

Proof. We perform a circular proofﬁ

(1) = (2): Let B be a basis, so in particular a generating set of V. Suppose that B\ {b} is also a
generating set for some b € B. Then there exist Ay,...,\, € K and by,...,b, € B\ {b} with
b=>"" 1, \ib. Because of —b+ Y1 ; \;b; = 0, B would then be linearly dependent. Contradiction.

(2) = (3): Let B be a minimal generating set. Let Y ;" | \ib; = 0 for A,..., A, € K and pairwise
distinct by, ...,b, € B. If A; # 0 for some 4, then

bi= A7 D Ab =) (FAT )by € (B {bi}).
J#i J#i
But then B\ {b;} would also be a generating set. Thus A\; = ... = A\, = 0 and B is linearly

independent. Now let v € V'\ B. Because of (B) =V, there exist A\1,..., A\, € K and by,...,b, € B
with v =31 | A\ib; and —v + > | Aib; = 0. In particular, B U {v} is linearly dependent.

(3) = (1): Let B be maximally linearly independent. We must show (B) = V. Let v € V. In the case
v € B,v € (B).Solet v ¢ B. Then BU{v} is linearly dependent. Thus there exist A1,..., A, € K*,
pe K by,...,bp, € B with pv + Z;;l Aib; = 0. Since B is linearly independent, p # 0 must hold.
This yields

n n
v = —,u_l Z)\Zbl = Z(_M_l)\i)bi S <B>
i=1 i=1

Overall, V = (B). O

3A circular reasoning on the other hand is a flawed argument in which the claim is already assumed.
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Theorem 4.11 (Basis Extension Theorem). Let V' be a vector space with a finite generating set E C V.
Then every linearly independent set U C V can be extended to a basis of V' by adding elements from E.

Proof. Let E = {s1,...,s,}. In the case E C (U), V = (E) C (U), i.e., U is already a basis. So let
E ¢ (U) and wlog. s1 ¢ (U). As usual, Uy := U U {s;} is then linearly independent. We can now repeat
the argument with U; instead of U. In the case E C (Uy), U is a basis and otherwise we can assume
sg ¢ (Up). Then Uy := U; U {s2} is linearly independent etc. Since E is finite, one obtains a basis of V'
after finitely many steps. O

Example 4.12. The linearly independent set U := {(1, 2,0),(2,1, O)} C R3 can be extended to a basis
with the standard basis vector eg (but not with e or eg).

Theorem 4.13 (STEINITZ Exchange Lemma). Let V' be a vector space with generating set E. For
every linearly independent subset U C V', it holds that |U| < |E)|.

Proof. Wlog. let E be finite, say F = {s1,...,s,}. Let uy, ..., uy € U be pairwise distinct. We must
show m < n. Since U is linearly independent, 0 # u; = Y ;" | Ais;, where not all A1,..., A\, € K vanish.
So let wlog. A1 # 0 and therefore

n
s1= A tug + Z(—)\fl)\i)si € (u1,82,...,5n).
1=2

Consequently, {u1,s2,...,s,} is also a generating set with n elements (we have exchanged s for uy).
Now write ug = piur + Y 1o pis; with py, ..., u, € K. Because ug ¢ (u1), at least one p; with ¢ > 2
must be non-zero. Say o # 0. Because of

n
sy = —py i + py uy = o puisi € (ui,ug, 3, )
i=3
one can exchange sy for us in the same way. Repeating this process, one finally obtains the generating
set {u1, ..., Um, Smt1,---,5n} of V. In particular, m < n. O

Example 4.14. The set {(1,2,3,4),(-1,4,0,2),(0,5,2,1),(0,0,-7,1),(-3,4,1,0)} € R* must be
linearly dependent, since {e1, e, e3,e4} is a generating set of R? (note that no calculation is necessary).

Theorem 4.15. Every finitely generated vector space has a finite basis and any two bases have the
same cardinality.

Proof. Let V be a vector space with a finite generating set E. According to the Basis Extension Theorem,
the linearly independent set @ can be extended to a basis B of V' using elements from FE. In particular,
|B| < |E| < c0. Let C also be a basis of V. By the Exchange Lemma, |C| < |B| < |C|, hence |C| = |B].
Since B and C are finite, they must have the same cardinality according to |[Remark 2.11(e)| O

Corollary 4.16. FEvery subspace U of a finitely generated vector space V' is finitely generated and
possesses a complement W <V i.e., V=U®W holds.
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Proof. Let B be a basis of V and S C U be linearly independent. According to the exchange theorem,
|S| < |B| < oo holds. In particular, U possesses a maximal linearly independent subset C'. According to

Lemma 4.10, C'is a (finite) basis of U. Thus U is finitely generated. According to the basis extension
theorem, C' can be extended to a basis D of V. The second assertion then follows with W := (D\C). O

Remark 4.17.

(a) In the situation of [Corollary 4.16] W is in general not uniquely determined. For example,

R? = R(1,0) ®R(0,1) = R(1,0) @ R(1, 1).

(b) Using the axiom of choice (more precisely with ZORN’s Lemma)), one can show that every vector
space has a (possibly infinite) basis and any two bases have the same cardinality. For example, R
as a QQ-vector space has infinite bases, none of which can be explicitly given. We will consider in
how to efficiently calculate bases of finitely generated vector spaces.

4.3 Dimension

Definition 4.18. Let B be a basis of a finitely generated K-vector space V. Then
d=dimg V =dimV := |B| € Ny

is called the dimension of V. According to d does not depend on the choice of B. Instead
of “finitely generated,” one can now say finite-dimensional or more precisely d-dimensional.
Example 4.19.

(a) For every field K and n > 1, K™ has dimension n (choose the standard basis). The subspace
U:={(r,z) € K*:2 € K} < K? is 1-dimensional with basis {(1,1)}.

(b) In R3, {(z,y,0) : z,y € R} describes a 2-dimensional plane. More generally, a (d — 1)-dimensional
subspace of a d-dimensional space is called a hyperplane.

(c) Let V be a d-dimensional Fa-vector space. The coordinate representation wrt. a basis shows

V| = |F4| = |Fa x ... x Fy| = 2%

Remark 4.20.
(a) From the above theorems, several useful facts follow:

e For U <V, it holds that dimU < dim V' with equality if and only if U = V' (extend a basis
of U to a basis of V).

e Every generating set E of V contains a basis of V' (reduce to a minimal generating set). In
particular, |E| > dim V.

e d+ 1 vectors of a d-dimensional vector space are linearly dependent.

(b) In linear algebra, finite-dimensional vector spaces are the primary focus, while infinite-dimensional
vector spaces are the subject of functional analysis.
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(c¢) The following formula corresponds to the equation |A U B| = |A| + |B| — |A N B] for finite sets A
and B (Lemma 1.12)).

Theorem 4.21 (Dimension Formula). For subspaces U and W' of a finite-dimensional vector space V.,
it holds that

| dim(U + W) = dim U + dim W — dim(U N W). |

If the sum is direct, then dim(U & W) = dimU + dim W.

Proof. Let {b1,...,b,} be a basis of U N W. We extend this to a basis {b1,...,bn,c1,...,cs} of U and
a basis {b1,...,by,d1,...,d;} of W. Since U + W consists of elements of the form u + w with u € U
and w € W, U + W is generated by by,...,b,,c1,...,¢s,d1,...,d;.

For linear independence, let A1,..., Ap, pi1, .-, fs, P1,- - -, pt € K with

n s t
> Aibi+ Y pici+ ) prdi = 0.
i=1 j=1 k=1

= &

= =:u =w

Then v +u = —w € UNW. Thus v 4+ u can be expressed as a linear combination of by,...,b,. On
the other hand, the representation of v + u wrt. the basis {b1,...,by,c1,...,¢s} is unique according

to [Theorem 4.8 This shows p1 = ... = ps = 0. Now v +w = 0 is a linear combination of the
basis {b1,...,bn,d1,...,d;}. This is only possible if \; = ... = A\, = p1 = ... = p = 0. Therefore
{b1,...,bn,c1,...,¢Cs,d1,...,d;} is linearly independent and consequently a basis of U + W. We obtain

dm(U+W)=n+s+t=mn+s)+(n+t)—n=dimU +dim W — dim(U N W).

If the sum is direct, then U N W = {0} and the second assertion follows. O

Example 4.22. Let

U
W

((1,1,0),(0,2,1)) <R3,
((1,1,1)) <R3,

Apparently dimU = 2 and dim W = 1 holds. For v € U N W there exist A, u, p € R with
v=2A(1,1,0) + u(0,2,1) = p(1,1,1).

It follows that (A, A + 2u, ) = (p,p,p). A comparison of coefficients yields A = p = p and 3p =
A+ 2p = p. This can only hold for p = 0. Thus v = 0(1,1,1) = 0 and U N W = {0}. One obtains
dim(U + W) = dimU + dim W = 2 + 1 = 3. Because of U + W < R3, it follows that R = U @ W.

Theorem 4.23. For vector spaces U <V, it holds that ’ dimV =dim U + dim(V/U). ‘

Proof. Let W be a complement of U in V. Let B be a basis of W. It suffices to show that B :=
{b+U :be B} is a basis of V/U. Every element in V has the form v = w + « with v € U and w € W.
Because of v+ U = w+ U, B is a generating set of V/U. Now let Ay € K with Y7, p Ay(b+U) = Oy .
Then Y .5 M\b € U. From UNW = {0} it follows that Ay = 0 for all b € B. Thus B is linearly
independent. O
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5 Matrices

5.1 The Matrix Vector Space

Remark 5.1. Unless stated otherwise, we henceforth tacitly assume that all vector spaces are finite-
dimensional. A matrix is a scheme for the explicit calculation of bases of vector spaces and solutions of
systems of linear equations. Matrices also appear as independent objects in numerous other fields.

Definition 5.2. Let K be a field and n,m € N. An (n x m-)matriz over K is a rectangularly arranged
nm-tuple

a1l a2 - Gim
" az1 Q2 -+ Aam
A= (aij)i,jzl =
apl Ap2 - Qpm
with a;;j € K fori=1,...,nand j =1,...,m. The set of n x m-matrices over K is denoted by K"*™.

In the case n = m, A is called square.

Example 5.3.

(a) The 1 x 1-matrices correspond exactly to the elements of K. The vectors in K™ can be viewed as
1 x n-matrices. One then speaks of row vectors. The n x 1-matrices are accordingly called column
vectors. If misunderstandings are excluded, we use the standard basis eq, ..., e, as both row and
column vectors.

(b) The n x m-zero matriz Opxm = (0);; € K™, 0, := Opxn (as usual, we omit the indices if
misunderstandings are excluded).

(¢) The (square) n x n-identity matriz

1 0 0
0

: . -0
0 -~ 0 1

The symbol 9;; is called the KRONECKER delta. It holds that

1 ifi=y,
05 1= e
0 ifi#j.

The rows of 1,, form the standard basis {ej,...,e,} of K.
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(d) For Ay,..., A\, € K, one calls

A1 O 0
. 0
diag(A1, ..., An) = (6;5N) =
: .0
0 -~ 0 M\,
a diagonal matriz. The entries A1, ..., A, form the main diagonal. In the special case Ay = ... = Ay,

one speaks of scalar matrices.

(e) The n x m-matrix Es with a 1 at position (s,t) and otherwise only zeros. These are called
standard matrices. With the Kronecker delta, Eg = (6;505¢)i,; holds.

(f) For A € K™ ™ A" := (aj;);; € K™ ™ is the transpose matriz of A. It is obtained from A by
reflection across the main diagonal:

1 2 3 1 4
A= —  A*'=12 5
15 6 3 6

Obviously (A')* = A. By transposing, row vectors become column vectors and vice versa.

(g) Square matrices A are called symmetric if A® = A.

Lemma 5.4. With component-wise operations, K"*™ becomes an nm-dimensional K-vector space:
A+ B = (aij + bij)ij,
A A= (Aaij)ig

for A = (a;;),B = (bjj) € K™™ and X\ € K. The standard matrices Eg form a basis of K™"*™. In
particular, dim(K"™*™) = nm.

Proof. The defined operations on K"*™ correspond exactly to the operations in K™ by arranging
the vectors from K™ as an n X m matrix. Since K™ is a vector space, K"™*™ must also be a vector

space. The standard basis vectors ey, ..., €pm of K™ correspond (up to order) exactly to the standard
matrices. 0
Example 5.5.

(a) Attention: Only matrices of the same format can be added. For example:

1 2 3 n 0 -1 1y (1 1 4 5. 1 2\ (2 4
4 5 6 1 -2 2) \5 3 8 0 -3/ \0 -6
The scalar matrices are exactly the scalar multiples of the identity matrix.

(b) The symmetric matrices form a subspace S of K"*". A basis is obtained by the matrices
En,...,Ey, and By + Ej; for @ < j. In particular,

dim S — n 4+ n(nz— 1) _ n(n2—|— 1).
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5.2 Matrix Multiplication

Definition 5.6. For A = (a;;) € K™™ and B = (b;;) € K™ let A- B = (c;j);; € K™F* with

m
Cij = Z ailbl]’ = ailblj + aigbgj + ...+ aimbmj.

Remark 5.7.

(a) Mnemonic: ¢;; is formed by “calculating” the i-th row of A with the j-th column of B:

%k ok , * *
x a
* % * b/ * k
3 =
a b ¢ . x aa’ + bb + e
c
* % * * *

(the stars denote arbitrary entries). It is often helpful to imagine the following scheme:

4x3 |-13x2)/=[4x2

(b) The multiplication of diagonal matrices is simple:
diag(A1, ..., \n) - diag(pa, - - -, pn) = diag(A1pi1, -« oy Anfin)-

(c) As a vector space, (K™*™, +) is an abelian group. The following lemma shows that (K™*" +,-)
satisfies some, but not all field axiomsE]

Lemma 5.8. For all matrices A, B, C with “matching” format and A € K, the following hold:

Alp,=A=1,-A, (AB)' = B* A", MAB) = (AM)B = A(\B),
A(BC) = (AB)C, A(B+C) = AB+ AC, (A+ B)C = AC + BC.

Proof. As usual, let A = (a;j), B = (b;j), and C' = (¢;;). For an arbitrary matrix M, let M;; be the
entry at position (7, 7). Then

(Alp)ij = iaikfskj Z&k%; nA)ij,
k=1
Zajkbkz = Z (BY) (A" = (B'AY)y,
k=1
(A(A = )\Z aipbr; = Z Aai)bi; = (AA)B),; = zmj ai(Abij) = (A(AB))
k=1 k=1
Zazk BC); = Zazk Z bricy; = Z Zn:aikbklclj
k=1 =1

k=11=1

!This weaker structure is called a ring.

37



M:

= Z (Z am%) cj =

(AB)ac; = ((AB)C)yj,

=1 =1
(A(B + C))ij = Zaik(B + C)kj Z ik bkj + ij Z azkbkj + aikaj)
k=1 k=1 k=1
= anbij + Y awcr; = (AB)ij + (AC)ij,
k=1 k=1
(A+ B)C)Z.j Z(alk + bi)crj = Z Qi Crj + Z bicr; = (AC)y; + (BC)y5. O
k=1
Remark 5.9.

(a) For A € K™ it holds, of course, that Ogyxy, - A = Ok and A - Opyxi = Opxk-

(b) We call matrices A, B € K™*™ commuting, if AB = BA. This is generally not satisfied for n > 2:

0 1) (1 0Y o (0 1) _ (1 0)(0 1
0 0/\o o/ 27 \0 0/ \oo/\oo
Therefore (K™*", 4, -) is not a field. We also see that not every matrix (different from 0,,) possesses

an inverse wrt. - (even the cancellation rule does not hold for matrices).

(c) A square matrix A € K™*" is called invertible, if a matrix B € K™*" with
AB=1,=BA

existsE| If AC =1,, = CA also holds, then C' = C1,, = C(AB) = (CA)B = 1,,B = B. Therefore
B is uniquely determined and one writes, as with groups, A~! := B. One calls A~! the inverse
matrix of A. We show in that AB = 1,, already implies invertibility, i.e. BA = 1,
does not need to be checked.

(d) If A is invertible, then so is A®, because

A A Y = (A1) =18 =1, = (A4~ = (A1)t A,

One therefore sets | A7 := (A71)" = (4%)~!

(e) Sometimes it is useful to divide matrices into rectangular blocks:

A= <’21 ‘f) with Ay € K™>™ Ay € K™X™2 Az € K™X™ | Ay € KX
3 4

For another matrix B — (g; gj) with blocks B; € K™k B, ¢ K™mxk2 By ¢ gmaxk
By € K™2%F2 it then holds that

AB — A1B1 + AyB3y A1By + AyBy
A3B1 + AyB3 A3By + AyBy

If A; and A4 are square and Ay = A3 = 0, then A = < 0 A ) = diag(Ai, Ay) is called a block
diagonal matrix.

2Invertible (or non-invertible) matrices are also called regular (or singular).
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Lemma 5.10. The invertible matrices in K™*™ form a group GL(n, K) wrt. multiplication. It is called
the general linear group of degree n over K.

Proof. The identity element 1,, is obviously invertible. With A, A~! is also invertible. For invertible
matrices A and B, it holds that

(AB)(B'A ) = ABB YAt = 41,47 =447t =1,
and analogously (B~'A~1)(AB) = 1,,. This shows that AB is also invertible with (AB)~! = B~1A~!
The associative law of multiplication follows from O

Example 5.11. In GL(2,F3) we have
LY 0 1y _ (0 1) (11
1 o)\t 1) 2"\11/\1 o)
5.3 The Rank of a Matrix

Theorem 5.12. Let z1,..., 2, be the rows and s1, ..., Sy, be the columns of a matrix A € K™*™. Then
dim(zq, ..., 2,) = dim(s1, ..., Sm).

Proof. According to there exists I C {1,...,n} such that {z; : i € I} is a basis of
(21,...,2n). Let analogously {s; : j € J} be a basis of (sq,...,sp). Let A = (a;;). We show that the
rows of the matrix

B := (aij)icr,jes € K

are linearly independent. For this, let \; € K with ), ; Aja;; =0 forall j € J. For k € {1,...,m} \ J
there exist pi; € K with sy = > . j pijsj, e, aip = 32 0 pjai; for all i € {1,...,n}. It follows that

Z Aty = Z Ai Z,Ujaij = Z 1 Z Aiagj = 0.
icl el jeJ jed el

Thus ),y Adiagj = 0 holds for all j € {1,...,m}, ie., > ;c; Aiz; = 0. From the linear independence of
{z; 1 € I} it follows that \; = 0 for ¢ € I. Therefore the rows of B are linearly independent. Since they
lie in the |J|-dimensional vector space K!”l it holds that |I| < |.J|. The rows (resp. columns) of A are
the columns (resp. rows) of A*. Using the above argument with A®, it follows that |.J| < |I|. Overall,
dim(zy,...,z,) = |I| = |J| = dim(s1, ..., 5m). O

Definition 5.13. In the situation of one calls
rk(A) := dim(zy, ..., 2,) = dim(sq, ..., sp)
the rank of A. In the case rk(A) = min{n, m}, one says: A has full rank.

Example 5.14.

(a) The identity matrix 1,, has (full) rank n, because its rows form the standard basis. It holds that
rk(}2) =1, because the second row is twice the first. We will consider in [Remark 6.13| how to
calculate the rank of any matrix efficiently.
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(b) For every matrix A, it holds that rk(A) = rk(A") and rk(A) =0 < A = 0.

Lemma 5.15.
(a) For matrices A and B with “matching” format, rk(AB) < min{rk(A),rk(B)} holds.

(b) A square matriz is invertible if and only if it has full rank.

Proof.

(a) Let s1,..., 8, be the columns of A and let (Aq,...,\p)! be the i-th column of B. Then \s; +
.o+ AmSm, is the i-th column of AB. Thus, the columns of AB are linear combinations of the

columns of A. This shows rk(AB) < rk(A). From [Example 5.14]it follows that
tk(AB) = rk((AB)") = rk(B'A") < rk(B") = 1k(B).

(b) If A e K™ " is invertible, then

n =rk(l,) = rk(4471) @rk(/}) < n,

i.e. A has full rank. Conversely, let rk(A) = n. Then the standard basis vectors ey, ..., e,
can be expressed as linear combinations of the columns of A. Thus, there exists B € K™*"
with AB = 1,. Because rk(A") = rk(A), there also exists a C € K"*" with A'C = 1,, i.e.
C'A = (A'C)' = 1! = 1,,. Because C' = C*(AB) = (C'A)B = B, A is invertible. O
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6 The Gaussian Algorithm

6.1 Systems of Equations

Definition 6.1. A (linear) system of equations is a matrix equation of the form Ax = b, where the
coefficient matriz A € K™ ™ and the vector b € K™*! are given. The goal is to find the solution set

L:={xec K™ Az = b} C K™*1,

e In the case L # @, the system of equations is called solvable.
e In the case b = 0, the system of equations is called homogeneous and otherwise inhomogeneous.

e By appending the column b to A, one obtains the augmented coefficient matrix (A[b) € K> (m+1),

Example 6.2. The system of equations

2x1 4+ 32 = 5,

corresponds to the matrix equation
2 3 . )
-1 07 \2
with exactly one solution x = (—2,3)".
Remark 6.3. Every homogeneous system of equations is solvable, because the zero vector is a solution.

Theorem 6.4 (KRONECKER—CAPELL]EI). The system of equations Ax = b is solvable if and only if
rk(A) = rk(A|b).

Proof. Let s1,..., 8y be the columns of A. Then

rk(A) = rk(A|b) <= dim(sy,...,Sy) = dim(s1,..., Sm,b)

<= (S1,..+,8m) = {(S1,...,8m,b) <= bE (s1,...,5n)
m
<:>E|a:1,...,xm€K:b:Z:cisi<:>E|x€KmX1:Ax:b. O
=1

lsometimes also named after RoucHE and FROBENIUS
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Remark 6.5. Let A €¢ K™™ with full rank n < m. Then
rk(A) < rk(A|b) < min{n,m + 1} = n = rk(A4)

and Az = b is always solvable. In the case n = m, A is invertible according to|Lemma 5.15{and z = A~'b
is the unique solution. In the case n < m, the system of equations Ax = b is called underdetermined,
i.e., there are fewer equations than unknowns. We show that there are then multiple solutions.

Theorem 6.6. Let A € K™™ and b € K"*!.

(a) The solution set of the homogeneous system of equations Ax = 0 is a subspace Lo of K™ ! of
dimension m — rk(A).

(b) If the system of equations Ax = b has a solution T, then
T+ Lo:={T+y:y€ Lo}
15 the solution set.
Proof.
(a) Because of 0 € Lo, Ly # @. For z,y € Ly and A € K, we have
AMz +y) = Nz + Ay =0,

i.e., \x +y € Lg. This shows Ly < K™ ! (Remark 3.13). Let bq,..., b, be a basis of Ly. We

extend it to a basis by, ..., by, of K™*1. The i-th column of A is Ae; with the standard basis vector
e;. Since e; is a linear combination of by, ..., by, every column of A lies in (Aby,..., Aby). In
particular, rk(A) = dim(Aby, ..., Aby,). From by, ..., by € Lo it follows that Ab; = ... = Aby =0
and

rk(A) = dim(Abgy1, ..., Aby).

It suffices to show that the m — k vectors Abgi1,..., Aby,, are linearly independent, because
then rk(A) = m — k. Let \; € K with 77", | \jAb; = 0. Then also AY 7", \ib; = 0, i.e.,
Z?ik,ﬂ A\ib; € Lo = (by,...,by). Since by,. .., by, is a basis of K™*! one obtains A\yy; = ... =
Am = 0 as desired.
(b) We have
Ar=b <= Ar =A% <= Alx—2)=0 < -2 € Ly < x €T+ Ly. O
Remark 6.7.

(a) If A € K™ has full rank m < n, then the system of equations Az = b has at most one solution.
In the case m < n, one speaks of overdetermined systems of equations. In the following, we deal
with the explicit construction of the solution set of an arbitrary system of equations.

(b) Since the map Ly — = + Lo, v — T + v is a bijection, a solvable system of equations has exactly
as many solutions as the corresponding homogeneous system of equations. If K is finite (e.g.,
K =T5), then the number of these solutions is a power of |K| (Theorem 4.8)). For infinite fields
such as Q or R, every system of equations has no, exactly one, or infinitely many solutions.
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6.2 Elementary Row Operations

Definition 6.8. The following transformations of a matrix A € K™*™ are called (elementary) row
operations:

e Multiplication of a row of A by a scalar A € K*. This corresponds to the multiplication by an
elementary matriz of the form

from the left to A.

e Swapping two rows of A. This corresponds to the multiplication by an elementary matrix of the
form

1t7571 = 1n - Ess - Ett + Est + Ets

1n7t
from the left to A.

e Adding a multiple of one row of A to another row. This corresponds to the multiplication by an
elementary matrix of the form

1t—S—1 =1, + >\Est (>\ € K7 S 7& t)

1n—t
from the left to A.

Matrices A and B are called row-equivalent if A can be transformed into B by finitely many elementary
row operations. If applicable, we write A ~ B.

Remark 6.9.

(a) All elementary row operations are reversible. From A ~ B it thus follows that B ~ A. Furthermore,
the elementary matrices are invertible. According to [Lemma 5.10] the product of elementary
matrices is also invertible. From A ~ B there follows the existence of a matrix S € GL(n, K)
with SA = B.

(b) According to @ row equivalence is an equivalence relation on K™*™. In the next theorem, we
determine a particularly simple system of representatives for the equivalence classes.

(c) Analogously, one defines (elementary) column operations. These correspond to the multiplication
of elementary matrices from the right to A (try it out). Column operations can also be realized by
row operations with A%, We use the notation A ~ B also when B results from A through column
operations.

43



Theorem 6.10 (GAUSS algorithIrED. Every matrix A € K™™ 4s row-equivalent to exactly one matriz
A in reduced row echelon for i.e.

0 0 [1 =« x
~ O v ven e e e 0
A: 0 .........

Proof. The following algorithm transforms A into A:
(1) Set z:=1 (row index).
(2) For s =1,...,m (column index):
o If 4i > z:a;s # 0, then:
— Swap the i-th with the z-th row. Subsequently, a.s # 0 holds.

Divide the z-th row by a,s. Subsequently, a,s = 1 holds.

For j =1,...,2—1,z+1,...,n subtract a;s times the z-th row from the j-th row.
Subsequently, a;s = 0 holds.

— Increase z by 1.

For the uniqueness of A\, let B and C' be matrices in reduced row echelon form with A ~ B and A ~ C.
Then B ~ C also holds and there exists S € GL(n, K) with SB = C. Let b; (resp. s;) be the i-th
column of B (resp. S). Then ¢; = Sb; is the i-th column of C' Let e, ..., e, be the standard basis of K.
Let b; € (e1,...,e). We show b; = ¢; and s3, = e}, by induction on k. In the case k = 0, b; € (@) = {0},
so b; = 0. Then certainly ¢; = Sb; = 0 as well. Now let the claim be already proven up to k — 1. The
first column (from the left) of B that does not lie in (ey,...,ex_1) is b; = e due to the reduced row
echelon form. The columns of S are linearly independent since S is invertible. This shows

c; = Sb; = Sej, = sp & (s1,...,56-1) = (€1,...,€h_1).
Thus ¢; is the first column of C' that does not lie in (e1,...,ex_1), i.e.,, ¢; = ex = sp = b; (re-
duced row echelon form). For every further column b; € (e1,...,ex), it now holds that ¢; = Sb; =
(e1,... €k Sktl,---,8n)bj =bj. Thus by =¢; fori=1,...,m, ie, B=C. O
Example 6.11.
01132 2 1 3 0\ |:2 1 1 32 0 3
2 1 30 ~10 1 1 3 ~10 1 1 3 1
3 -1 21 3 -1 21 3 -1 2 1 +
1 12 32 0 j+ 1 0 1 =3/
~10 1 1 3 —Y2 452 ~ 0 1 1 3
0 —5/2 =52 1 <—J+ 0 0 0 172) |:172

2also called Gauss elimination or Gauss-Jordan algorithm
3Every non-zero row contains a leading one. All entries to the left, above, and below a leading one are 0. The leading
ones move further to the right with each row. Zero rows (if present) are at the bottom.
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101 -3 + 1010
~l011 3 j+ ~10 110
000 1 3 Jap 0001

6.3 Applications

Theorem 6.12. Let U := (Uy,...,up) < K™. Let A € K™ be the matriz with rows uy, ..., u,. Then

-~

the non-zero rows of A form a basis of U. In particular, dim U = rk(A) = rk(A).

Proof. Through elementary row operations, rows of A are replaced by linear combinations of rows. The
rows of A therefore generate a subspace W < U. Since all row operations are reversible, it even holds
that W = U and dimU = rk(A) = rk(A). Let k be the number of non-zero rows in A. Then rk(A) < k.

On the other hand, A possesses the linearly independent columns ey, ..., eg. This shows rk(A) = k and
the claim follows. O

Remark 6.13. To determine a basis of U, one does not need to create zeros above the leading ones
during the Gaussian algorithm (the non-zero rows are still linearly independent, as their number remains
the same). Furthermore, it is advisable to avoid divisions by swapping with rows that already have a
leading one in the current column. If one is only interested in dim U (or more generally in rk(A)), then
because of 1k(A4) = rk(A'), one may also use elementary column operations. This can be useful if A has
fewer columns than rows (many possibilities lead to the goal).

Example 6.14. A kind of chess puzzle: Rank in two moves!

+ -1 +

1 ri
1 -1 0 1 00 1 00
2 0 2 2 2 2 2 20
3 -1 2 3 2 2 3 20
-1 2 1 -1 11 -1 1 0

Theorem 6.15. Let Az = b be a system of equations with A € K™*™. Let (A|c) be the row echelon
form of (A|b). Then:

c).

If applicable, the solution set is obtained as follows: Let (1,m1),. .., (k,ng) be the positions of the leading
ones in (Alc). The n — k zero rows are deleted. For all i € {1,...,m}\ {n1,...,n}, we insert the
row —e; at position i, so that the resulting matrizc M € K™+ has only entries £1 on the main
diagonal.

(b) The last column T of M satisfies AT =b.

(a) Ax = b is solvable if and only if emy1 is not a row of (A\

(¢) The m — k columns of M that do not belong to the indices ny, ..., ny form a basis of Ly := {x €
K™ Az = 0}.

(d) The solution set of Az =b is T + Ly.
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Proof. Let S € GL(n, K) with (SA|Sb) = S(A[b) = (Alc). For z € K™ it holds that
Az =b < SAz=Sb — Az =c.

If e;y41 is a row of (ﬁ]c), then in the equation Az = ¢ one obtains the contradiction 0 = 1, i.e. there is
no solution.

Now let €,,11 not be a row of (ﬁ]c) We verify the claims using the following example

-1 . . . . .
L oar . a|cr . 1 a1 . as |1
(;1\|c): oo o1 as|e M = .. =1
1 asz | C2
—1

(here . stands for 0 for better clarity). One easily sees that A% = ¢ holds. Thus AF = b also holds. This
proves @ and @ Similarly, one sees that the (marked in red) columns si, s3 and s5 of M lie in Ly.
The different positions of the entries —1 in s; imply the linear independence of {s1, s3, s5}. On the
other hand, according to [Theorem 6.6] and [Remark 6.13|

dim Lo = m — rk(A) = m — tk(A) = m — k = 3.

This shows . From [Theorem 6.6| follows @ O
Example 6.16.
-1 3 1 1 0 11
-2 1 -3 2 —4)lxz=1]-6
0O 1 1 0 O 4
-1 3 1 1 0 |11 10 2 -1 0 1
(Ap)=-2 1 -3 2 —4|—-6]~---~[0 1 1 0 0 4
0 1 1 0 014 000 0 12
10 2 -1 01
01 1 0 0 4
M=1]1]0 0 -1 0 0 O
00 0 -1 00
0 0 O 0 1 2
1 2 -1
4 1 0
L=z+Lo=|0|+([-1],] 0 |)
0 0 -1
2 0 0
Check:
1
-1 3 1 1 0 4 11
Ar=|1-2 1 -3 2 —4 Ol=1-6]=0b
0O 1 1 0 O 0 4
2
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Theorem 6.17 (Matrix Inversion). For A € K™ let (A|B) be the row echelon form of (A|1,) € K™*2n.
A is invertible if and only if A =1, If so, A~' = B.

Proof. It holds that
A invertible 222 rk(A) =n £ tk(A) =n < A=1,.
Now let S € GL(n, K) with
(SAIS) = S(A[1,) = (A B) = (14| B).

Then B=S = S(AA™Y) = (SA)A' =1,A7t = AL O
Corollary 6.18. Every invertible matriz is a product of elementary matrices.

Proof. For A € GL(n, K) it holds that A ~ 1,, according to [Theorem 6.17] O

Example 6.19.

1 0 —-1|1 00 1 0 —-1|1 0 0
(A1)=|-1 =1 1|0 1 0 a ~l0 -1 0110
-1 1 =2{0 0 1 + 1 -3|1 0 1 j
1 0 —-1]1 0 10 —-1|1 00
~10 1 =3]|1 1) ~ (0 1 -3[(1 0 1
0 -1 0]1 10 1+ 00 —=3[2 1 1) |:(=3)
1 0 —-1] 1 0 0 + 10 0| /3 =13 —1/3
~10 1 =3| 1 0 1 jJr ~(0 1 0] -1 -1 0
00 1 [-23 —1/3 —1/3 3 0 0 1[-23 —1/3 —1/3
1 -1 -1
At=-1-3 -3 0
-2 -1 -1
Remark 6.20.

(a) If during the Gaussian algorithm an “offset” of the rows occurs

1

then the row echelon form must have a zero row. The matrix then cannot be invertible and one
can terminate the algorithm prematurely.
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(b) Matrices A, B € K™*™ are called equivalent, if A can be transformed into B by row and column
operations (and vice versa). This means there exist S € GL(n, K) and T € GL(m, K) with
SAT = B. Obviously, this defines an equivalence relation. It is easy to see that every matrix A is
equivalent to a matrix of the form

1, 0
(¢ o)

where r = rk(A) is uniquely determined. In particular, A and B are equivalent if and only if
rk(A) = rk(B) holds. Thus, no new symbol needs to be introduced for equivalence. The number
of equivalence classes of n X n-matrices is n + 1.

(c) The following theorem provides an efficient algorithm to simultaneously determine the sum and
intersection of subspaces.

Theorem 6.21 (ZASSENHAUS algorithm). Let U := (uq,...,us) < K" and W := (wy,...,wy) < K".
Let

by *

v b'k, *

0 C1

A= Us Us c K(s+t)><2n A\ _ :
* wl 0 I 9

: : C|

w0 0 O

0 0

where by, ..., bg,c1,...,c; € K™ with by, # 0 # ¢;. Then {by,...,bx} is a basis of U+ W and {c1,...,q}
s a basis of UNW.

Proof. Because of U + W = (uy,...,us,wy,...,wy), {bl,...A7 br} is a basis of U + W according to
Theorem 6.12| Furthermore, every row of the form (0, ¢,,) of A is a linear combination of the rows of A,
say

s t
(0,em) = > Nilwiwi) + Y p(w;,0)
i=1 Jj=1

with A1,..., A, g1, ..., e € K. This shows

s t
cm:Z)\iui:—E,ujwj ceUnNw
=1

j=1
for m = 1,...,l. Due to the row echelon form, {ci,...,¢} is linearly independent. By elementary
column operations, one transforms A to
0 Ul
0 ug
wy 0
Wt 0
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From [Remark 6.13|it now follows easily that rk(A) = dim U + dim W. The dimension formula therefore
yields ~
dim(UNW) =dimU +dim W — dim(U + W) =rk(4A) — k =1rk(4) -k =L

Thus {c1,...,¢} is a basis of U N W. O

Example 6.22. Let U :=((1,1,1,0),(0,—4,1,5)) and W := ((0,—-2,1,2),(1,—1,1,3)). As usual, one

does not have to perform all steps of the Gaussian algorithm:

1 1. 101 1 10 1 1 10 1 1 1 0
0 -4 150 -4 15 0212 0 0 0 0
02120 0 00 ]0 415 0 -4 1 5
1 -1 130 0 00 0 -2 03 -1 -1 -1 0
1 1 1 0 1 1 1 0 1 1 1 0 1 1 1 0
0 -2 1 2 0 0 0 0 -2 1 2 0 0 0 0
“1lo o =11 0 -4 1 5] 7]lo 0 =11 0 -4 1 5
00 -1 1 -1 -1 -1 0 00 0 0 -1 3 -2 -5

It follows that U + W = ((1,1,1,0), (0, —2,1,2),(0,0,—1,1)) and U N W = ((—1,3, -2, —5)).
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7 Linear Maps

7.1 Definitions and Examples

Remark 7.1. In order to relate different vector spaces V' and W, we study maps V' — W that “respect”
addition and scalar multiplication. It will be shown that such maps can be described by matrices.

Definition 7.2. A map f: V — W between K-vector spaces V and W is called linear or a homomor-
phism, if for all u,v € V and A € K the following holds:

[fQut0) = Af(u) + f(v).]

The set of linear maps V' — W is denoted by Hom(V, W). If f is linear and bijective, then f is called
an isomorphism. If applicable, V' and W are called isomorphic and we write V = W.

Remark 7.3.
(a) A map f: V — W is linear if and only if
flutv) = fu) + f(v),
Ju) = Af(u)

holds for all u,v € V and A € K (set A =1 or v = 0 in|Definition 7.2; cf.[Remark 3.13|). Isomorphic
vector spaces therefore differ only by the naming of their elements.

(b) For f € Hom(V, W), it holds that

f(Ov) = f(0k - Ov) = Ok f(Ov) = Ow.

¢) Let f € Hom(U,V) and g € Hom(V, W). For u,u’ € U and A € K, it holds that
(c)

(g0 f)u+u') =g\ f(u) + f(u) = Ag(f(w) + g(f(&) = Mg o f)(w) + (g0 f)(&).
This shows g o f € Hom(U, W).

(d) If f: V. — W is an isomorphism, then f~': W — V is also an isomorphismﬂ because for
w,w € W and XA € K it holds that

FHOw+w) = FH (W) + F(FH )
= PO w) + 1)) = AfFH(w) + F7HW).

(e) The isomorphism of vector spaces is an equivalence relationﬂ Reflexivity follows from the isomor-

phism idy (Example 7.4)), symmetry follows from and transitivity follows from @

'In analysis, the inverse map of a bijective continuous function is in general not continuous. Therefore, there is the
strange term homeomorphism (not a typo).
2However, the totality of all vector spaces is not a set, but a class.
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Example 7.4.
(a) The zero map 0: V.— W, v — O is always linear. The identity idy : V' — V is an isomorphism.

(b) For f € Hom(V,W) and U <V, the restriction f;; is linear. In particular, the inclusion map
U — V is linear as a restriction of idy .

(¢) For n < m, the projection K™ — K", (z1,...,Zm) — (z1,...,2,) is a surjective homomorphism.
The projection R? — R? reduces a 3-dimensional object to its “shadow”:

z

x X

(d) Let f: R — R be linear and a := f(1). For x € R, it holds that f(z) = f(z1) = zf(1) = ax. The
graph of f therefore describes a line through the origin. Note: In school mathematics, functions of
the form f(z) = ax + b are sometimes also referred to as “linear” (such maps are called aﬂ?neﬂ

see |Exercise 1.20)).

(e) For A € K™™ the map K™*! — K"*! g3 Az is linear according to We show in
Theorem 7.18| that every linear map (after choosing a basis) has this form.

(f) The transposition K™ — K™*" A+ A" is an isomorphism.

(g) For every n-element set M = {x1,...,z,}, the map Fun(M,V) = V", f (f(x1),..., f(zn)) is
an isomorphism.

Lemma 7.5. For f € Hom(V,W), Vi <V and Wy < W, it holds that f(V1) < W and f~1(W1) < V.
In particular, f(V) < W and Ker(f) := f~1({0}) < V.

Proof. Because of 0 = f(0) € f(V1), we have f(V;) # @. For u,v € V; and A € K, it holds that
Af(u) + f(v) = fF(Au+v) € f(V1).
This shows f(V1) < W (Remark 3.13). Because of 0 € f~1({0}) C f~1 (W), we also have f~1(W;) # @.

For u,w € f~1(W7) and A € K, it holds that f(Au+w) = Af(u) + f(w) € Wy, i.e. \u+w € f~1(Wy).
This shows f~1(W7;) < V. O

Definition 7.6. In the situation of [Lemma 7.5, Ker(f) is called the kernel of f and
rk(f) := dim f(V)

the rank of f. For A € K™ let Ker(A) := {z € K™% : Ax = 0} be the kernel of A.

Lemma 7.7. f € Hom(V,W) is injective if and only if Ker(f) = {0}. In this case, V. — f(V),
v f(v) is an isomorphism.

®An example is the conversion from degrees Celsius to Fahrenheit: f(z) = 2z + 32.
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Proof. Let f be injective and v € Ker(f). From f(v) = 0 = f(0) it follows that v = 0, i.e., Ker(f) = {0}.
Conversely, let Ker(f) = {0} and u,v € V with f(u) = f(v). Then f(u —v) = f(u) — f(v) =0, so

u—v € Ker(f) = {0}. Therefore u = v and f is injective. The second statement is trivial. O

Theorem 7.8. Let V and W be vector spaces. Let by,...,b, be a basis of V and let c¢1,...,cp, € W be
arbitrary. Then there exists exactly one linear map f: V — W with f(b;) = ¢; fori=1,...,n. The
following hold:

(a) f is injective <= ci,...,cyn are linearly independent.

(b) f is surjective <= W = (c1,...,cp).

(c) f is an isomorphism <= ci,...,cp 1S a basis of W.

Proof. Every u € V can be uniquely written in the form u = ;" ; A\;b;. We define

f(u) = Z)\ch e Ww.
=1

For v =%, pwib; and p € K it holds that

n

flpu+v) = f(Z(,O)\i + ,Ui)bi) = Z(W\i + pi)c; = PZ Aici + ZMC@' = pf(u) + f(v).
=1

=1 =1 =1

Thus f is linear with f(b;) = ¢; for i = 1,...,n. If ¢ € Hom(V, W) is also such that g(b;) = ¢; for
1=1,...,n, then

g(u) =D Nig(bi) = > Nici = > Nif (bi) = f(u)
=1 =1 =1

for all w € V. Thus g = f and f is uniquely determined.

(a)

()

Let f be injective and Y ; Aic; = 0 for \; € K. Then

f(; Aibi) = ; Aici = 0.

From it follows that > 1 ; Aib; € Ker(f) = {0}. Since by, ..., by are linearly indepen-

dent, one obtains A\ = ... = A\, = 0. Thus ¢y, ..., ¢, are linearly independent. Conversely, let
ci,...,cp be linearly independent and w:=>"7" | \;b; € Ker(f). Then Y ; Nic; = f(u) = 0 and
one obtains A\; = ... =\, = 0. Therefore v = 0 and Ker(f) = {0}. By f is injective.

Let f be surjective and w € W. Then there exists a v =Y ;" | A\ib; € V with f(v) = w. It follows
that

w = f(’U) = ZA’LCZ € <Cl7"'7cn>'
=1

Conversely, let W = (c1,...,¢,) and w € W. Then there exist A; € K with w = )" | A\ic;. For
vi= Y, \b; € V it then holds that f(v) = w, i.e. f is surjective.

Follows from and @ O
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Remark 7.9. Let f € Hom(V, W). In the case dim V' < dim W, f is not surjective, because the image
of a basis of V' cannot be a generating set of W. In the case dim V' > dim W, f is not injective, because
the image of a basis cannot be linearly independent. For dim V' = dim W one obtains

f injective <= f surjective <= f bijective

(cf. |Remark 2.11f(e))).

Theorem 7.10. Two K-vector spaces are isomorphic if and only if they have the same dimension. In
particular, every n-dimensional K -vector space is isomorphic to K™.

Proof. Let f: V — W be an isomorphism of vector spaces and B a basis of V. According to[Theorem 7.8]
f(B) is a basis of W. Thus dimV = |B| = |f(B)| = dim W holds. Conversely, if V' and W have the
same dimension, then there exist bases {b1,...,b,} and {c1,...,¢,} of V and W respectively. According
to there exists an isomorphism f: V — W with f(b;) = ¢; for i = 1,...,n. The second
assertion follows from dim K™ = n. An explicit isomorphism is obtained by the coordinate representation

V — K", v+ p[v] (it maps B to the standard basis of K™). O
Remark 7.11.
(a) The vector spaces {0}, K, K2, ... form a system of representatives for the isomorphism classes of

finite-dimensional K-vector spaces.

(b) For K-vector spaces Vi,...,V, with d; :== dim Vj, it holds that V; x ... x V;, =2 K% x ... x K% =~
Kdl“rm"rdn'

(c) Although Q and Q? have the same cardinality, Q % Q2 holds according to [Theorem 7.10}

(d) Let U,V < W be vector spaces. Obviously V < U +V and U NV < U hold. From [Theorem 4.23
and the dimension formula, it follows that

dim(U+V)/V) =dim(U + V) —dim(V) = dim(U) — dim(U N V) = dim(U/(U NV)).
With [Theorem 7.10] one obtains the so-called first isomorphism theorem{Y]|

(U+V)/Vv=U/UnV) |

(e) For vector spaces U <V < W, obviously V/U < W/U holds. From

dim ((W/U)/(V/U)) = dim(W/U) — dim(V/U)
= dim(W) — dim(U) — dim(V) + dim(U) = dim(W/V)

one obtains the second isomorphism theorem[d|

|(W/U)/(V/U) = W/V.|

4Mnemonic: On one side there are two U, on the other side two V.
5Some authors use different numberings for the isomorphism theorems, see Wikipedia.
5Mnemonic: Canceling a double fraction.
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Theorem 7.12 (Homomorphism Theorem). For f € Hom(V, W), the map

f:V/Ker(f) = f(V),
v+ Ker(f) — f(v)

is an isomorphism. Thus ‘ V/Ker(f) = f(V) ‘ and ‘ dimV = rk(f) + dim Ker(f) ‘ hold.

Proof. For v,w € V it holds that

v+ Ker(f) =w+Ker(f) <= v—weKer(f) <= f(v—w)=0
= fv) = fw) <= fv+Ker(f)) = f(w+Ker(f)).

The implication = shows that f is well-defined, while the implication < shows that f is injective.
Obviously f is also linear and surjective. The equation for dim V' follows from [Theorem 4.23 Ul

7.2 Representation Matrices

Theorem 7.13. For K-vector spaces V' and W, Hom(V, W) is a subspace of Fun(V,W).

Proof. Certainly the neutral element f = 0 of Fun(V, W) lies in Hom(V, W). Let f,¢g € Hom(V, W),
u,v € V and \,u € K. Due to

(f +9)(pu+v) = f(pu+v) + g(pu +v) = pf(u) + f(v) + pg(u) + g(v) = p(f + g)(u) + (f + g)(v),
(AN (pu ) = M (pu +v) = Muf(u) + f(v) = pAf(u) + Af(v) = p(Af)(u) + (Af)(v)

f+gand Af are linear. O
9

Remark 7.14. If B is a basis of V, then the restriction map Hom(V, W) — Fun(B, W), f — fip is an
isomorphism according to

Definition 7.15. Let V and W be vector spaces with bases B = {b1,...,by} and C = {c1,..., ¢y}
respectively. Let f € Hom(V, W) and f(b;) = >, ajic; with aj; € K fori=1,...,m.
(a) One calls ¢[f]p := (a;j) € K™ ™ the representation matriz of f wrt. B and C.

(b) In the case V. =W and f =idy, one calls cAp := ¢[idy]p the basis change matriz wrt. B and
C.

(c) If B and C are the standard bases of V' = K™ and W = K", then one sets [f] := ¢[f]s.
Mnemonic: The columns of [f] are the images of the standard basis.

Remark 7.16. In the situation of BAp = 1,, holds.
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Example 7.17. The map
[RPS R (2,y) = 22—y, y, —31)

is linear with matrix

2 1
[fl=10 1
-3 0

Obviously B := {(1,-1),(0,2)} and C := {(1,1,1),(0,-1,1),(1,0,1)} are bases of R? and R?
respectively. Due to

f(1,-1)=(3,-1,-3) = —=7(1,1,1) — 6(0, —1,1) + 10(1,0, 1),
£(0,2) = (=2,2,0) = 4(1,1,1) + 2(0, —1,1) — 6(1,0,1)

-7 4
clfls = (6 2)
10 -6

(in case of doubt, you must determine the entries by a system of equations).

it follows that

Theorem 7.18. Let V be an m-dimensional vector space with basis B and let W be an n-dimensional
vector space with basis C'. Then the map

clls: Hom(V,W) — K™, f c[f]p

s an isomorphism with

|4 w

@) = clflssl]" 5] ol

Km N Kn

clfls
for allv € V. In particular, dim Hom(V, W) = nm and tk(f) = rk(c[f]B)-

Proof. Let B ={b1,...,by} and C = {c1,...,cn}. According to [Theorem 7.8 «[.]p is a bijection. Let
f,g9 € Hom(V, W) with ¢[f]p = (ai;) and ¢[g]p = (b;j). For i =1,...,m and A € K it holds that

n

(AF+9)(01) = MF(b0) +9(b:) = XY ajici + > bjic; = Y _(Aagi + bji)e;.
j=1 j=1

j=1
This shows ¢[Af + gl = Ac[f]B + clg]B- Thus ¢[.]p is an isomorphism. Let v = ", v;b;. Then

FO) = oifb) = vy ajc;=> (Z ajm) ¢
i—1 1 =1

i= = j=1 =1
and it follows that

cvawrz(ff%wazzovwnﬁ
=1

Clearly p[bi] = e; is the i-th standard basis vector. Thus ¢[f(b;)] = ¢[f]sg[bi]® is the i-th column of
clf]B. Since ¢[.] is an isomorphism, it holds that

rk(f) = dim(f(b1), ..., f(bm)) = dim(c[f(b)], .- ., c[f (bm)]) = rk(c(f]B)- .
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Remark 7.19.

(a) For V.= W and f = idy one obtains ¢[v]' = ¢App[v]'. For f: K — K™ it holds that
f(v)t = [f]v* wrt. the standard bases.

(b) Let U < V. According to|Corollary 4.16, U has a complement W, i.e., V = U @ W. The projection
f:V-o>W, ut+w— wforue U and w € W is a homomorphism with Ker(f) = U. Therefore,
every subspace is the kernel of a homomorphism. Let B and C be bases of V' and W respectively.

For A := ¢|[f]p it holds that Ker(f) = {v € V : Ag[v]' = 0} according to [Theorem 7.18| Thus U

can be described as the solution set of a linear system of equations.

Example 7.20. Let f, B and C be as in [Example 7.17} For v := (2,4) = 2(1,—1) + 3(0,2) € R? it
holds that

F) = [t = ()

—7 4
clfW)' = clflzal]' = )
—6

Check: —2(1,1,1) — 6(0,—1,1) +2(1,0,1) = (0,4, —6) = f(v).

Corollary 7.21. Let f € Hom(V,W) and A := ¢[f]p € K™*™ wrt. arbitrary bases. Then
(a) f injective <= rk(A) =m.
(b) f surjective <= 1k(A)=n.

Proof.
(a) f injective LB Ker(A) = Ker(f) = {0} E& 1k(4) =
(b) f surjective <= f(V)=W <= rk(A) =rk(f) =dimW =n. O

Theorem 7.22. Let U,V and W be vector spaces with bases B, C" and D respectively. Let f € Hom(U, V)
and g € Hom(V, W). Then

[plgo fls = plgloclfla|

Proof. According to [Remark 7.3] g o f € Hom(U,W). Let B = {b1,...,bn}, C = {c1,...,¢,} and
D= {dl, e ,dk} Let C[f]B = (aij) and D[Q]C = (bU) Then

(go f)bi) =g (Z ajiCj) = ajig(c;) = Z aji Z bijdy = Z (Z bljﬂjz’) dy
Jj=1 Jj=1 Jj=1 =1 j=1
Therein, Y 7, byjaji is the entry of p[glcc(f]p at position (I,4) as desired. O

Remark 7.23. Mnemonic: The composition of linear maps corresponds to the multiplication of matrices.
For linear maps f, g, h between “matching” spaces, the distributive laws of matrices carry over:

(f+g)oh=(foh)+(goh) fo(g+h)=(fog)+(foh).

This can, of course, also be verified by direct calculation.
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Example 7.24. Let f, B and C be as in [Example 7.17} Let g € Hom(R?, R?) with matrix glg]c =
~(3.5,2). Then

3 0 2\ (-2
B[gof]BZB[g]cc[f]B=—<1 12 1) I(? _26 = 1y = plidge]3,

i.e. go f =idpe. Conversely, f o g # idgs, because f cannot be surjective.

Corollary 7.25. Let f: V — W be an isomorphism between vector spaces V. and W with bases B and
C respectively. Then | p[f Yo = cflg" | In the case V. =W, cA5! = pAc.

Proof. According to [Remark 7.3] f=! € Hom(W, V). From [Theorem 7.22|it follows that

clflBalf e = clidwle = cAc =1,

and 5[f e = ¢[f]5" The second statement follows with f = idy. O

Remark 7.26. The isomorphisms f: V — V form the general linear group GL(V'). They correspond
exactly to the invertible matrices, i.e. g[.|p: GL(V) — GL(n, K) is an isomorphism of groups (instead
of vector spaces).

Corollary 7.27 (Change of basis). Let B, B’ be bases of V. and C,C" be bases of W. For f € Hom(V, W)
it holds that

\c[flp = o AcclflssAp |

In the case V. =W :

‘ p'fl = B Applflep AL ‘

Proof. From it follows that
oAcclflBAp = oidw]cclfleplidv]s = o[idwlcclflr = o [flB-
For V = W, C = B and Cl = B/ one obtains B’/ [f]B’ = B’ABB[f]BBAB’ = B’ABB[f]BB’Agl using

orollary 7. O

Example 7.28. Let again f: R? — R? be as in|[Example 7.17] We replace the basis B = {(1, —1), (0, 2)}
with B" := {(0,1),(1,1)}. Because of (0,1) = 0(1,—1) + 5(0,2) and (1,1) = (1,—1) + (0,2), it holds
that

0 1 -7 4 0 1 2 =3
wbw= (4 1) elfler=clflonder = (-6 2 | (§ 1) =1 -
10 —6 -3 4

Definition 7.29. Matrices A, B € K™*" are called similar, if there exists an S € GL(n, K) with
B = SAS~!'. We write A ~ B if necessary.
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Remark 7.30.

(a) Obviously A ~ A (choose S = 1,). From B = SAS~! it follows that A = S™!BS. From B =
SAS™! and C = TBT~! with T € GL(n, K) it follows that C = TSAS™!T~1 = (TS)A(TS)~!.
Therefore, the similarity of matrices is an equivalence relation.

(b) According to [Theorem 7.18 and |Corollary 7.27, every endomorphism of V' determines, by the
choice of a basis, a similarity class of representation matrices in K™*™. This allows concrete
calculations with abstract maps. In Linear Algebra II, we construct special bases such that the
representation matrices have the “simplest” possible form (for example, diagonal matrices). This
speeds up calculations.

Definition 7.31. For A = (a;j);; € K™*", we call tr(A) := )" | a;; the trace of A. This is the sum of
the main diagonal entries.

Lemma 7.32. The map tr: K™ — K is linear with tr(A') = tr(A) and tr(AB) = tr(BA) for
A, B e K,

Proof. For A = (ai;), B = (bij;) and A € K, it holds that

n

tr(/\A + B) = tr((/\a,'j + bij)i,j) = Z()\aii + bii) =A Z a;; + Z bii = )\tl"(A) + tr(B).
=1 =1 =1

Thus tr is linear. Since a reflection across the main diagonal does not change the diagonal itself,
tr(A') = tr(A) holds. Furthermore,

tl"(AB) = En: Enz aijbji = Zn: an bjiaij = tI‘(BA). O

i=1 j=1 j=1i=1
Corollary 7.33. Similar matrices have the same trace.
Proof. For A € K™ and S € GL(n, K), it holds that tr(S(AS™1)) = tr((AS~1)S) = tr(4). O
Definition 7.34. Let V' be a vector space with basis B and f € Hom(V, V). We call tr(f) := tr(g[f]5)

the trace of f. According to [Corollary 7.27| and |Corollary 7.33| tr(f) does not depend on the choice of
the basis.

Theorem 7.35 (FILLMORE). Let A € K™*"\ K1,, and dy,...,d, € K with tr(A) = dy + ... + d.
Then A is similar to a matriz with main diagonal dy, ..., dy,.

Proof. Induction on n: Since A ¢ K1,, we have n > 2. Let A = (a;;). If a;; # 0 for some i # j, then
Aej ¢ (ej). If A is a diagonal matrix, then there exist ¢ # j with a;; # a;;. In this case,
A(ei + 6]') = aj€; + G;;€; ¢ <€i + €j>.

In any case, there exists a by € K™ such that b; and Ab; are linearly independent. Then b; and
by := Aby — d1by are also linearly independent. We extend b1, b2 to a basis by, ...,b, of K™. wrt. this
basis, A has the form (d*l ;{1) with A1 = (a;j) e K(n=1x(n=1) 1p the case n = 2, we are finished,
because tr(A;) = tr(A) — dy = da.
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Now let n > 3. If A; € K1,,_1, then
A(bl + b3) =di1by + by + Abz € by + <b1, b3>.

By replacing bs with b; + b3, we achieve aby = 1 and A; ¢ K1,_;. By induction, there exists
S € GL(n — 1, K) such that SA;S~! has main diagonal d, ... ,d,. Now

1 0 d1 * 1 0 o d1 *
0 S x A;J\0 S71) 7 \x 84,51
has main diagonal dy,...,d,. O

Example 7.36. Let A:=(}9) € Q**? and (dy,ds) = (0,3). We set by := (1,1) and by := Ab; = (1,2).
Let E be the standard basis of Q? and B := {b1,bs}. For S := gAp = (} 1), we have

e [0 =2
sas- (0 2)

according to [Corollary 7.27]

7.3 Dual Spaces

Definition 7.37. For a K-vector space V, V* := Hom(V, K) is called the dual space of V. Its elements
are called (linear) functionals.

Lemma 7.38. Let by,...,b, be a basis of V. For i = 1,...,n, let b € V* with b}(b;) = 0;; for

j=1,....,n. Then bj,... b} is a basis of V*.

Proof. Let A1,..., A\, € K with f:=X\b] 4+ ...+ A\b, =0. For i = 1,...,n, we have 0 = f(b;) = \;.

Therefore, b7, ..., by, are linearly independent. The claim follows from dim V* = dim V' (Theorem 7.18)).
O]

Example 7.39. If ey,..., e, is the standard basis of V' = K", then €], ..., e; are the projections, i.e.
ef(vi,...,vp) =v; fori=1,...,n.
Remark 7.40.

(a) In the situation of [Lemma 7.38} b3, ..., b} is called the dual basis to by, ..., by.

(b) For infinite-dimensional spaces V, V* 2% V| because V* is “larger” than V' (without proof).

(c¢) According to (the proof of) [Theorem 7.13| there exists an isomorphism V' — V* that maps a
basis to the corresponding dual basis. However, there is no canonical isomorphism that does

not depend on a choice of basis (cf. [Theorem 12.7)). The next theorem shows that the situation
between V' and the bidual space V** := (V*)* is better.

Theorem 7.41. Forve V,let F,: V* - K, f— f(v). Then F: V — V** v F, is a canonical
isomorphism.
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Proof. For fi, fo € V* and A € K, we have
Ey(AMfu+ f2) = Afi + f2)(0) = Mi(v) + fa(v) = AR (f1) + Fu(f2),
i.e. F, € V**. For v,w € V, it holds that
Frouw(f) = fOw +w) = Af(v) + f(w) = AF(f) + Fu(f) = (\Fs + Fu)(f),

i.e. F'is linear. Now let F, = 0. In the case v # 0, one can extend v to a basis of V. For the dual basis,
we would then have 0 = F,,(v*) = v*(v) = 1. This contradiction shows Ker(F') = {0}, i.e. F' is injective.
Due to dim V** = dim V* = dim V' < oo, F must also be surjective. O

Definition 7.42. For U <V and W < V*, let

UY:={feV*: fU)={0}} CV*
Wo::{UGV:VfEW:f(v)zo}QV.

We call U (resp. Wy) the dual complement of U (resp. W).

Lemma 7.43.
(a) For U <V, U® < V* with dimV = dim U + dim U°.
(b) For U <V*, Uy <V with dimV = dim U + dim Uy.

(c) The maps U+ U® and U + Uy are inverse to each other.

(d) For UW <V, it holds that | (U +W)° = U nW° | and | (U W)°? =U® + W°.

(¢) For U,W < V*, it holds that| (U +W)o = Uy N Wy | and | (UNW)o = Uy + Wo.

(f) It holds that V =U & W <= V*=Ua W

Proof.

(a) The restriction F': V* — U*, f + fy is a homomorphism with kernel UY < V*. Since every
functional in U* can be extended to V* (basis extension), F' is surjective. From the homomorphism
theorem, it follows that dimV = dim V* = dim U" + dim U* = dim U" + dim U.

(b) The construction from [(a) first yields U? = {f € V** : f({U) = {0}} < V** with dimV =
dim U 4 dim U°. For the isomorphism F: V — V**, v — F, from [Theorem 7.41| we have

vely < F,(U)={0} — F,cU"
Thus Uy = F~1(U°) <V with dim Uy = dim U°.
(c) By definition, U < (U°)g and U < (Up)°. For dimension reasons, equality holds.

(d) We have f € (U+ W)Y «— f(U) = {0} = f(W) <= f € U°n WY This shows the first
equation. From U NW C U, W it follows that U + W° = (U° U W?) C (U N W)°. According to
@ and the dimension formula, we have

dim(U° + W°) = dim U° + dim W° — dim(U° n W?)
=2dimV — dimU — dim W — dim((U + W)?)
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=dimV —dimU — dim W + dim(U + W)
= dim V — dim(U N W) = dim((U N W)?).
Thus (UNW)° =U° + WO.
(e) According to [(c)] and [(d)} we have

(U +W)o = ((Un)° + (W0)°)y = ((Uo N Wp)°) y= Up N W,
(UNW)o = ((Un)° N (W0)°)y = ((Uo + Wo)°), = U + Wo.

(f) Let V =U@®W. According to[(d)} U+ WO = (UNW)? = {0}° = V* and UNWO = (U+W)° =
V0 ={0}. Thus V* = U* @ W*. Conversely, let V* = U° @ W°. From [(e)] it follows that

U+W = U+ W% =W0'nW%s={0}o=V

and UNW = (U%)o N (W% = (U + W)y = (V*)o = {0}. This shows V =U @ W. O

Corollary 7.44. Let V be an n-dimenstonal vector space and 0 < k < n. Then there is a bijection
between the set of k-dimensional subspaces and the set of (n — k)-dimensional subspaces of V.

Proof. Let F: V — V* be an arbitrary isomorphism. Let U < V with dimension k. According to
Lemma 7.43, F(U)y <V and F~}(U°) < V have dimension n — k. Furthermore, we have

F7H((F(U)0)°) = FTH(F(U)) =T,
F(FHUY), = U0 =U.

Therefore, the maps U — F(U)y and U + F~1(U°) are inverse bijections to each other between the
set of k-dimensional subspaces and the set of (n — k)-dimensional subspaces of V. O

Theorem 7.45. Let V be an n-dimensional vector space over a field K with ¢ < oo elements. For
1<k<n,V has exactly
(¢" =D(" " =1)...(¢" *" -1
(¢" = 1)(¢*1-1)...(¢—1)

subspaces of dimension k.

Proof. Every k-dimensional subspace U < V is spanned by a k-tuple of linearly independent vectors
(v1,...,vg). For v; € V' \ {0}, there are |V| — 1 = ¢™ — 1 possibilities. Due to linear independence,
vo must not lie in (v1) = K. Therefore, there are ¢ — ¢ possibilities for vy € V' \ (v1). In general,
there are ¢" — ¢! possibilities for the choice of v; € V'\ (vq,...,v;_1). In total, there are D(n, k) :=
(¢" —1)(¢" —q)...(¢" — ¢*1) linearly independent k-tuples (vq,...,v;) in V. However, many of these
span the same space.

The same argument with U instead of V yields exactly D(k, k) = (¢* —1)(¢* —q) ... (¢¥ — ¢* 1) linearly
independent k-tuples in U. Thus, exactly D(k, k) of the k-tuples in V' span the same subspace. The
number of k-dimensional subspaces is therefore DEZ:; The claim follows by canceling all factors of

q. O
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Remark 7.46. At first glance, it is not clear why the formula given in is an integer at
all. We have thus proven an arithmetic statement using linear algebra. Because of

(¢ =D =1 (@) (@ =D )¢ )
(@ =D =1)...(¢-1) (" F—1)(g"F1—-1)...(¢—1)

one obtains for finite fields.

Example 7.47. The number of 2-dimensional subspaces of 5 is

(2°-1)(2*—1) 31-15

@-ne-1 3

Definition 7.48. Let V, W be vector spaces and f € Hom(V,W). Then f*: W* — V* g+ go f is
called the dual map to f.

Theorem 7.49. For vector spaces V., W, the map Hom(V,W) — Hom(W*,V*), f — f* is an
isomorphism. Let B and C be bases of V' and W, respectively. Let B* and C* be the corresponding dual
bases. Then

B[f*les = clfB-

In particular,
(a) f is injective <= f* is surjective.

(b) f is surjective <= f* is injective.

Proof. For g1,g90 € W* and A € K, it holds that

FfAg1+g2) =Agi+g2)of=Agiof)+(g20f)=A"(g1) + f*(92)

according to [Remark 7.23| This shows f* € Hom(W*, V*). For f1, fo € Hom(V, W), it holds analogously
that

M1+ f2)"(9) =go M+ fa) = Ago f1) + (go f2) = (AT + £3)(9)-

Therefore, f ~ f* is linear. Let B = {b1,...,bn} and C = {c1,...,cn}. Let f(b;) = 7, ajic; with
aj; € K. Then it holds that

P = (60 Db = i (Y anen) = a = (3D audi) )
k=1 k=1

for j = 1,...,m. It follows that f*(c¢f) = > p_;awb; for i = 1,...,n. This shows ¢[f]% = (a;;)" =
(aij) = B=[f*]c+. According to [Theorem 7.18 f + f* is an isomorphism.
With we obtain
f injective <= 1k(c[f]B) =m <= rk(p[[*]c+) =m <= f* surjective,
f surjective <= rk(¢[f]p) =n < rk(p-[f"|cx) =n <= f* injective. O]

Remark 7.50. For f € Hom(V,W) and g € Hom(W,U), it holds that (go f)* = f* o g*, because

(go )" (p) =wolgef)=(pog)of=g"(p)of=[(g"(¢) = (f e g")(p)
for ¢ € U*. Alternatively, one can use the matrix identity (AB)* = B*A® from [Lemma 5.8
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8 Eigenvalues and Eigenvectors

8.1 Definitions and Examples

Remark 8.1. In this chapter, we investigate homomorphisms f: V — V between the same spaces.
These are called endomorphisms and we write End(V') := Hom(V, V). By choosing a suitable basis B
of V', we will achieve that g[f]p has the simplest possible formE]

Definition 8.2. Let V' be a K-vector space and f € End(V). We call A € K an eigenvalue of f if the
etgenspace
Ex(f) = {v €V : f(v) = Mo}

is not the zero space. If applicable, dim E)\(f) is called the geometric multiplicity of X\. The vectors
v € E\(f)\ {0} are called eigenvectors for the eigenvalue .

Remark 8.3.
(a) For v € V and X € K it holds that

f)= <= f(v)— A =0 < (f—Aid)(v) =0 < v € Ker(f — Aid).

Therefore, the eigenspace E)\(f) = Ker(f — Aid) is indeed a subspace of V. According to the
homomorphism theorem, dim(V') — rk(f — Aid) is the geometric multiplicity of .

(b) Let B be a basis of V, z := g[v]* € K"*! and A := g[f]p. Then it holds that
f(v) =X BB gr=x = (A—Al,)z=0.

Therefore, E'\(f) can be calculated by solving the homogeneous system of equations (A—A1,)z = 0.
We then also speak of eigenvalues, eigenspaces, and eigenvectors of A. Since similar matrices
describe the same endomorphism (wrt. different bases), they have the same eigenvalues (but not
the same eigenvectors).

(c) From [Lemma 7.7 and [Remark 7.9|it follows: f € End(V) is an isomorphism if and only if 0 is not
an eigenvalue of f.

Example 8.4. Let f € End(R3) with
2 11
A=[f]=[1 2 1
1 1 2

Subtracting A = 1 on the main diagonal, one obtains a matrix of rank 1 with three identical rows.
Obviously, by := (1,0, —1) and by := (0,1, —1) form a basis of E;(f). In particular, A\ = 1 has geometric

1According; to |Remark 6.20f one can always find bases B, C of V such that ¢[f]s = diag(1r,0,—,) holds. However, the
product of such matrices cannot be interpreted meaningfully.
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multiplicity 2. Since the row sums of A are constant, bs := (1,1, 1) is an eigenvector for the eigenvalue
A = 4. Now B := {by, bo, b3} is a basis of R® with g[f]p = diag(1,1,4). Thus one easily calculates
Blf o fo flg = Blf]} = diag(1,1,4) = diag(1, 1, 64).

8.2 Diagonalizability

Definition 8.5. One calls f € End(V) diagonalizable, if a basis B of V exists such that g[f]p is a
diagonal matrix. A matrix A € K™*" is called diagonalizable, if A is similar to a diagonal matrix.

Remark 8.6. Obviously, f € End(V) is diagonalizable if and only if V' has a basis consisting of
eigenvectors of f. A matrix A is diagonalizable if and only if the corresponding linear map f: K"*! —

K™ g+ Az is diagonalizable (Corollary 7.27).

Example 8.7.
(a) The map from [Example 8.4 is diagonalizable.
(b) Diagonal matrices are obviously diagonalizable.

(c) Let A:=(3}) € K?*2 Since A — A5 has full rank for A # 0, A = 0 is the only eigenvalue of A.
Because of Eg(A) = ((1,0)), there exists no basis of eigenvectors and A is not diagonalizable.

(d) Let A:=(92) € Q**% and A € Q. Then
-2 2 + 02—\
(220
Because of v2 ¢ Q (Example 1.11)), 2 — A% # 0. Thus A has no eigenvalue over Q and cannot be

diagonalizable. On the other hand, A is diagonalizable as an R?*2-matrix (Example 8.13)).

Definition 8.8. In|Definition 4.2} we introduced the (direct) sum U+ W (resp. U @ W) of two subspaces
U W <V.For Uq,...,U, <V, one defines inductively

Ui+...+ 7, Z:(Ul—l—...—i-Un_l)—i-UnSV.

Obviously, Uy + ... + U, consists of the elements of the form uy + ... + u, with u; € U; for i =
1,...,n. We call the sum direct and write U; & ... @ U, if U1+ ...+ U1 =U1 ® ... 8 U,_1 and
(U + ...+ Uy_1) NU, = {0}. The following characterization is more convenient.

Lemma 8.9. For subspaces Uy, ..., Uy, of a vector space V, the following statements are equivalent:
(1) Uh+..4U, =U1®...0U,.
(2) dim(Uy + ...+ U,) =dim(Uy) + ... + dim(U,,).
(8) The map Uy X ... x Up = Ur + ...+ Uy, (u1,...,uy) — ui + ...+ uy is an isomorphism.

(4) Every element v € Uy + ...+ Uy, can be uniquely written in the form u = uy + ... + u, with
w; €U; fori=1,...,n.

(5) If ur + ...+ up =0 withu; € U; fori=1,...,n, thenuy = ... =u, =0 follows.
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Proof.
| (2)f Forn =1, is trivial. By induction, we may assume that already holds for n — 1.

From the dimension theorem, it then follows that

dim(Uy + ...+ Up) =dim(Uy + ... + Up—1) + dim(U,,) = dim(Uy) + . .. + dim(U,,).

| (3) The given map is always linear and surjective. Because of
dim(Uy ... x Up) D dim(T7) + ... + dim(Uy) = dim(U; + x + Uy)

it must also be injective.
| (4)F Follows from the injectivity of Uy x ... x Uy, — Uy + ... + U,.

| (5); The two decompositions of the zero vector u; + ...+ u, =0+ ...+ 0 must be identical
according to ie,u; =...=uy, =0.

| (1)} For n = 1, there is nothing to show. By induction, we can assume Uy + ...+ U,_1 =
Ur®...®U,_1, since the assumptioncarries overtoUy,...,Up—1. Nowlet u = ui+...4+up—_1 €
(U1 +...4+Up-1)NU,. Then

O=wu+...+uUp1—uelhi+...+U,

and shows u = 0. Thus holds. O

Theorem 8.10. Let \1,...,\x be pairwise distinct eigenvalues of f € End(V'). Then

Ex(f)+...+E\(f)=E\x(H®...® E\(f) < V. (8.1)

In particular, k < dim V.

Proof. Induction on k: For k = 1, there is nothing to show. So let k£ > 2 and assume (8.1 is already
proven for k — 1. Let v; € Ey,(f) with v; + ... + v = 0. Then

OZf(vl—i—...—f—Uk)—)\k(Ul—i-...—i-Uk) =AU+ . AU — AU — o — AU
= ()\1 — /\k)vl + ...+ ()\k—l — )\k)vk—l S E)\l(f) bD... @E)\kfl(f)‘

From it follows that (A\; — A\g)v; =0 for ¢ = 1,...,k — 1. Because A\; # Ak, it holds that
v =...=vp_1 = 0. Finally, vy = v; +... 4+ v = 0 as well. Now (8.1)) follows from The

last assertion follows from dim Ey,(f) > 1 fori=1,... k. O]
Remark 8.11. Mnemonic: Eigenvectors corresponding to distinct eigenvalues are linearly independent.

Corollary 8.12. If A € K™*™ has exactly n distinct eigenvalues, then A is diagonalizable.

Proof. For the distinct eigenvalues Ay, ..., A, of A, it holds that
dim(Ey, (A) @ ... ® By, (A)) = dim(E), (A)) + ... + dim(Ey,(A)) > n = dim K™

according to [Theorem 8.10l This shows Ey, (A) @ ... ® E), (A) = K™, In particular, K™*! possesses
a basis of eigenvectors of A. O
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Example 8.13.

(a) The identity matrix shows that the converse of |Corollary 8.12|is false. We will later derive a
precise characterization of diagonalizability (Theorem 10.34]).

(b) The matrix 4 := (93) € R?*2 from [Example 8.7 has the eigenvalues £v/2 and is therefore

diagonalizable. We show via the detour of the determinant that the eigenvalues of every matrix
are roots of polynomials with coefficients in K (Theorem 10.32]).

Definition 8.14. One calls A = (a;;) € K™*" an (upperED triangular matriz, if all entries below the
main diagonal vanish, i.e., a;; = 0 for all 7 > j:

* k
A= L
0 *
If additionally a;; = 0 for i = 1,...,n, then one speaks of a strict (upper) triangular matrix.

Example 8.15. Let A = (a;;) € K™*" be an upper triangular matrix. For A € {a11,...,am}, A— A1,
does not have full rank, because an offset of the rows occurs during the Gaussian algorithm .
If, on the other hand, \ ¢ {a11,...,an,}, then the main diagonal entries of A — A1,, are all non-zero.
Therefore, A — A1, has full rank. This shows that the eigenvalues of A are exactly the entries on the
main diagonal. In particular, A is diagonalizable if a1, ..., an, are pairwise distinct.

2 Analogously, one defines lower triangular matrices.
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O Determinants

9.1

Recursive Definition

Remark 9.1.

(a)

Mathematicians often try to replace complicated objects (such as f € End(V)) with simpler
ones (such as rk(f) or tr(f)) in order to make essential information visible. Thus, we have
seen in that rk(f) provides information about the bijectivity of f, provided that
dim V' is known. Such quantities are called invariants if they remain unchanged under “natural”
transformations (such as a change of basis). In this section, we define the determinant det(f) as a
further invariant. We show that f is bijective if and only if det(f) # 0 holds (in contrast to rk(f),
this criterion no longer depends on dim(V)ED

In measure theory, one tries to assign a “volume” vol(S) € R>( to as many sets S C R™ as possible.
Let f: R™ — R™ be linear. The number det(f) described in @ measures how much the volume
changes by applying f, i.e. vol(f(S)) = |det(f)| vol(S) holds as long as vol(S) is defined. The
n-dimensional hypercube

H = {(ml,...,xn) eR”:W:ngigl}
is assigned the volume vol(H) = 1. From this it follows

|det(f)| = vol(f(H)).

The sign of det(f) describes whether f is orientation-preserving (example: rotation) or orientation-

reversing (example: reflection). More on this in [Example 11.22

Example 9.2. Let f: R? — R? with v:= f(e;) = (a,b) and w := f(e2) = (¢, d), i.e. [f] = (¢§). The
image of the (red) square H = {(z,y) € R? : 0 < z,y < 1} is the (blue) parallelogram f(H) spanned
by the vectors v and w:

The area of f(H) is

vol(f(H)) = (a+¢)(b+d) — 2bc — ab — cd = ad — be.

The area is 0 if and only if v and w lie on a line, i.e., are linearly dependent. This is equivalent to
rk(f) < 1.

LFrom real life: If you have trouble remembering a person’s age, remember their birth year instead, because this invariant
does not change every year.
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Definition 9.3. Let A = (a;;) € K™*™ and 1 < s,t < n. By deleting the s-th row and ¢-th column of
A, we obtain the matrix Ay € K~ Dx(=1) The determman of A is defined recursively:

an if n=1,
det(A) := n .
) Z(—l)lﬂau det(A;1) ifn>2.
i=1

Example 9.4.

(a) For n = 2 one obtains

det <Z 2) = adet(Ay;) — bdet(As) = ad — be

(cf. [Example 9.2)).

(b) For every upper triangular matrix A = (a;;) it holds that det(A) = a11 ... apy. This is clear for
n = 1. Let the assertion for n — 1 be already proven by induction. Since A1; is also an upper
triangular matrix, it follows that

det(A) = (=1)"*a; det(As) = ar1 det(Anr) = anags .. . ann.
=1

Since one can transform every matrix into an upper triangular matrix using the Gaussian algorithm,
we investigate how the determinant changes under elementary row operations.

Lemma 9.5. The map det: K™*"™ — K is linear in each row, i.e. for ai,...,a,,b€ K", A€ K and

1 <k <n it holds that
ay ay ay

det | dap +b | =Adet | ap | +det | b

Qnp Qnp, an

Proof. Let a; = (aj1,...,ain) and b = (by,...,b,). For ¢ € K™ let M(c) be the matrix with rows
A1y .y Qf—1,CyQkt1,---,0n. For n =1 we have k =1 and

det(M(Xa1 + b)) = Aay1 + b1 = Adet(M(ar)) + det(M (b))
as claimed. Now let n > 2 and the assertion for n — 1 be already proven. Deleting the k-th row yields
M(Xag 4 b)g1 = M(ag)kr = M (D)g1.-
It follows that
det (M (Aay, + b)) = (=1)*T (Aagr + by) det (M (Aag + b)ir) + D _(—1)"ay det (M (Aay, + b))

ik
= M—1)""ag; det(M(ax)r1) + (—=1)* by det(M(b)11)

2In some books, one writes |A| instead of det(A). We reserve this notation for a matrix norm, see [Example 17.61
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+ Z i1 (A det(M (ag)i1) + det(M(b)i1))

i#£k
= A (1) ag det(M(ag)i) + (1) by det (M (b)rr) + Y _(—1)Faz det(M (b))
i= i#k
= Adet(M (ax)) + det(M(b)). O

Theorem 9.6. For A € K™*" the following holds:
(a) By multiplying a row of A by X\ € K, det(A) is also multiplied by .
(b) Swapping two rows of A changes the sign of det(A).
(¢) Adding a multiple of one row to another row of A does not change det(A).

Proof.

(a) If one first sets A =1 and b =0 in one sees that the determinant vanishes if A has a
zero row. The claim now follows by choosing A arbitrarily and b =0 in

(b) Here n > 2. Let aq, ..., a, be the rows of A and s < t. Swapping as and a; yields the matrix A’.
For n = 2, we have (s,t) = (1,2) and

a a
det(A") = det <ai aiz) = az1012 — azza11 = —(a11a22 — a12a21) = — det(A)

according to [Example 9.4 Now let the claim be already proven for n — 1. For s # i # t, Al
is obtained by a row swap from A;;. Thus det(A};) = —det(A4;1). On the other hand, A}, is
obtained from A;; by the swaps as <> as11 ¢ Gsq2 > ... > ar_1:

' i1 :
ag 3 as Qg1
Qs+1 Gass j : /
Ay = : ~ ~ee~ g | T Ay
ai—1 _ aasl
e a¢41 N

This shows det(A’;) = (—=1)!75" 1 det(A41). Analogously, det(A};) = (—1)!~*"1 det(As1). Because
of (—1)f=5=1 = (=1)5~=1 it follows that

det(A’) = (—1)* ay det(AL) + (1) ag det(A},) + (—1)"ta;; det(AL)
i {s,t}
= (—1an det(An) + (—1)°aq det(Aq) + > (—1)'a; det(Aq)
i¢{s,t}

n

==Y (~1)"a; det(Air) = — det(A).

=1
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(c) We add Aay to row a; with k # [ and obtain

a

det | a; + Aag det(A) + Adet

an

a

ag

It therefore suffices to show det(A) = 0 if A has two identical rowsﬂ For n = 2, we have

a b

det(A) = det <a b

)zab—ba:().

Now let n > 3. According to @ we can assume that the first two rows of A are identical. Then
A;p for ¢ > 3 also has two identical rows. By induction on n, it follows that

n

det(A) = Z(—l)i+1ai1 det(Ail) = a1l det(All) — as det(Agl) =0. [l
=1
Example 9.7.
-4 =2 =2\ |:(-2) 2 1 1 -3 -4 2 1 1
det | 6 3 2 =-2det |6 3 2 ]+ =-2det {0 0 -1 j

8 7 6 8 7 6 + 0 3 2

2 1 1 -
=2det [0 3 2 |12

00 -1

Remark 9.8. For A € K"*" and A € K, it holds that ‘det()\A) = \"det(A), ‘ because each of the n

rows is multiplied by A.

Lemma 9.9. Let A = (1‘(1)1 ﬁg
3

Then det(A) = det(A;) det(As) holds.

) € Kntmx(ntm) with Ay € K™, Ay € K™™ and Ay € K™™,

Proof. If one performs the Gaussian elimination on A, then first A; and then Ag are transformed into
an upper triangular matrix. In the end, A is also an upper triangular matrix and the claim follows. [

9.2 Properties

Theorem 9.10. For A €¢ K™ ™ 4t holds that

A invertible <= rk(A) =n <= det(A) # 0.

3For K = Q this follows immediately from but not for K = Fs.
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Proof. The first equivalence comes from |[Lemma 5.15, Since the row echelon form A is an upper
triangular matrix, it holds that

det(A) 20 2L get(A) 20 BL A-1, «— 1k(4) = k(4) = n. O

Theorem 9.11 (Determinant Theorem). For A, B € K™*™ it holds that ‘ det(AB) = det(A) det(B).‘

Proof. 1f det(A) = 0, then rk(AB) < rk(A) < n follows from [Lemma 5.15| Then det(AB) = 0 also
holds by [Theorem 9.10, We can therefore assume A € GL(n, K). According to [Corollary 6.18, A is a

product of elementary matrices, say A = A;... Ag. Let M € K™ " be arbitrary. For the three types of
elementary row operations, it holds respectively that

Adet(M)
det(A;M) = ¢ —det(M) » = det(A4;1,) det(M) = det(A;) det(M)
det (M)
according to [Theorem 9.6] Overall it follows that
det(AB) =det(A; ... ApB) = det(A;) det(Az... AxB) = ... =det(A4;)...det(Ag) det(B)
=...=det(A;)det(As...Ax)det(B) = det(A) det(B). O

Corollary 9.12.

(a) For A € K™™ it holds that|det(A") = det(A).

(b) For A € GL(n, K) it holds that |det(A™") = det(A) ™.

(c) Similar matrices have the same determinant.

Proof.

(a) Because of tk(A) = rk(A'), we can assume that A is invertible (otherwise det(A) = 0 = det(A)).
Again, A is a product of elementary matrices A = A; ... Ag. For the first two row operations,
AY = A; holds. For the third row operation, det(A;) = 1 = det(A!). This shows

det(A%) 2B det(AL ... AY) = det(AL) ... det(AL) = det(Ay) ... det(A;)
= det(Al) - det(Ak) = det(A1 - Ak) = det(A).
(b) The claim follows from det(A)det(A~!) = det(AA™!) = det(1,) = 1.
(¢c) For A e K™ and S € GL(n, K) we have

det(SAS™!) = det(S) det(A) det(S™!) = det(S) det(S) ! det(A) = det(A). O

Definition 9.13. According to the determinant theorem and [Corollary 9.12] the matrices with
determinant 1 form a subgroup SL(n, K) < GL(n, K). One calls SL(n, K) the special linear group of
degree n over K. It holds that SL(n,Fs) = GL(n, F9).

Remark 9.14.

(a) Because of det(A') = det(A), one may also use elementary column operations when calculating
det(A).
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(b) The following statement generalizes the determinant theorem.

Theorem 9.15 (CAUCHY-BINET formula). For A,B € K™™ and I C{1,...,m} let Ar := (a;; : i =
1,...,n, j€I). Then
det(AB') = Y det(A;)det(By).

IC{1,..,m}
[7|=n

Proof. In the case n > m, the sum is empty and det(AB") = 0 according to |Lemma 5.15 So let n < m.
We decompose the i-th row of A as a; = a; + a!’. If one replaces a; by a} or @, one obtains matrices A’
or A” with det(A;) = det(A}) + det(A7) for all I C {1,...,m} with |I| = n according to
The i-th row of AB" is a}B" + a/ B*. Therefore, det(AB") = det(A’'B") 4 det(A” B") also holds. It thus
suffices to prove the claim for A’ or A” instead of A. In this way, one achieves that A has at most one

non-zero entry in each row. Thus, there exists at most one I C {1,...,m} with |[I| = n and det(A;) #0
(all other A; possess zero columns). It holds that AB' = A;(By)" and det(AB') = det(A;) det(By)
according to [Corollary 9.12] O

9.3 Laplace Expansion

Theorem 9.16 (LAPLACE expansion). Letn > 2 and A € K™™. For 1 < k <n we have

n n
det(A) = (=) det(Aip) =D (—1)"Fay; det(Ay,).
i=1 =1
Proof. Let aq,...,a, be the columns of A. According to it holds that
det(--- ap—1 ag ) = —det(--- ap—2 ap Qak—1 ) = ...
= (-1 tdet (ap a1 -+ a1 agpr o) = (1)F! Z(_I)H—laik det(Aj).
i=1
The second equation follows from the first by using det(A') = det(A). O

Remark 9.17. The equations in [Theorem 9.16| are called expansion along the k-th column/row. The
signs (—1)"** are distributed like a checkerboard:

Example 9.18. Like most recursive methods, the Laplace expansion is generally inefficient. However,
it is suitable for so-called sparse matrices, i.e., when many entries are 0. We first expand along the
third row and then along the second column:

1 2 -3 0
-2 0 1 2 120 -2 2
det =det| -2 0 2] =—-2det =-2-4=-8
0O 0 1 0 90 0 -2 0
-2 0 1 0
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Remark 9.19. For a sequence of numbers ay, ..., a, € K, the product [[}; a; = a1 -...- ay is defined
analogously to the summation sign .

Theorem 9.20 (VANDERMONDE). For x1,...,x, € K, the matriz
1oz a2 - 2t
Ao (xg_l) _ 1 $.2 :p% g;g‘.*l e
i x.n x% e 332._1

is called the VANDERMONDE matrix [ It holds that
det(A) = [ (z; — ).
1<i<j<n

In particular, A is invertible if and only if x1,...,x, are pairwise distinct.

Proof. Induction on n: In the case n =1, A = 1; and HKJ. (xj — ;) is the empty product, which is
interpreted as 1 (just as the empty sum is interpreted as 0). So let n > 2. We subtract x; times the
second to last column from the last column. Subsequently, we subtract z; times the (n — 2)-th column
from the second to last column, and so on. This yields the matrix

1 0 . ... 0
1 zo—21 (x2—2x1)22 -+ (22— a:l)xg_Q
1 zp—21 (vp—21)m0 - (T —21)2" 2

with the same determinant (Theorem 9.6)). By expansion along the first row, one can pass to the smaller
matrix

x9g—x1 (2 —x1)X9 -+ (22— xl)x’;_z
Tp—21 (Tn—21)TH - (Tn —21)2R 2
The factors (zx — x1) can be pulled out of the determinant for k = 2,...,n. This gives
det(A) = (xg — z1)(x3 — 1) .. . (XY — 1) det((xgll)?]_:ll)
Now the claim follows by induction. O

Definition 9.21. For A € K™*", one calls

A= o e Knxm
{((1)”] det(Aji))ij ifn>1

the complementary matrix to AE|

Theorem 9.22. For all A € K™ ™ it holds that| AA = det(A)1,, = AA. | In particular,| A~' =

if A€ GL(n, K).

4In some books, the transposed matrix is considered.

Salso called adjugate; risk of confusion with the adjoint matrix A* from [Theorem 13.7
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Proof. For n = 1, the claim is clear. So let n > 2. Let By be the matrix that arises from A by replacing
the I-th row with the k-th row. For k # [, By, has two identical rows and it follows that det(By;) = 0.
On the other hand, By, = A. Let AA = (c;5). Expansion along the [-th row of By, yields

n
Ot det(A) = det(By) = Y ari(—1)""" det(A) = cp.
=1

This shows AA = det(A)1,. The equation AA = det(A)1, is shown analogously by expansion along a
column. 0

Example 9.23. For every invertible 2 x 2-matrix A := (‘g 2), one obtains

1 -~ 1 d —b
ATl = A= :
det(A) ad — be (—c a )

Remark 9.24.

(a) The formula A=! = mg shows that the entry of A~! at position (i,j) depends on all ag,
except those with either s =4 or ¢ = j. Therefore, the inverse of a randomly chosen 100 x 100
matrix exhibits clear structures{]

A A1

(b) For “large” n, this formula has more theoretical than practical significance (use
for the calculation of A~1). For example, if A € Z"*", then det(A)A~! = A € Z™" as well. In
particular, A=' € Z™" if det(A) = +1. This observation is not apparent from the Gaussian
algorithm. The next theorem provides a similar statement for systems of equations.

Theorem 9.25 (CRAMER’s Rule). Let A € GL(n,K) and b€ K™, Fork=1,...,n, let A}, be the
matrixz formed from A by replacing the k-th column with b. For the unique solution x = (x1,...,z,)" of

the system of equations Ax = b, it then holds that x) = (ﬁt((ﬁk)) fork=1,...,n.

Proof. We use and expand Ay, along the k-th column:

(det(Ag)) = (Z(—l)”’“ det(Aik)bi>k = Ab= AAz = det(A)z = (det(A)ay)p. O
i=1
5The graphics were generated with [sageMath,
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9.4 The Leibniz Formula

Remark 9.26. If one carries out the Laplace expansion for n X n matrices down to 1 x 1 matrices, one
obtains the determinant as a sum of n(n —1)-...-2-1 = n! terms. We determine these terms explicitly.

Definition 9.27. Let n € N and N := {1,...,n}. A bijection of the form N — N is called a
permutation of N. The set of permutations of N is denoted by S,.

Remark 9.28.

(a) Analogous to GL(V), S, is also a group wrt. the composition of mappings. We will therefore
often omit the composition symbol o. S, is called the symmetric group of degree n.

(b) Let o € Sy,. For the choice of o(1) € {1,...,n}, there are n possibilities. Since o is injective,
0(2) # o(1) holds. Thus, for the choice of o(2), there remain n — 1 possibilities, and so on. In
total, there are n! possibilities to define a permutation, i.e., |S,| = nl.

Example 9.29.

(a) For k > 2, one calls 0 € S, a (k-) cycle (or cycle of length k), if pairwise distinct 1 < ay,...,ar <n
exist, such that
. oy ai

ajr1 if = a; with 7 <k, 0/ \O’
o(x) =< a; if z = ag, az ay
T otherwise. U\\, as / o

One then writes o = (aq, ..., ax). This notation is unique up to “rotation”; i.e.
o= (ag,...,ax,a1) =...= (ag,a1,...,a5_1).

The composition of cycles occurs as usual for mappings from right to left:
(1,3,4,5)0(3,4,5) 0 (1,3,2) = (1,5,4)(2, 3).

Furthermore, (a1, ...,ax) " = (ag, agp_1,- .-, a1).

(b) Cycles of length 2 are called transpositions. A transposition thus swaps two elements and leaves
all other elements fixed. Every k-cycle is a composition of k£ — 1 transpositions:

(a1,...,ar) = (a1,a2)(az,as3) ... (ag—1,ak).
However, there are many possibilities for such a composition.
(c) In S, every element is a cycle: S3 ={1,(1,2),(1,3),(2,3),(1,2,3),(1,3,2)}.
(d) Cycles o0 = (a1,...,a;) and 7 = (b1,...,b;) are called disjoint, if

{al,...,ak}ﬂ{bl,...,bl}:®.

In this case, o7 = 70 holds.

Theorem 9.30. FEvery permutation o € S, is a composition of pairwise disjoint cycles o = o1 ...0}.
Here, o1, ...,0 are uniquely determined up to their order.
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Proof. Let o € S,,. In the case ¢ = id, ¢ is the empty product of cycles. So let o # id and
a; :=min{l <i<n:o(i) #i}.

Let a; := 0" (ay) for i > 2. Because of n < oo, there exist i < j with a; = aj, i.e. 077%(a1) = a1.
Therefore there exists A
k:=min{l <i<n:o'(a1) =a1}.

Because of k < j — i, the elements ay, ..., ay are pairwise distinct. Thus o7 := (ay,...,ax) is a k-cycle.
For p := 00;1 it holds that

p(:c):{x if x € {a1,...,ar},

o(x) otherwise.

In the case p = id, 0 = 01 and we are finished. Otherwise, we can repeat the procedure with p instead
of o. Since the number of fixed points of ¢ increases with each repetition, after finitely many steps one
reaches o = o1 ... 0 with pairwise disjoint cycles o1, ..., 0.

Let also 0 = 71 ... 7 be a composition of pairwise disjoint cycles 71, ..., 7. Then there exists an ¢ with
7i(a1) # a1. Since the cycles are disjoint, it holds that 7;(a1) = o(a1) = o1(a1) = ag, Ti(a2) = o1(az) = as
etc. Thus ;, =0y and o9...0p =71 ...7Ti—1Ti+1 . . . ;. The uniqueness of the o; now follows by induction

on k. 0

Remark 9.31.

(a) Since according to [Example 9.29| every cycle is a composition of transpositions, even every
permutation is a composition of (usually not disjoint) transpositions.

(b) One can make the notation in disjoint cycles

o= (at,...,as)(br,...,b)...

completely unique by requiring a; = min{ay,...,as} < by = min{by,..., b} <....

Definition 9.32. For ¢ € 5,,, one calls

Py = (0i0(j))ij € Q™"
the permutation matriz of o. Furthermore, sgn(o) := det(P,) is called the signum or sign of o.
Remark 9.33. The permutation matrix of ¢ is formed by permuting the rows of the identity matrix
(i.e., the standard basis ey, ..., e,) according to o. Using the Gaussian algorithm, this permutation

can be realized by finitely many row swaps (this corresponds to the sorting algorithm selection sort).
Because of det(1,) = 1, sgn(o) € {£1} is indeed a “sign”.

Example 9.34. We determine the permutation matrix and the sign for the permutations in S3:

o |id (1,2) (1,3) (2,3) (1,2,3) (1,3,2)
010 0 01 1 00 0 01 010
P, 13 1 00 010 0 01 1 00 0 01
0 01 1 00 010 010 1 00

sgn(o) | 1 -1 -1 -1 1 1
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Theorem 9.35. For o,7 € Sy, it holds that Pyor = P, P, and ‘ sgn(o o7) = sgn(o)sgn(7). ‘

Proof. The entry of P,P; at position (z,j) is

n
D G0 Okr() = (1)) = Gifoor) ()
k=1
This shows the first equation. The second follows from the determinant theorem. O

Remark 9.36.

(a) The permutation matrix of a transposition is exactly the elementary matrix for the swapping of

rows. In particular, every transposition has sign —1. According to the product of

an even number of transpositions is never a product of an odd number of transpositions.

(b) According to [Example 9.29) every k-cycle has sign (—1)*~1. If o is a product of pairwise disjoint
cycles with lengths Iy,... g, then

sgn(a) — (_1)ll+...+lk—k‘

For example,
sgn((1,2,5,6)(3,7)(4,9,8)) = (—1)*373 = 1.

If one counts 1-cycles as well, the formula simplifies to sgn(c) = (—1)"7F.

(c) It follows from [Theorem 9.35| that the permutations with sign 1 form a subgroup A, < S,,. A, is
called the alternating group of degree n. In a certain way, A,, relates to S,, as SL(n, K) relates to
GL(n, K).

Theorem 9.37 (LEIBNIZ formula). For A = (a;j) € K™*", it holds that

det(A) = > 580(0)a10(1)020(2) - - - Gno(n):
oESy

Proof. The rows ay,...,a, of A can be expressed as a linear combination of the standard basis:
a; = Z?:1 a;je;. Since det is linear in each row (Lemma 9.5)), it holds that

eil eil
n as n n €i,
det(A) = E a14q det . = E 14, E a2i, det as = ...
11=1 ° 11=1 i2=1 .
an
eil

= E Al15q - - - Ang, det

1<in,.in<n e
(2

n

If there exist s # t with i5 = 44, then the corresponding determinant vanishes. Thus, one only needs to

sum over the tuples (i1, ...,4,) with pairwise distinct entries. Each such tuple describes a permutation
o €8, with o(j) =i, for j =1,...,n. It follows
det(A) = Z Alo(1) - - - Ono(n) det(Py) = Z sgn(0)a16(1) - - - Ano(n)- O
O'ESn O'GSn
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Corollary 9.38 (SARRUS Rule). For 3 x 3 matrices, it holds that

a b c
det |d e f]| =aei+bfg+ cdh —gec— hfa—idb.
g h i
Proof. Use the Leibniz formula with O

Remark 9.39.

(a) One can remember the Sarrus rule with the following scheme:
a b @e\a p
d e [fld e
9 h 4/9 h

(b) Attention: The Sarrus rule holds only for 3 x 3 matrices (for 4 x 4 matrices, one needs 4! = 24
summands).

(c) Let A € K™ with eigenvalue A. Then E)(A) = Ker(A — Al,) # {0} and det(A — A\1,,) = 0.
According to the Leibniz formula, det(A — \1,,) is a polynomial in A. In this way, we will calculate
all eigenvalues of A.

Example 9.40. The following sliding puzzle consists of 15 movable squares and one empty space. A
square that is horizontally or vertically adjacent to the empty space may be moved into it (cf. cover):

Sam Loyd offered a prize of 1000 $ to anyone who succeeded in transforming the following configuration
into the initial state{]

"see [D. Slocum and J. Sonneveld, The 15 puzzle, The Slocum Puzzle Foundation, Beverly Hills, 2006]

78



Every move corresponds to a transposition in Sig. If one assumes a checkerboard pattern, the empty
space moves from black to white or vice versa with every move. Since the empty space in Loyd’s
configuration is in the initial position, an even number of moves is required for a solution. On the
other hand, Loyd’s configuration differs from the initial state by only one transposition. According to
this configuration is therefore unsolvable and Loyd never had to pay out the prize money.
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Exercises

Exercise I.1. Which of the following propositions are true in the year 20257
(a) There is a month with 28 days.
(b) There is a month with exactly 28 days.
(c) There is exactly one month with 28 days.
)

(d) There is exactly one month with exactly 28 days.

Exercise 1.2. Let 1 < a < b <9 be natural numbers. The logician (S)iegfried knows only the sum
a + b, while his colleague (P)etrus knows only the product ab. The two conduct the following dialogue:

: “I do not know a and b.” P: “I do not know a and b.”
: “T do not know a and b.” P: “I do not know a and b.”
: “I do not know a and b.” P: “I do not know a and b.”
: “I do not know a and b.” P: “I do not know a and b.”
: “I do not know a and b.”  P: “Now I know a and b!”

N U U W

Determine a and b from this.

Exercise 1.3. For finite sets A and B, |[AU B| = |A| + |B| — |A N B| holds according to |[Lemma 1.12

Find and prove an analogous equation for three finite sets.

Exercise I.4. Prove by mathematical induction: The sum of the first n odd numbers is n?.

Exercise 1.5. Prove that N x N is countable.

Exercise 1.6. Construct relations with the following properties:
(a) reflexive, but neither symmetric nor transitive.
(b) symmetric, but neither reflexive nor transitive.

(c) transitive, but neither reflexive nor symmetric.
Exercise 1.7. Let U := {22+ 1: z € Z} U{0}. Investigate whether (U, +) is a group.

Exercise 1.8. Let (G, x) and (H, o) be groups. Show that G x H with the operation

(g1,h1) - (92, h2) == (g1 * g2, h1 0 h2)

becomes a group.
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Exercise 1.9. Construct a field with three elements.
Hint: What is 1+ 17

Exercise 1.10. Show:
(a) A non-empty subset H of a group G is a subgroup if and only if z,y € H = xy~! € H holds.

(b) A non-empty subset U of a K-vector space V is a subspace if and only if for all u,v € U and
A€ K it holds: A\u+v eU.

Exercise 1.11. (DEDEKIND identity) Let X,Y, Z be subspaces of a vector space V with X C Z. Show:
(X+Y)NnZ=X+(YNZ).
Exercise 1.12. Let V be a vector space, S CV and U, W < V. Show:

(a) (S) is the intersection of all subspaces of V' that contain S.

(b) U+ W =(UUW).

() UUW LV «— UUW e {U,W}.

Exercise 1.13. Let u,v,w be vectors of a vector space V. Prove or disprove: {u,v,w} is linearly
independent if and only if {u,v}, {u,w} and {v,w} are linearly independent.

Exercise 1.14. Obviously R is a Q-vector space in which the scalar multiplication coincides with the
usual multiplication in R (you do not need to check this). Show:

(a) 1 and v/2 are linearly independent over Q.
(b) Q(v2) := (1,v2) = Q + Qv2 is a field with the same operations as in R.

Exercise 1.15. Show:
(a) Swapping two rows of a matrix can be realized by the other two elementary row operations.

(b) Every n x n-matrix is a product of matrices of the form 1, + AE;; with A € K and 1 <i,j5 <n
(the case i = j is allowed).

Exercise 1.16. Let n =n1 + ...+ ng and Aq,..., \x € K be pairwise distinct. Let
A= diag(M1n,, ..., A\l ) € KV
and B € K™*". Show:
(a) AB = BA if and only if B = diag(Bu, ..., By) with B; € K™*" fori=1,...,k.
(b) AB = BA for all B € K™ if and only if A is a scalar matrix (i.e. k = 1).

Exercise 1.17. Let A € Q"™ C R™™ and b € Q%! C R™!. Justify:
(a) The rank of A over Q is the rank of A over R.

(b) If A is invertible over R, then it is also invertible over Q.
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(c) If the system of equations Az = b has a solution in R™*!  then there also exists a solution in

mel_

(d) Give an example in which the solution sets of Az = b over Q and R are different.

Exercise I1.18. Let U, V,W be vector spaces and f: U -V, g: V — W and h: W — X be linear
maps.

(a) Show rk(go f)+rk(hog) <rk(g)+rk(hogo f) (FROBENIUS inequality).
Hint: For g(V) = g(f(U)) @Y, it holds that h(g(V)) = h(g(f(U))) + h(Y).

(b) Deduce [Lemma 5.15(a)| from part [(a)]
(c) Show tk(A) + rk(B) < 1k(AB) +n for A € K™ " and B € K™* (SYLVESTER inequality).

Exercise 1.19. Let K be a field and n € N. Show:

(a) The sum and the product of (strict) upper (resp. lower) triangular matrices in K™*™ are again
(strict) upper (resp. lower) triangular matrices (Definition 8.14)).

(b) The upper (resp. lower) triangular matrices form a subspace U of K™*™. Calculate dim U.

(c) The set of invertible upper (resp. lower) triangular matrices in K™*™ is a subgroup of GL(n, K).

Exercise 1.20. Let V be a K-vector space. For ¢ € GL(V) andv € V' let fo: V =V, w — ¢(w) +v.
The maps of the form fiq,, , are called translations. Show:

(a)
AfE(V) = {fop 9 € GL(V),v € V} C Fun(V,V)

is a group wrt. composition of maps. Is it a subgroup of GL(V')?
(b) The translations form a subgroup of Aff(V).
Remark: Aff(V) is called the affine group of V.

Exercise 1.21. Let A € GL(n, K). Show that the matrix ({}) € K*"*" can be transformed into the
form (1§) by elementary column operations. In this case, B = AL

Exercise 1.22. Let V, W be vector spaces and f € Hom(V, W). Show:
(a) f is injective if and only if there exists a ¢ € Hom(W, V') with go f = idy.
(b) f is surjective if and only if there exists a ¢ € Hom(W, V') with f o g = idy .
(c) Are the maps g uniquely determined in each case?

Exercise 1.23. Let A\ € K be an eigenvalue of A € K™% and k € N. Show that \¥ is an eigenvalue of
AF . Does the converse also hold? Show that A~! is an eigenvalue of A~ if A is invertible.

Exercise 1.24. Let A € K™ be diagonalizable. Show that A’ is also diagonalizable with the same
eigenvalues. Do the eigenspaces also coincide?
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Exercise 1.25. Let a,b € K and

a b b
A= b e Kmxm,
b b a

Show:
det(A) = (a — b)" Y a+ (n —1)b).

Hint: Eigenvalues.
Exercise 1.26. Is the sliding puzzle on the cover solvable?

Exercise 1.27. Transpositions of the form (a,a + 1) € S,, are called basic transpositions. Show that
every permutation is a product of basic transpositions.
Remark: This is the basis of bubble sort.

Exercise 1.28. Show that |A4,| = %‘ for n > 2.
Hint: Apply the Leibniz formula to the matrix (1)7',_; € Q"""

Exercise 1.29. Let 0,7 € S,, with sgn(o) # sgn(7). Show that det(P, + P;) = 0.
Hint: Py + P, = P,(P; ' + PP,

Exercise 1.30. Let o € .5,,. Show that

sgn(o) = H M.

—1
1<i<j<n

Hint: First consider transpositions o.

Exercise 1.31 (General Expansion Theorem). Let A € K™% B € K [ C {l1,...,r} and J C
{1,...,t} with |I| = |J| = k. For a matrix M = (m;) let My := (mj)ier jes. Show that:

det((AB)]J) = Z det(Ayr)det(Bpry).
LC{1,...,s}
|L|=k
Remark: This generalizes matrix multiplication, the determinant theorem, and the Cauchy-Binet
formula.

Exercise 1.32. In the game Lights Out, a 5 x 5 grid of lights is given, which can be on or off. If you
touch a light, the light along with its horizontal and vertical neighbors (up/down, right/left) changes
state (on <> off). The goal of the game is to turn off all lights of a given state.

(a) Convince yourself that a solution is uniquely given by a vector in F3°, where each coordinate
describes whether the corresponding light must be touched.

(b) Model the solution of the game as a system of equations with a coefficient matrix in IF§5X25.

225

(c) Check (using a computer) how many of the states are solvable.
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(d) How many solutions does a solvable state have and how do the solutions differ?

f

)
(e) How many “moves” (light switch touches) are required in the worst case for a solution?
(f) Which states with only one burning light are solvable?

)

(g) Develop an easy-to-learn algorithm for solving the game that does not require computer calcula-
tions.

Hint: Play here: https://raw.org/research/solving-lightsout-using-linear-algebra
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10 Polynomials

10.1 The Vector Space of Polynomials

Remark 10.1. In we hinted that the eigenvalues of a matrix A are solutions of certain
(non-linear) polynomial equations. In this chapter, we define polynomials with coefficients in an
arbitrary field and investigate their roots. From this, we derive a necessary and sufficient criterion for

the diagonalizability of an endomorphism.

Definition 10.2. A (formal) polynomial over a field K in the variable X is a sum of the form

d
a:Zaka:a0+a1X+...+adXd
k=0

with coefficients ag,...,aq € KF_-]
e qy is called the constant term of c.

e Unless all coefficients are 0,
deg(a) := max{d € Ny : ag # 0}
is called the degree of a and agq the leading coefficient. In the case ag = 1, « is called monic.

e For the zero polynomial (all coefficients are 0), one sets deg(0) := —o0.

e The set of all polynomials over K is denoted by K[X].

Remark 10.3.

a) If the degree of @ € K[X] is unknown, one writes a = > 7o, apXF = apX* under the
k=0
assumption that only finitely many coefficients are non-zero.

(b) Polynomials are considered equal if they have the same coefficients, i.e.

Zaka:Zkak <~ Vk € Np:ap = bg.
k=0 k=0

(c) The field elements A € K are identified with the constant polynomials AX? € K[X]. These are
exactly the polynomials of degree < 0. In particular, 0,1 € K C K[X] holds.

Example 10.4. The polynomial o = X? —3X + 1 € Q[X] is monic of degree 2 with constant term 1.

1Formadly: A polynomial is a map No — K, k — ai with [{k € No : ax # 0}] < oo.
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Theorem 10.5. With the operations

> apXF 4> b XE = (g + br) XF,
A Z ap Xk = Z()\ak)Xk

K[X] becomes an infinite-dimensional K -vector space with basis 1, X, X2, .. ..

Proof. Let a =" a;X* and = " b, X* with d := deg(a) > deg(B). One can view (ag, . ..,aq) and
(bo, - - ., bg) as vectors in K%+, The operations in K[X] correspond exactly to those in K9*!. Therefore,
K[X] satisfies the vector space axioms. By definition, every polynomial is a finite linear combination of
1,X,X?% ... ie K[X]=(1,X, X2 ...). From the uniqueness of the coefficients follows
the linear independence of {1, X, X2, ...}. O

Remark 10.6.

(a) For a, 8 € K[X] and X\ € K, it obviously holds that deg(a + 8) < max{deg(a),deg(5)} and
deg(Aa) < deg(a). Therefore, the polynomials of degree less than d form a d-dimensional subspace
with basis 1, X,..., X941

(b) You probably know that polynomials can also be multiplied, e.g.
(2X3 - X2 45X —1)(4X%24+3) =8X° —4X* + (6 +20) X% + (=3 —4)X? + 15X — 3
=8X° —4X* +26X° —7X? + 15X — 3

This can be formalized as follows.

Theorem 10.7. For polynomials o = > ap X%, B =3 b X*,

a-fi= i(i albk_l)X

k=0 (=0

is a polynomial of degree deg(a) + deg(3). The following calculation rules hold:
af = fBa, a(f+7) =af+ay, a(By) = (af)y.

Proof. In the case a = 0 or 8 = 0, we have a8 = 0 and deg(aﬂ) = —oo0 = deg(a) + deg(5). So let
d := deg(a) > 0 and e := deg(f) > 0. For k > d + e, we have Zl:o aibi—; = 0 and deg(af) < d+e.
For k = d + e, we have E?:O aibi—; = agbe # 0. This shows deg(af) = d + e. In particular, af € K[X].
For v = > ¢ X", it holds that

af = i(zk: albk,l>Xk = i(i blak,l)Xk = Ba

k=0 (=0 k=0 =0
Oz(ﬁ—I—’y):Z(Zal br—1 + cr— l)Xk Z(Zalbk l)X —i—Z(Zalck l)X =af + ay.
k=0 [=0 k=0 [=0 k=0 [=0
The coefficient of X* in a(By) is
ko k—l kool
Zal binCh—i—m = Z arbscy = Z(Z ambl—m> Ck—1-
= m=0 r,8,tENg =0 m=0
r+s+t==k
This is also the coefficient of X* in (3)y. Thus a(By) = (aB)y. O
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Remark 10.8. In contrast to matrix multiplication, the multiplication of polynomials is commutative.
The only field axiom that K[X] does not satisfy is the existence of inverses. For example, there exists
no a € K[X]| with X -« = 1. Nevertheless, the cancellation rule holds: af = ay = g =1, if a # 0.
This follows from

deg(f — ) < deg(a) + deg(8 — ) = deg(a(f — 7)) = deg(0) = —oo.
One can therefore calculate in K[X] just as in Z.

Theorem 10.9 (Euclidean division). For a, € K[X] with § # 0, there exist uniquely determined
polynomials 7,0 € K[X] with o = 5y + 6 and degd < deg 3.

Proof. Existence: Choose v € K[X]| such that
1) :za—ﬁ’y:adXd+ad_1Xd_1 +...+ap
has the smallest possible degree d € Ng U {—oc}. Let 8 = b X€+ ...+ by and e := deg 5. If d > e, then
agh, 1 X8 = agh 1 (b X+ be 1 XUV 4 40X = ag X+ ..
and it follows that
deg(a — B(v + agb, ' X7¢)) = deg (6 — agb; ' X ¢B) < d.
This is a contradiction to the choice of v. Thus d < e and o = v + 9.
Uniqueness: Now let o = 35 + 0 with 7,6 € K[X] and degd < e. According to
e+ deg(7 —v) = deg(B) + deg(7 — ) = deg(B(7 — 7)) = deg(é — ) < max{deg(d),deg(d)} < e.
It follows that deg(5 — ) = —oo = deg(d — ). This shows ¥ =~ and § = 4. O
Definition 10.10. In the situation of d is called the remainder of the division of « by

B. In the case 6 =0, § is called a divisor of a and we write 3 | a.. If applicable, one also says “S divides
o’ or “a is divisible by B

Example 10.11.

(2X3 —X?2 45X 41):(X?243)=2X—1=:v
—(2x3 +6X)
-X?2 X +1
—(-x? -3)
-X +4=:0

Thus a = 2X3 — X2 +5X +1=(X?2+3)2X —1) — X +4 = By + 6 with degd = 1 < 2 = deg 3.

Remark 10.12. Division by monic polynomials of degree 1 can be performed efficiently using the
HORNER schemdﬂ For this, let @ = apn X" 4+ an_1 X" ' +...+ag and B = X — b. We calculate ¢, := 0,

cp = ags+1 +bcgyy for k=n—1,...,0 and d := ag + beg:
Qn p—1 Ap-2 -+ Qo
+ 0 bcn,1 bcn,Q tee bCo
Cn—1 Cn-—2 T co d

2also called RUFFINT’s rule
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For v := Cn—1 X" + ...+ cp, it now holds that

By+d=cp 1 X"+ (cno—ben 1) X" 14 ...+ (co — b)) X —beg +d
=ap X" +an_ 1 X" '+ ..+ ap = a.

Example 10.13. For o = 2X? — X? + 3X + 1 and 8 = X — 2 one obtains:

2 -1 3 1
+ 0 4 6 18
2 3 9 19

This shows a = 8(2X2% +3X +9) + 19.

10.2 Roots

Definition 10.14. Let a = %_ ap X* € K[X]. One can substitute an element € K for X in a:

d
a(r) = Zakwk € K.
k=0
One calls x a root of « if a(z) = 0.

Lemma 10.15. For o, € K[X]| and = € K, it holds that
(a+B)(z) = a(z) + B(=),
(af)(z) = afx)B(x).
Proof. Let a =" ap X* and B = 3 b, X*. Then
(@+B) (@) =D (ar+b)a" =D aa + > bha = a(z) + B(x),

(@B)(@) =D arbnw" = > (a5z")(bnga" ") = ara® Y bt = a(2)p(z). O

n=0 k=0 n=0 k=0

Remark 10.16. Mnemonic: It does not matter whether you first add/multiply and then evaluate, or
first evaluate and then add/multiply. Caution: In general, a(x +y) # a(x) + a(y) and a(zy) # a(zr)aly)
for « € K[X] and z,y € K.

Theorem 10.17 (Interpolation). Let z1,...,z, € K be pairwise distinct and yi,...,y, € K be
arbitrary. Then there exists exactly one polynomial  of degree < n with o(x;) = y; fori=1,...,n.

Proof. Let a« = ag + a1 X + ...+ ap—1 X" !. The condition a(z;) =y; fori =1,...,n means:

2 n—1
1 = 2y - x ag U1
1 x9 a:% .. xg_l al Yo
2 -1
1z, x;, - z} (n—1 Yn

The coeflicient matrix of this system of equations is a Vandermonde matrix. Since the x; are pairwise
distinct, the matrix is invertible according to Thus, there exists exactly one solution
(ao,...,an_l). [l
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Remark 10.18. An explicit solution to the interpolation problem is given by the LAGRANGE polynomial

n

X—xj

= ; K|X

o= ]l e KX
=1 j#i

(verify by calculation).

Example 10.19.

(a) For n =2 and K = R, [Theorem 10.17]is the geometric statement that two distinct points in R?
are connected by exactly one line.

(b) We are looking for a polynomial @ € R[X] through the points (—1,2), (0,1) and (1, 3). The proof
of [Theorem 10.17| leads to the system of equations

1 -1 1 ap 2
1 0 0 ai == 1
1 1 1 as 3

with the unique solution a« =1+ %X + %XQ.

Corollary 10.20.
(a) Every polynomial o € K[X] of degree d > 0 has at most d roots.
(b) Let |K| =00 and o, f € K[X] with a(z) = B(x) for all z € K. Then a = .

Proof.

(a) Suppose a has pairwise distinct roots z1,...,z4+1 € K. According to [Theorem 10.17| with
Y1 = ... = yqg+r1 = 0, o is the unique polynomial of degree < d with these roots. On the other
hand, the zero polynomial also has these roots. Thus a = 0 and d = —o0, contradicting the
assumption.

(b) Since |K| = 00, a — 3 has infinitely many roots. From [(a)] it follows that a = 3. O

Remark 10.21. For K = R, every polynomial o € R[X] is uniquely determined by the (continuous)
function R — R, z — «(z), because |K| = co. In analysis, one therefore does not distinguish between
a polynomial and a function. Over finite fields K, one would lose information in doing so, because
there are only finitely many mappings K — K, but infinitely many polynomials. For example, the
polynomials X, X2, ... € F5[X] all correspond to the identity idp,.

Lemma 10.22. z € K is a root of « if and only if (X —z) | a.
Proof. Euclidean division yields v, € K[X]| with a = (X —x)y 4+ J and degd < deg(X —z) =1, i.e.
0 € K. Now —

5= 6(2) = (o — (X — 2)7) () Do) - (@ - 2)r(x) = al). =

Definition 10.23. Let z € K be a root of a. One calls X — x a linear factor of «.. The largest number
e € N with (X —2)¢ | a is called the algebraic multiplicity of the root x. In the case e = 1, one speaks
of a simple root and otherwise of a multiple root.
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Lemma 10.24. Let xy,...,z, € K. Then every monic divisor of (X —z1)...(X —z,) € K[X] has
the form (X — ;) ... (X — ) with 1 <i; < ... <i <n.

Proof. In the case n =1, 1 (the empty product with £ = 0) and X — x; are the only monic divisors. So
let n > 2 and the assertion be already proven for n—1. Let o, € K[X] with (X —z1)... (X —z,) = af.
Then a(xy,)B(xn) = (af)(zy) = 0, wlog. let a(z,,) = 0. According to [Lemma 10.22} o = (X — x,,)y for

some v € K[X]. According to[Remark 10.8 one may cancel X —x,, and obtains (X —z1)... (X —zp_1) =
3. The assertion now follows by induction. O

Example 10.25.
(a) Let a = X3+ X2 —5X + 3 € R[X]. A root x € R is a solution to the equation

2+ —5x+3=0.

Even though there are solution formulas for such equations (of third and fourth degreeED7 these are
cumbersome in practice. We will therefore choose our examples (and exercises) such that one can
guess “small” integer roots. Suppose there is a root = € Z. Because of x(2? +x —5) = =3, z is a
divisor of 3, i.e., € {#1,£3}. One easily checks that z; = 1 is indeed a root (13+12—5-1+3 = 0).
Polynomial division (for example with the Horner scheme) yields

(X3+ X2 -5X+3): (X -1)=X>+2X -3 =:117.

For every root y € R of ~, it now holds that a(y) = (y — 1)y(y) = 0, i.e., y is also a root of a.
With the p-g-formula %(—p + \/p? — 4q) for quadratic equations, one obtains the roots of :

pr= (24 VITID) =1, a3

5 (-2-V4+12) =-3.

N

Therefore 1 = 29 = 1 is a root of a with algebraic multiplicity 2 (a double root). Furthermore, «
splits into linear factors a = (X — 1)%(X + 3).

(b) Obviously «(0) is the constant term of o € K[X]. Thus x = 0 is a root of « if and only if the
constant term of a vanishes.

(c) As is well known, X2 + 1 € R[X] has no root. We will later construct a “larger” field over which

this polynomial also splits into linear factors (Lemma 11.27)).
(d) The polynomial X2 + X + 1 € F5[X] has no root in F, because only 0 and 1 are candidates.

10.3 Characteristic Polynomials

Remark 10.26. In the following, we consider matrices with entries in K[X]. Due to the calculation
rules for polynomials , one easily sees that the usual calculation rules
for matrices also hold in K[X]™*™. Finally, one can even apply the definition of the determinant to
matrices in K[X]™*™ (in doing so, matrix entries are only added and multiplied, but never divided).
Likewise, the determinant theorem, the Laplace expansion, the Leibniz formula, and
about the complementary matrix remain correct in this greater generality. On the other hand, the
Gaussian algorithm does not work in K[X]"*", because division is required here.

3see |Algebra notes
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Definition 10.27. For A = (a;;) € K™*" we consider the matrix

X —ayn  —ar —ain
—a X —a
X1, - A= 21 22 e K[X]™".
. —Qp—1,n
—Gn1 te —Qnp.n—1 X —ann

One calls x4 = det(X1,, — A) € K[X] the characteristic polynomial of AE|

Lemma 10.28. Similar matrices have the same characteristic polynomial.

Proof. For A € K™ and S € GL(n, K) it holds that

Yo = det(X 1, — SAS™Y) = det(S(X1n — A)S™H 22 qet (X1, — A) = ya. O

Definition 10.29. Let V' be an n-dimensional K-vector space with basis B. For f € End(V) one
defines

det(f) := det(s[f]n), xf = det(X1, — p[f]B).

According to |Corollary 7.27], |Corollary 9.12 and [Lemma 10.28| det(f) and x; do not depend on the
choice of B. In the following theorems, one can therefore replace matrices with endomorphisms (and

vice versa).

Example 10.30. The characteristic polynomial of A := (}3%) € Q[X] is
X-1 -2 ) )
XA = det 3 x_4 =X -1)(X—-4)—(-2)(—3) =X"—5X —2= X" —tr(A)X + det(A).

Lemma 10.31. For A € K™ it holds that x4 = X™ —tr(A) X" 1 +...+ (=1)"det(A). In particular,
XA s monic of degree n.

Proof. Let A = (ai;). According to the Leibniz formula, it holds that
x4 =det(X1, — A) = (X —a11)(X —az)... (X — ann)

+ Z Sgn(o-)((sla(l)X - ala(l)) s (6na(n)X - ano(n))'
oeS,\{id}

For o € S, \ {id} there exists a k € {1,...,n} with [ := o(k) # k. Since o is injective, it holds that
o(l) # o(k) = I. Therefore 0y, (1) = 0 = §;5(;) and

(610(1)X - ala(l)) s (5n0(n)X - ana(n))
is a polynomial of degree < n — 2. In total,
XA = (X — all)(X — agg) . (X - ann) +

with deg(a) < n—2. Multiplying out shows x4 = X" —(a11+. .. +an) X" 4. .. = X" —tr(A) X" 1. ..

To calculate the constant term, one sets X = 0 and obtains x4(0) = det(—A) = (—1)"det(A) from
[Remark 9.8] O

4In some books, x4 is defined by det(A — X1,) = (—1)" det(X1, — A). This does not make a big difference, but brings
the disadvantage that x4 is not monic if n is odd.
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Theorem 10.32. The eigenvalues of A € K™*™ are the roots of x 4.

Proof. Tt holds that

Ker(A — Alp) # {0} <= det(A—A1,) =0 Z& det(A1, —4) =0 ZE () =0. O

Lemma 10.33. Let A € K be an eigenvalue of f € End(V'). Then the geometric multiplicity of X is at
most as large as the algebraic multiplicity of X as a root of X .

Proof. One extends a basis by, ...,b. of E\(f) to a basis B := {b1,...,b,} of V. Then it holds that

st = sy =ae (K0,

shows x = (X — X)¢B for some € K[X]. Thus the algebraic multiplicity of A as a root of
Xt is at least e. O

Theorem 10.34. f € End(V) is diagonalizable if and only if x s splits into linear factors and for every
root of Xy the algebraic multiplicity coincides with the geometric multiplicity.

Proof. Let A1,..., A € K be the distinct roots of x with algebraic multiplicities m1, ..., my. Then
there exists an o € K[X] with x5 = (X — A1) ... (X — A\x)™ . Let m be the geometric multiplicity
of A\; as an eigenvalue of f. According to [Lemma 10.33|it holds that

my ot ml <my 4.+ my + deg(a) T deg

According to [Theorem 8.10] V' possesses a basis of eigenvectors if and only if m} + ...+ m) = dim V.
This holds if and only if x s splits into linear factors (i.e., &« = 1) and the algebraic multiplicities coincide

with the geometric multiplicities (i.e., m; =m/} for i =1,... k). O

(X = A)™ (X = Xp)™a) = deg(xf) = dim V.

Remark 10.35. If x4 splits into linear factors, then
A= (X =2) (X = X) = X" — (M4 A AN)X e (DA A

A comparison with [Lemma 10.31| shows:

tr(A)
det(A)

)\1+...—|—)\n,
Mo

i.e., the trace is the sum of the eigenvalues and the determinant is the product of the eigenvalues (provided
these exist). If one has already determined Ap,..., A,—1, then one obtains A\, = tr(A) —A\; —... — \p_1.

Theorem 10.36 (MIRSKY). Let dy,...,dp,A\1,..., \p € K withdy +...+dp, =M1+ ...+ A\y. Then
there exists a matriz A € K™™ with main diagonal dy,...,d, and eigenvalues A1, ..., \y,.

Proof. In the case n = 1, A = (d1) = (A1) satisfies the claim. Let n > 2 and A = (a;5) € K™*" \ K1,

be a triangular matrix with main diagonal A, ..., A\,. Then A has eigenvalues Aq,..., \,. According to
Fillmore’s theorem, A is similar to a matrix with main diagonal dy, ..., d,. This matrix has the same
eigenvalues as A. O
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Example 10.37.

(a) We are looking for a matrix with eigenvalues 1, 1,1 and main diagonal 0,0, 3. For this, we apply
Fillmore’s theorem to

100
A=1[1 1 0
011
The transition to the basis {(1,0,0),(1,1,0),(1,2,1)} yields
0 0 1
A~ |1 0 -3
01 3

(b) The FIBONACCI numbers Fy, are defined recursively:

Fr:=k (k=0,1) Fopr:=Fy+Fy (E>1).

k|01 23456 7 8 9 10
Frp|01 1235 8 13 21 34 55

We are looking for an explicit formula for Fj. For A := (1 }) € R**Z we have

) ) 0) )
—A -y - —AF (7).
< F, ) <Fk1 Fy o Fy 0

To calculate A, we diagonalize A. Because of y4 = (X —1)X —1 = X2 — X — 1, A has the
eigenvalues ¢ = 1+—2‘/5 and ¢ 1= % (one calls ¢ ~ 1.618 the golden ratio). One calculates

Bo(4) = Ker(4 - o12) = ()

For S := (‘f ?) we thus have S~'AS = diag(y, ) and

A¥ = (S diag(p,v)S ™" = S diag(p, )" S~ = S diag(p", ")
According to

5= \}5<—11 —¢w>'

Overall, one obtains

B . 1 1 (pk—i-l ¢k+1 1 _1/} _ 1 % %
sa s ) D))

F, = \}5( k_ wk) (BINET formulaEI)

Because of [¢F| ~ 0.618% — 0, it holds that F}, ~ \i@cpk, i.e., F} grows exponentially.

and

50ne can also prove the formula by induction, provided one has guessed it beforehand.
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Lemma 10.38. For A € K™*" and B € K™*™ it holds that X" xap = X"'xBa. In particular, AB
and BA have the same non-zero eigenvalues.

Proof. According to the rules for block matrices (Remark 5.9} [Lemma 9.9) and the determinant theorem,
it holds that

we o I, 0\ (Xl,—AB A\ (1, 0
o= (50, (M0 1) (G )
I, 0\ (XL, A\\ . (X, A Com
_det<<—B X1n>< B 1n>>_det< 0 Xln—BA>_X XBA:

Every eigenvalue A € K of AB is a root of X"x4p = X™xpBa. In the case A # 0, A must be a root of
xBA. Then A is also an eigenvalue of BA (and vice versa). O

Remark 10.39. In the case n = m, even xap = xpBa holds in the situation of [Lemma 10.38

10.4 Minimal Polynomials

Remark 10.40. We have already substituted polynomials into matrices. We now conversely substitute
matrices into polynomials. For a = ZZ:O apX* € K[X] and A € K™, we define

d
alA) = ZakAk e K™,
k=0

The rules from |[Lemma 10.15|also hold in this generality.

Theorem 10.41. For A € K"*", there exists exactly one monic polynomial pa € K[X]\ {0} with
pA(A) =0, and deg(pa) minimal.

Proof. Due to dim K"*" = n? , the powers 1, = A, A, A%, ..., A" are linearly dependent
in K™ ™. Thus, there exist ao,...,a,2 € K (not all 0) with 222:0 apA¥ = 0. For a = Y a, X* € K[X],
it thus holds that «(A) = 0. By dividing by the leading coefficient of a, one can assume that « is monic.
This shows that 4 exists. Let i € K[X] also be monic with fi(A) = 0 and deg(j1) = deg(pa) minimal.
Then (pa — f1)(A) = pa(A) — i(A) = 0 and deg(pua — 1) < deg(pa). The minimality of deg(ua) shows
pa — =0, i.e., @y is uniquely determined. O

Definition 10.42. One calls pa the minimal polynomial of A.
Example 10.43. Let A := (1 _01) € Q%*2. Since A is not a scalar matrix, deg ji4 > 2 holds. We use

the ansatz
9 (-1 -1 1 -1 10y (00
A —|—acA+y12—<2 o) tely o ) tule 1) =0 o

with ,y € Q. A comparison of the matrix entries at position (1,2) shows 2 = —1. Indeed, the equation
now holds for y = 2. Therefore, gy = X2 — X + 2.

Lemma 10.44. Let A € K™ and a € K[X] with a(A) = 0. Then pa | o holds.
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Proof. We divide with remainder: o = a4y + 9§ with 7,6 € K[X] and deg(d) < deg(ua). Then

6(A) = (a = pay)(4) = a(4) — pa(A)y(A) = 0.

From the minimality of deg(u4) it follows that 6 = 0 and p4 | a. O

Lemma 10.45. Similar matrices have the same minimal polynomial.
Proof. Let A € K™™ with s = > axX*. For S € GL(n, K) we have
A(SAS7T) =3 (5457 = 3 apSaks T = 5D apat) ST = Spa(4)s7H =0,

From [Lemma 10.44| it follows that pgag—1 | 1£4. Since similarity is a symmetric relation, pa | gag—1
also holds. Since both minimal polynomials are monic, they must be equal. O

Definition 10.46. Let V' be a K-vector space with basis B. For f € End(V), let as usual ps := Kylf]s-
According to iy does not depend on the choice of B. The following theorems about
matrices also apply analogously to endomorphisms.

Remark 10.47. From the proof of [Theorem 10.41| one obtains deg(p4) < n?. The next theorem implies
deg(pa) < n.

Theorem 10.48 (CAYLEY-HAMILTON). For A € K™, xa(A) =0 and pa | xa hold.

Proof. Let B := X1, — A € K[X]"™" and B € K[X]™™ be the complementary matrix of B. From
each entry of B we extract the coefficient of X* and form the matrix B, € K™*" from them. It now

holds that -
B=> B.X"
k=0

where only finitely many of the By are non-zero. Let x4 = > ax X*. According to [Theorem 9.22| we

have

oo oo [o.¢]

> aplnXF = x4l = det(B)ly = BB=Y» BiX"(X1, - A) =) (Bio1 — BrA)X
k=0 k=0 k=0

where B_1 := 0,. A comparison of coefficients yields a1, = Bi_1 — By A for Kk =0,1,.... Therefore

Z apAF = i By A¥ — B AR = i By AF — i B AR = .
k=0

The second assertion follows from [Lemma 10.44] O

Example 10.49.

(a) For A€ K**2 A% —tr(A)A + det(A)12 = 0 holds according to [Lemma 10.31
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(b) Let A € GL(n, K) with x4 = pa~y for some v € K[X]. According to
14(0)7(0) = xa(0) = det(A) # 0.

Thus p4 has the form pg = X%+ ag_ 1 X% 1+ ...+ ap with ag # 0. One can now multiply the
equation A + ag_1 A% + ... 4+ agl, = 0 on both sides by A~! and obtains A% ! + a4_; A92 +
...+ ail, +agA~! = 0. This yields a formula for the inverse

1
Al = —Q—(Adfl + ad,1Ad72 +...+ alln)-
0

Specifically for n = 2:
1

~1[E]
AT det(A)

A

det(A) (tr(A)lg — A) =

(cf. [Example 9.23)).

Theorem 10.50. The eigenvalues of A € K™ ™ are the roots of pa, i.e., xa and pa have the same
roots (not necessarily with the same multiplicities).

Proof. By Cayley-Hamilton, every root of pua is also a root of x4 and thus an eigenvalue of A
(Theorem 10.32)). Conversely, let A € K be an eigenvalue of A with eigenvector v € K™*!. For k € Ny,

ARy = AR o = ... = Mo Let pa = > ap X*. Then
0=pa(Av = ZakAkv = Zak)\kv = pua(A)v.
Since v # 0, pa(A) =0, i.e., Ais a root of p4. O

Remark 10.51. Because deg g < degxa, [l heorem 10.50] simplifies the determination of the eigen-
values. On the other hand, it is not clear how to compute p4 efficiently. The next theorem improves

orollary 8.

Theorem 10.52. A € K"*" is diagonalizable if and only if pua splits into pairwise distinct linear
factors.

Proof. Let A € K™ ™ be diagonalizable. Then there exists S € GL(n, K) with S~1AS = diag(\1, ..., \n).
The A; can be sorted by arranging the columns of S (i.e. the eigenvectors of A) accordingly. According

to [Cemma 10.45] we can assume
Aly, 0

A= )
0 Meln,
where n =mn; + ... +ny and A\; # \j for ¢ # j. Then

(A—XM1y) ... (A= Nely) = diag(0p,, *, ..., x) diag(x, ..., %, 0py, %, ..., %) ... diag(x,...,*,0p,) = O,.

According to [Lemma 10.44] 14 is a divisor of (X — A1) ... (X — Ag). On the other hand, Aq, ..., \; are
eigenvalues and thus roots of p14. This shows pa = (X — A1) ... (X — A\g).

Conversely, assume pg = (X — A1) ... (X — \;) with pairwise distinct Aq,...,A\g. Let Py be the k-

dimensional vector space of all polynomials of degree less than k£ (Remark 10.6). For ¢ = 1,... k
let

Yi = (X — )\1) (X — )\i—l)(X — )‘i-i-l) (X — )\k) € P.
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Let ai1,...,ar € K with a;y1 + ...+ a7y, = 0. Then
ai()\i — )\1) - ()\2 — )\1;1)()\@' — )\i+1) - ()\z — )\n) = ai%-()\i) = (alfyl + ...+ ak'yk)()\i) =0

and it follows that a; = 0fori=1,...,k. Thus 71, ..., are linearly independent in Pj. Since dim P, =
k, they even form a basis. In particular, there exist by,...,b, € K with v :=byyi+...+ by = X° = 1.
For v € K™*! we have

(A—Nilp)vi(A)v = pa(A)v =0,

i.e. vi(A)v lies in E),(A). On the other hand,
v =10 = A% = 7(A)(v) = by (A)(v) + ... + b (A) (v).

This shows K"*! = E, (A) + ...+ Ej, (A). According to [Remark 8.6, A is diagonalizable. O

Example 10.53. Let A € K™*" with exactly two distinct eigenvalues. Suppose we find a vector
v € K™ such that v, Av, A%v are linearly independent. Then 1,, A, A? are also linearly independent.
This shows deg pu4 > 3. According to [Theorem 10.52 A is not diagonalizable.

Theorem 10.54. For A € K™*", it holds that xa | p'}.

Proof. Let pa = a; X" For i > 1 we have
(X1, = A) = (X1, — A)(XT, + XA+ + XA+ A7),

It follows that ' '
paln = pa(X1n) — pa(A) =Y ai(X'1, — A') = (X1, — A)B
i>1

for some B € K[X]"*". Taking the determinant on both sides yields py = x4 det(B). O

Remark 10.55. The algebraic multiplicity of an eigenvalue of A € K™ is at most n. If us =
(X — A1) ... (X — Ag) splits into linear factors, it follows that x4 | (X — A1) ... (X — Ap)™ = p'} (the
proof of [Theorem 10.54] does not require this assumption).
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11 Euclidean Geometry

11.1 Scalar Products

Remark 11.1. In this chapter, we consider K = R. In contrast to arbitrary fields, R can be divided
into positive and negative numbers. For z € R, let as usual

T if x >0,
|| == .
—x fz<0

be the absolute value of x. We also use the fact that every positive real number has exactly one positive
square root. Thus, |z| = V2?2 holds for all z € R.

Definition 11.2. Let V' be an R-vector space. A map V x V — R, (v,w) — [v,w] is called a scalar
produciﬂ if the following conditions hold for all u,v,w € V and A € R:

e [v,v] > 0 with equality if and only if v = 0 (positive definite),
o [v,w] = [w,v] (symmetric),
o \u+v,w] = Au,w] + [v,w] (bilinear).

Together with a scalar product, V becomes a Fuclidean space. Vectors v,w € V are called orthogonal,
if [v,w] = 0. One calls |v| :== /[v,v] > 0 the norm of v. In the case |v| = 1, v is called normalized.

Remark 11.3.
(a) The symmetry of the scalar product shows
[u, o + w] = M+ w,u] = Ao, u] + [w,u] = A[u, v] + [u, w]

for all u,v,w € V and A\ € R. For a fixed z € V, the maps V — R, v — [v,2] and V — R,
v+ [z, v] are thus linear (this explains the term bilinear). In particular, [v,0] = 0 = [0, v] for all
v € V. Nevertheless, the map V x V — R, (v, w) + [v,w] is not linear, hence not a functional,
because [v,v] > 0= [0,v] + [v, 0] for v # 0.

(b) Every subspace of a Euclidean space is itself a Euclidean space with the restricted scalar product.

Example 11.4.

(a) The most important example of a Euclidean space is V' = R"™ with the standard inner product

n
['Iay] = xytzzxzyl ({L‘,yERn)
i=1

!The notation [v,w] is not uniform in the literature. One also finds (v, w) (confusion with span), (v | w) and similar. In

a more general context (Definition 17.48), we use ||v|| instead of |v].
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One easily verifies the three properties (positive definite, symmetric, and bilinear). In the case
n=1,|z|= \/E is the usual absolute value (this justifies the use of the vertical bars). According
to the Pythagorean theorenﬂ, the norm |y — z| in R? corresponds to the geometric distance
between x and y:

)
AZ/?_@ ly — x| = /(y1 — 21)% + (y2 — 22)?
X

Y1 —T1

If x and y are orthogonal, then one obtains

-y =z —y,z—y] = [x,2] — 2[z,y] + [y, 9] = |z* + |y[?

According to the converse of the Pythagorean theorem, x and y form a right angle, i.e., they are
perpendicular to each other (one writes z L y):

. |z —y| i
|y

|z
In general, the parallelogram law holds:
|+ g + |z = y* = 22 + 2]y
(b) Vectors in R™ are “discrete” functions {1,...,n} — R. In analysis, one considers a “continuous”

variant: The continuous maps [0,1] — R on the closed interval [0, 1] form an (infinite-dimensional)
subspace V' < Fun([0, 1], R) with inner product

1
frg] = /0 f@g()dz  (f.ge V).

Lemma 11.5. Let V be a Fuclidean space, v,w € V and A € R. Then:
(a) |Av| = |A||v| (homogeneity).

(b) |[v,w]| < |v||w| with equality if and only if v and w are linearly dependent (CAUCHY-SCHWARZ
inequality).

(c) ||v| = |w|| < v+ w| < |v| + |w| (triangle inequality).

Proof.
(2) N0l = /D, 3] = /30, 0] = VA2 o, o] = Aol

(b) Wlog. let w # 0. Let A := [o.w] According to the properties of the scalar product, it holds that

[ww]

[v, w]?

0 < |v— 2w =[v— I w,v— ] = [v,v] = 2X\[v, w] + N\ [w,w] = |v|* — W
w

It follows that [v,w]? < |v|?|w|? and |[v,w]| < |v||w|. Equality implies v = Aw, i.e., v and w are
linearly dependent. Conversely, if v and w are given as linearly dependent, then there exists a

w € R such that v = pw and |[[v, w]| = |u|]w|2|ziII |pwl|w| = |v||w].

20ne could also define the distance between  and y by |y — x| and thereby prove the Pythagorean theorem.
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(c) First,

[®)
o+ wl* = [o+w,v+w] = [v,0] + 2[v, w] + [w,w] < Jof* + 2vlfw] + [w]* = (Jv] + w])?
and [v4w| < |v|+|w|. From this it follows that |v| = |[v+w—w| < |[v+w|+|w| and |v|—|w| < Jv+w].
Swapping v and w yields —(|v| — |w|) = |w| — |v| < |v 4+ w], thus ||v] — |w|| < |v+ w]. O
Remark 11.6.

(a) If v,w € R™ are linearly independent, then 0, v and v 4+ w form a triangle with sides |v|, |w| and
|v 4+ w|. The triangle inequality states that the sum of any two sides is greater than the third side.

(b) The Cauchy-Schwarz inequality implies —1 < ‘[;}"‘wu}‘ <1 for v,w € V \ {0}. This fraction does not
change by positive scaling of v and w:

Do) afo,w] [yl
= = )\,,u > 0
Nollw] ~ alollo] ~ Jolfw] ¢ )

So let v and w be normalized. Then one defines the angle ¢ (in radians) between v and w as the
length of the arc on the unit circld®] between v and w:

The length of the semicircle arc is called 7 and is calculated as m ~ 3.14 (Exercise I1.10]). The
cosine of ¢ is defined by cos ¢ := [v, w]E| It holds that

cos0 = [e,e1] =1, cos(7/2) = [e1,e2] =0, cosm = [e1, —e1] = —1.

By cos(p + 2km) = cos ¢ for k € Z, the cos is extended periodically to all of R. In this context,
cos(—p) = cos ¢ and cos(m — ¢) = — cos p hold. The “shifted” function

sin ¢ := cos(p — 7/2) = cos(7/2 — @)

for ¢ € R is called the sine of . For an arbitrary normalized vector v = (z,y), it holds that
x = [v,e1] =cosyp and y = [v, ez] = cos(7/2 — p) = sin ¢:

/2=

3in the plane (v, w)
4One can show that this definition coincides with the analytical definition as a power series.
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11.2 Orthonormal Bases

Definition 11.7. Let V be an n-dimensional Euclidean space. Vectors by, ..., b, form an orthonormal
basis of V' if they are normalized and pairwise orthogonal, i.e., [b;,b;] = d;; for 1 <i,j < n.

Remark 11.8. An orthonormal basis bq,...,b, of V is indeed a basis. For this, it suffices to check the
linear independence. Let A1,..., A, € R with A1b;1 + ...+ A\b, = 0. Then

N= D Aglbg,bi) = [0 Aty bi] = [0,6] = 0
j:]- j:]_
fori=1,...,n.

Example 11.9. The standard basis ey, ..., e, € R" is an orthonormal basis wrt. the standard inner
product. Every permutation of an orthonormal basis is again an orthonormal basis.

Theorem 11.10 (GRAM-SCHMIDT Process). Let vy,...,vx € V be linearly independent. We define
recursively:

s—1

o [US7 bz} o
bs._vs—z[bi’bi]bi (s=1,...,k).

=1
Then by, ..., by are pairwise orthogonal with (vy,...,vg) = (b1,...,bk). Consequently, ﬁbl, e ﬁbk
is an orthonormal basis of (v1,...,vE).

Proof. Induction on k: For k =1, by = v1 # 0. Now let k > 2 and assume the statement is already
proven for k — 1, i.e., (v1,...,v5-1) = (b1,...,bg—1) and [b;,b;] =0 for 1 <i < j < k — 1. Because
Skl loebily oy be_1), it holds that

i=1 [b,bi]
<U1, .. .,’Uk> = <b1, .. .,bk_l,’Uk> = (bl, . ,bk>
Furthermore, for i =1,...,k — 1,
k-1 [U b]
(i, bi] = [ bi] = D G by bi] = o, bi) = o, bi] = 0.
2 oy.b)
This proves the first statement. The second statement follows because ’|T1i|bi| = bll | |b;| = 1. O

Corollary 11.11. Every Euclidean space possesses (at least) one orthonormal basis.
Proof. Apply the Gram-Schmidt process to an arbitrary basis. O

Example 11.12. Let vy := (1,0,1), vg := (0,1,1) and vz := (—1,2,0) be linearly independent in R3.
wrt. the standard scalar product, one obtains

bl == (1707 1)1

[v2, b1]
[b1, b1]

1
2

1
by == vy — by =(0,1,1) — 5(1,0, 1) ==(-1,2,1),
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[v3, b1, [v3, bo]
[br,b1] " [ba, b

1 5 1
b3 =3 — by = (_17270) + 5(1?07 1) - 6(_1’ 27 1) = 5(1’ 1’ _1)

Note that scaling factors do not play a role in this calculation. Thus, one can calculate b3 somewhat
more conveniently using by = (—1,2,1). After normalization, %(1,0, 1), %(—1,2, 1), %(1, 1,—1)1is
an orthonormal basis of R3. To minimize the entries of the vectors, it can be useful to first apply the

Gaussian algorithm before starting the Gram-Schmidt process. In this example, one would end up with
the standard basis of R3.

Definition 11.13. Let V be a Euclidean space and S C V. Then
Sti={veV:VseS:[vs =0}
is called the orthogonal complement of S in V. In the case S = {s}, one writes s := S
Remark 11.14. For v,w € S* and A € R, it holds that [A\v + w,s] = A[v, s] + [w,s] =0 for all s € S,

i.e. \v+w € S*. Therefore, S* is a subspace, even if S is only a subset. Furthermore, S+ = (S)*
holds.

Lemma 11.15. For subspaces U, W of a Fuclidean space V', the following hold:
(a) V=Ua®U" and dimV = dimU + dim U,
(b) (U4 =U.
(c) UCW <= W+CU*.

Proof.
(a) Forv € UNU, it holds that [v|> = [v,v] = 0and v = 0. Thus UNU+ = {0} and U+U+ = UaU*.
We can extend a basis vy, ...,v, of U to a basis vy, ...,v, of V. The Gram-Schmidt process yields
an orthonormal basis by, ..., b, of V with (vq,...,vx) = (b1,...,bs). Therefore by 1,...,b, € U+

and V =Ua®UL.

(b) By definition, U C (U+)*. According to @, dim(U+)* = dimV — dimU+ = dimU. Thus
U=(UhHt

(c) By definition, it holds that
vew = whcvt B powhtcht =w 0

Example 11.16.

(a) In V. = R™, an orthogonal complement of U < V wrt. the standard scalar product can be
determined using the Gaussian algorithm: One writes the vectors of a generating system of U as
rows into a matrix A € R¥*" The solution set Ly of the homogeneous system of equations Az = 0

is UL, because according to[Theorem 6.6|it holds that dim Lo = n — tk(A) =n—dimU = dimU -+
(b) For v = (z,y) € R?\ {0}, it holds that v+ = ((y, —x)).
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Let v,w € R? be linearly independent. We extend them to a basis u, v, w of R?, such that the

matrix
uyp u2 U3

A=|vy vy w3
w; w2 w3

has determinant 1 (this is always possible by scaling u appropriately). There is exactly one vector
r € (v,w)t with Az' = ey, namely

1 - " 1 det(AH) VW3 — V3W2
=410 A 0] = | —det(A12) | = | vsws —viws | =1 v X w.
0 0 det(Alg) V1w — V2w
One calls v x w the cross product of v and w. By construction, (v,w)t = (v x w) holds. The

direction of v X w can be determined using the right-hand rule: If v points in the direction of the
thumb and w in the direction of the index finger, then v X w points in the direction of the middle
finger of the right hand.

11.3 Symmetric and orthogonal maps

Definition 11.17. Let V be a Euclidean space and f € End(V'). One calls f

symmetricﬁif [f(v),w] = [v, f(w)] for all v,w € V.
orthogonalﬁif [f(v), f(w)] = [v,w] for all v,w € V.

Remark 11.18.

(a)

(b)

()

The zero map is symmetric. If f, g € End(V) are symmetric and X\ € R, then \f 4 ¢ is obviously
also symmetric. Thus, the symmetric maps form a subspace of End(V).

Orthogonal maps f € End(V) are isomorphisms, because v € Ker(f) implies |[v]? = [v,v] =

[f(v), f(v)] = 0, hence v = 0. Because of |f(v — w)| = |v — w| and

[f (), f(w)] _ [v,w]

[FIIF )] Jollw]

f preserves distances and angles (Remark 11.6|). In particular, f maps orthonormal bases to
orthonormal bases. With f, g, the compositions f o g and f~! are also orthogonal. The set of

orthogonal maps therefore forms a subgroup O(V') of GL(V'). O(V) is called the orthogonal group
of V.

The following theorem shows that length-preserving maps are automatically orthogonal (in
particular linear).

Theorem 11.19 (MAzZUR-ULAM). Let V be a Euclidean space and f € Fun(V, V) with | f(v)| = |v| for
allveV. Then f € O(V).

Sor self-adjoint, see [section 13.2

Sor isometric
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Proof. For v,w € V we have

[F), f)] = 2 (F@R + F@)P = 17@) ~ F)P) = 5 (o + ol ~ o~ wf) = [o,u].
From this it follows that

[f (0 +w) = Af(v) = f(w)|* = [f(h +w) = Af(v) = f(w), fFOw+w) = Af(v) = f(w)]
=Mw4+w—-Av—w, \v+w—Iv—w|=0

for A € R. Thus f is linear and orthogonal. O

Lemma 11.20. Let V' be Euclidean with orthonormal basis B, f € End(V') and A := g[f]. Then:
(a) f is symmetric < A'= A.

(b) f is orthogonal <= A®= A1

Proof. Let B = {b1,...,b,} and A = (a;j). Then f(b;) =>."_ja;bj fori=1,... n.

(a) If f is symmetric, then aj; = [f(b;),b;] = [bi, f(bj)] = aij for 1 < i,j < n. Thus A = A"
Conversely, let A = A'. Then it follows that [f(b;),b;] = [bs, f(b;)] for 1 <, j < n. For arbitrary
v=>_ ANb; and w = p;b; in V we have

[f(v),w] = Z Aipi[f (bi), bj] = Z Aitj[bi, f(bj)] = [v, f(w)].
ij=1 i,j=1
Thus f is symmetric.

(b) If f is orthogonal, then

> aiag; = [Z akibbzakjbk] = [f(bi), £(bj)] = [bs, bj] = i
k=1 k=1 k=1

This shows A'A = 1,, and A® = A~L. Conversely, if A'A = 1,,, then [f(b;), f(b;)] = i; = [bs, bj].
As in[(a)] it follows that [f(v), f(w)] = [v,w] for all v,w € V, i.e., f is orthogonal. O

Remark 11.21.

(a) For an arbitrary field K, matrices A € GL(n, K) are called orthogonal, if A® = A=1. Tt is easily
shown that the orthogonal matrices form a subgroup O(n, K) of GL(n, K). As usual, O(n,R)
corresponds to the group O(V) through the choice of a basis (just as GL(V) and GL(n, K)
correspond). For every orthogonal matrix A, it holds that

det(A)2 =22 det(A) det(AY) = det(AAY) = det(1,) = 1
and det(A) = 1. One calls
SO(n, K) := O(n,K) NSL(n, K) < O(n, K) < GL(n, K).

the special orthogonal group of degree n over K.
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(b) The equation A'A = 1,, = AA® means for orthogonal real matrices that the columns (or rows) of
A form an orthonormal basis of R™ wrt. the standard scalar product. Let v be an eigenvector of
A with eigenvalue A € R. Then

v = v'v = 0" A" Av = (Av)" (Av) = \20'v = N?|v|?
and A = £1.

Example 11.22.

(a) Every permutation matrix is orthogonal, because the rows form an orthonormal basis (namely a
permutation of the standard basis).

(b) For A € O(2,R) we have
_ (T FY
4= <y ifﬂ)
with 22 + y? = 1 = +det(A) (cf. [Example 11.16]).
e In the case det(A) = 1, A describes a rotation by the angle ¢ between e; and (z,y):
1

(=v.2) 35 (2,y)
M‘O

1

Then we have

- __[cosp —singp
A=Dlg):= <sing0 cos ¢ ) '

For two angles ¢ and v one obtains D(¢ + 1) = D(¢)D(¢), from which the well-known
trigonometric identities follow:

cos(yp + 1) = cos(p) cos(y) — sin(p) sin(y),

sin(p + 1) = sin(p) cos(y)) + sin(¢) cos(p).
Obviously, D(y) possesses (real) eigenvalues only if ¢ € {0, 7}, i.e. D(0) = 13 and D(7) =
—1a.

e In the case det(A) = —1, A describes a reflection across the angle bisector between e; and
(z, y):

Then we have

A= S(p) = (Cosgo sin ¢ )

sinp —cos
The axis of reflection is spanned by an eigenvector for the eigenvalue 1. Orthogonal to it is an
eigenvector for the eigenvalue —1 (note: det(A) is the product of the eigenvalues). According

to S(p) is diagonalizable. In fact,
D&/ (o)D) = D-e/S()D(e1) = 50) = (3 0.
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For special angles one obtains (cf. [Exercise 11.9)):

v ‘ "/ /4 /3 /2 T
P 107 ) w07 s ) 09) s
so 10 ) B0 1) () (Y

With this, one can also calculate
D(v/12) = D(v/3 — 7/a) = D(v/3)D(v/1) " = D(v/3)D(v/a)".

Remark 11.23. To show that symmetric endomorphisms are diagonalizable, we must temporarily
leave the real numbers.

11.4 Complex Numbers

Lemma 11.24. The R-vector space C := R? becomes a field through the multiplication

(a,b) - (c,d) := (ac — bd, ad + bc) (a,b,c,d € R).

Proof. As a vector space, (C,+) is already an abelian group. We trace the multiplication in C back to
matrix multiplication[] For this, we consider the injective map

[:C—R¥>?  2=(a,b)—T(2) = <Z _ab> :

For x,y, z € C, it holds that I'(z) + T'(y) = I'(z + y) and T'(x)T'(y) = I'(x - y) (verify). From
it follows that

[(z(yz)) = T(2)(yz) = T(2)(T(y)T'(2)) = (T(2)T'(y))L'(2) = L(zy)l(2) = T((zy)2)

and z(yz) = (zy)z, since I is injective. The commutative and distributive laws are proven analogously.
Because I'(1,0) = 1, (1,0) is the identity element in C. It remains to show that z # 0 is invertible. It
holds that det(I'(z)) = a® + b > 0 and

3
Il

P(z)~!

] 1 — 1 a b a —b
(z) = —— =T . O
det(T'(2)) (2) a? + b? <b a> (a2 +0% a2+ b2>

Definition 11.25. One calls C the field of complex numbers.

e By means of the map R — C, a + (a,0), we will regard R as a subset of C. The operations in R
correspond exactly to those in C with the same neutral elements.

e One calls i := (0,1) € C\ R the imaginary unit. It holds that i> = (—1,0) = —1. Since 1,i
form a basis of C, every complex number can be uniquely written in the form z = a + bi, where
Re(z) := a € R is the real part and Im(z) := b € R is the imaginary part of z.

"One can also verify the axioms directly using the definition.
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e One calls |z] := \/Re(2)2 + Im(2)2 > 0 the absolute value of z (this corresponds to the norm in
R?).

Remark 11.26. In contrast to R, C is not an ordered field, i.e., there is no order relation < on C with

a<b = a+c<b+c,
a,b>0 = ab>0

for all a,b, ¢ € C. For suppose i > 0 holds. Then —1 =i? > 0 and 1 = (—1)? > 0. Now one obtains the
contradiction 0 = 1—1 > 040 = 0. If, on the other hand, i < 0, then 0 =i—i < —i and —1 = (—i)? > 0.
This leads to the same contradiction.

Lemma 11.27. For z € C\ {0} and n € N, there ezist pairwise distinct n-th roots (1, ...,¢, € C with
Q= =C =2z

Pmof Let zp := E |z € C and I'(20) = ( _b) € R?*2 as in the proof of [Lemma 11.24. Because of

b a
a? + b? +2k\z0]2 =1, I'(z0) = D(p) € O(2,R) for an angle ¢ with a = cosy and b = sin ¢. We define
@ = =8 for k= 1,...,n. Then

D(pr)" = D(nr) = D(p + 2km) = D(p) = T'(20)-

The numbers z;, = cosyy + ising;, € C thus satisfy 2;) = zp. Because of |z| > 0, there exists
/]2] € Rso (Analysis). For ¢ := {/]z|2x, one obtains (I = |z|20 = z for k = 1,...,n. Now let (), =
for 1 <k <1 <n. Then p; and ¢; differ only by a multiple of 27r. This shows 27 (I — k) = 27en for
some ¢ € Ng. From 0 <[ — k < n, it follows that k = [. Therefore, the n-th roots (1, ..., (, are pairwise
distinct. O

Example 11.28. The (n-th) roots of 1 are called roots of unity. They correspond to rotations by
2mk/n with k € Z. The fourth roots of unity are 1, i, —1, —i.

Corollary 11.29. Let A € C™™ and k € N with A* = A. Then A is diagonalizable.

Proof. The minimal polynomial 4 divides X* — X = X (X*~! — 1) according to [Lemma 10.44, The
roots of X¥ — X are the (k — 1)-th roots of unity and 0. According to [Lemma 10.24] 4 splits into
pairwise distinct linear factors. The claim now follows from [Theorem 10.52] O

Example 11.30. Let k¥ € N and A := D(27/k). Because of A*1 = AA* = AD(27) = A, A is
diagonalizable over C, but not necessarily over R.

Definition 11.31. The map C — C, a 4+ bi — a — bi =: a + bi is called complex conjugation.

Lemma 11.32. For z,w € C, it holds that |2|> = 2Z, 2 tw =Z+W and ZwW = Z - W.

Proof. For z = a + bi and w = ¢+ di, it holds that

|2 = a® + b% = (a + bi)(a — bi) = 2%,
z+w=a+c—(b+di=a—-bi+c—di=7Z+1w,
Zw = ac — bd — (ad + be)i = (a — bi)(c — di) =Z - w. O
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Remark 11.33.
(a) For matrices A = (a;;) € C"™™ we define A := (@;;) € C"™™. For B = (b;;) € C™*¥ it holds that

AB = (lf; aublj)ij [LL.32 (zm: m)lj <l§;allb”) y —A.B.

=1

(b) According to [Lemma 11.27} the polynomial X™ — z has a root for every z € C (in particular, i is
a root of X2 + 1). Surprisingly, even every non-constant polynomial in C[X] has a root.ﬂ

Theorem 11.34 (Fundamental Theorem of Algebra). Every polynomial o € C[X]\ C has a root in C.

Proof. The proof uses analysis (more precisely the completeness of R) and is too difficult for this lecture.
See |Algebra notes. O

Corollary 11.35. Every monic polynomial a € C[X]\ C splits into linear factors.

Proof. Induction on d := deg(«) > 1. In the case d = 1, « itself is a linear factor, since « is monic. Now
let d > 2. According to the Fundamental Theorem, a has a root z € C. According to [Lemma 10.22]
there exists a § € C[X] with a = (X — z)/ and deg(f) = d — 1. Since « is monic, S must also be monic.
By induction, £ splits into linear factors and thus so does a. O

Example 11.36. Let a € R[X] with odd degree. To show that « has a root, we can assume that « is
monic. Then lim,_, 1 a(z) = oo holds. According to the Intermediate Value Theorem of analysis,
the continuous function R — R, z — «(x) has a real root. In practice, however, such a root can only
be calculated approximately. Let specifically a := X° — 4X + 2. Based on the graph of «, we suspect a
root near zg := 0.5. Let o/ = 5X* — 4 be the derivative of a (analysis). In the Newton’s method, one
calculates the recursive sequence

(n = 0)7

Tptl *= Tpn —

thus x1 = 0.50847 ..., x9 = 0.50849948 . .. etc. If z¢ is chosen “well” (as it is here), the sequence (xy,),
converges quadratically to a root, i.e., with each iteration the number of correct decimal places doubles.
In fact, all given decimal places of xo are already correct.

Remark 11.37. Let € C be a root of a = > ap X* € C[X]. We define @ := >_ @z X* € C[X]. It then
holds that

i.e., T is a root of @. In the case a € R[X], it thus holds: a(z) =0 <= «(Z) = 0. If applicable,
(X —2)(X %) = X2~ (2 +7)X +27 = X* — 2Re(2) X + |2|* € R[X]

is a divisor of a.

80ne says: C is algebraically closed.

109


https://benjaminsambale.github.io/subpages/teach.html

11.5 The Principal Axis Theorem

Theorem 11.38 (Principal Axis Theorem). Let V' be a Euclidean space and f € End(V). f is
symmetric if and only if V' possesses an orthonormal basis of eigenvectors of f. In particular, symmetric
endomorphisms are diagonalizable.

Proof. Let B be an orthonormal basis of eigenvectors of f. Then g[f]p is a diagonal matrix and
therefore symmetric. According to [Lemma 11.20 f is symmetric. Conversely, let f be symmetric. We
argue by induction on n := dim V. In the case n = 1, any normalized vector can be used for an
orthonormal basis of eigenvectors. So let n > 2 and the claim be already proven for n — 1. First, let B
be an arbitrary orthonormal basis of V. Then we can also consider the symmetric matrix A := g[f]p as
a complex matrix. According to the Fundamental Theorem of Algebra, x4 € C[X]\ C has a root A € C.
Thus A is an eigenvalue of A. Let v = (vq,...,v,)" € C"*! be a corresponding eigenvector. Because of

A Z lv;|? = No*v = 7t Av = (T°Av)® = v' AT = v' AT = ' Av = M = XZ |vg]?
=1 =1

it follows that A = X € R. Now \ is also an eigenvalue of f and we can choose a corresponding
eigenvector by € V. After normalization, |b;| = 1. For U := b{", it holds that V = (b;) ® U according to

For u € U, it holds that
[f(w), b1] = [u, f(b1)] = Alu, ba] =0,

i.e., f(u) € U. Therefore, the restriction g := f|;; lies in End(U). Obviously, g is also symmetric. Because

of dimU =n — 1, U possesses an orthonormal basis bs, ..., b, € U of eigenvectors of g by induction.
Because of f(b;) = g(b;), ba, ..., b, are also eigenvectors of f. Overall, by, ..., b, is an orthonormal basis
of V' of eigenvectors of f. O

Corollary 11.39. A € R™" is symmetric if and only if there exists a matriz S € O(n,R) with
SYAS = diag(\1, ..., A\n). If applicable, A1, ..., N\, are the eigenvalues of A.

Proof. If D := S*AS = diag(\1, ..., \,), then
A" = (SDSY)' = SD'S* = SDS" = A,

i.e. A is symmetric. For the converse, let V := R" and f € End(V') with [f] = A. Let A be symmetric.
According to f is symmetric. According to the Principal Axis Theorem, there exists
an orthonormal basis B of V' consisting of eigenvectors of f. Let E be the standard basis of V' and
S := gpAp € GL(n,R). Since the columns of S consist of the vectors of B, it holds that S € O(n,R).

From it follows that
SPAS = STYAS = p[f]p = diag(A1, ..., An)

with the eigenvalues Aq,..., A\, € R of f. O

Remark 11.40. Let f € End(V) be symmetric. Let v,w € V be eigenvectors of f for distinct
eigenvalues A\ and p, respectively. Then A[v,w| = [f(v),w] = [v, f(w)] = p[v,w] and it follows that
[v, w] = 0. Mnemonic: Eigenvectors for distinct eigenvalues are orthogonal. One can therefore calculate
the desired orthonormal basis of V' by applying the Gram-Schmidt process to each eigenspace.
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Example 11.41. In [Example 8.4| we had investigated the map f € End(R?) with symmetric matrix

It holds that

(note: tr(A) =6 =1+ 1+ 4). The Gram-Schmidt process for Ej(A) yields
1

b1 = (1,0,—1), b2 = (071,—1)—5(

The eigenvector for the eigenvalue 4 only needs to be normalized. Overall, one obtains the orthonormal
basis %(1, 0,-1), %(—17 2,-1), %(1, 1,1) consisting of eigenvectors of f. For the orthogonal matrix

1
1,0,-1) = 5(-1,2,-1).

va =16 1/v3
S = 0 2/v6 13
—1/v2 —1/\/6 1/v3

it holds that S*AS = S~!AS = diag(1,1,4). One can use the result to take roots of matrices. For
VA = Sdiag(1,1,2)S" it holds that

VA = Sdiag(1,1,2)5°S diag(1, 1,2)St = Sdiag(1, 1,2)25" = S diag(1, 1,4)S* = A.

More on this in [Theorem 12.46| and [I’heorem 14.42

Theorem 11.42 (EULER). Let V' be a 3-dimensional Euclidean space and f € O(V'). Then there exists
an orthonormal basis B of V' and an angle ¢ with

o= (5 piy)-

Proof. Since 3 is odd, x has a root A € R according to [Example 11.36| (or [Remark 11.37)). According

to [Remark 11.21} A € {£1}. Let b; be a corresponding normalized eigenvector and U := bi-. For u € U,
it holds that

[f(u), b1] = [f(u), Nb1] = A[f (w), f(b1)] = A[u, b1] = 0

and f(u) € U. Therefore, the restriction g := fjiy lies in O(U). For an orthonormal basis C' := {ba, b3}
of U, ¢lglc € O(2,R) according to In the case det(g) = 1, ¢[g]lc = D(p) according to
I[Example 11.22| and the assertion follows with B := {b1, bs,b3}. Now let det(g) = —1. According to
g is a reflection with eigenvalues 1 and —1. Since these are also eigenvalues of f, we can
replace A by —\ and choose b; accordingly. Then det(g) = 1 and the assertion follows as before. [

Remark 11.43. The matrices in [Theorem 11.42| with determinant 1 (i.e., of the form diag(1, D(y)))
correspond to rotations by the angle ¢, where the axis of rotation is spanned by the first basis vector.
According to the determinant theorem, the composition of rotations is again a rotation (in 2-dimensional
space this is clear because of D(¢)D(¢) = D(¢ +1)). Note: The orthogonal maps with determinant —1
are not necessarily reflections. There are also so-called rotary reflections, i.e., compositions of a rotation
with a reflection.
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Example 11.44. During a football match, there is a point on the surface of the football that is in
exactly the same location at two different points in time. Reason: The center of the football lies on the
kickoff point at the beginning of the first and second half. In between, the ball performs a rotation (and
translation) with every kick. Since the composition of rotations is again a rotation, the transformation
at the kickoff point is also described by a rotation f. The axis of rotation of f intersects the surface of
the ball at two points. These therefore remain fixed.

Definition 11.45. Let V be a Euclidean space and v € V'\ {0}. One calls

Sy: V=V, w»—>w—2[w’v]

[v, 0]

the reflection across vt

Remark 11.46. For A € R*, S, = S,. We can therefore assume that v is normalized. Then
Syp(w) = w — 2w, v]v

holds for all w € V. Obviously, S, is linear and S,(w) = w holds if and only if w € v*. Furthermore,

S,(v) = —v. Geometrically, S, thus corresponds to a reflection across the hyperplane vt. wrt. a
suitable basis, S, has the representation matrix diag(—1,1,...,1) (cf. [Exercise 1I1.11)). In particular, S,

is orthogonal and det S, = —1. Furthermore, S, 0 .5, = idy'.

Theorem 11.47 (CARTAN-DIEUDONNE). Let V' be an n-dimensional Euclidean space and f € O(V).
Then f is a composition of at most n reflections.

Proof. In the case f = idy, f is the composition of 0 reflections. Therefore, let f = idy and w € V
with f(w) # w. In the case n = 1, f = —idy = S1. Now let n > 2 and assume the claim is already
proven for n — 1. For v := f(w) —w # 0, it holds that

[f(w) + w,v] = [f(w) + w, f(w) = w] = [f(w), f(w)] = [w,w] =0,

i.e. f(w)+w € vt Thus

(800 Nw) = (S0 w) +w) + 5,(0)) = 5 (F(w) +w —v) = w

Let U := w'. Because g := S, 0 f € O(V), it follows that ¢(U) = U. By induction, g|r is a composition

of at most n — 1 reflections S, , ..., Sy, with wy,...,w € U. One can also interpret S, as a reflection
of V using the same formula. Because w € U=, Sy, (w) = w holds for i = 1,..., k. Thus f = S,o0g is a
product of at most n reflections. O

Remark 11.48. According to [Remark 11.46, f € SO(V) is a product of an even number of reflections.
In particular, in the case dimV = 2n + 1, only 2n reflections are required.
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12 Bilinear Forms

12.1 Gram Matrices

Remark 12.1. In this chapter, we generalize parts of Euclidean geometry to arbitrary fields. Let V'
always be a finite-dimensional K-vector space.

Definition 12.2.
e A bilinear form on V is a map B: V x V — K that is linear in the first and second components,

1.e.

B+ v,w) = A, w) + (o, w),
B(u, Ao+ w) = AB(u,v) + B(u, w)
for all u,v,w €V and X\ € K.
e One calls 8
— symmetric, if B(v,w) = B(w,v) holds for all v,w € V.
— antisymmetric, if 5(v,w) = —f(w,v) holds for all v,w € V.
— alternating, if B(v,v) = 0 holds for all v € V.
— degenerate, if v € V\ {0} : Vw € V : B(v,w) = 0.

Example 12.3.

(a) The trivial bilinear form B(v,w) = 0 for all v,w € V' is symmetric, antisymmetric, and alternating.
For V' # {0} it is degenerate. As a rule, we are interested in non-degenerate bilinear forms.

(b) A scalar product (v, w) = [v,w] on a Euclidean space V' is a symmetric bilinear form. For
V # {0}, 8 is non-degenerate, because [v,v] = |v|> > 0 for v # 0.

(c) For V.= K" and A € K"*", B4(v,w) := vAw" defines a bilinear form. This follows from the
calculation rules for matrices. We will see in that every bilinear form has this form.

(d) The choice A =1, in|(c)|leads to the symmetric bilinear form
n
Bv,w) = vw® = Zviwi.
i=1
In the case K = R, one obtains the standard scalar product.

(e) Let V := K? and B(v,w) := det( ) for v,w € V. According to B is an alternating

bilinear form. In general, det is a multilinear form.
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Remark 12.4.

(a) Every alternating bilinear form f is antisymmetric, because from
0=Bv+w,v+w)=p5(v,v)+ Bv,w) + B(w,v) + B(w,w) = B(v,w) + f(w, v)

it follows that f(v,w) = —f(w,v). For K € {Q,R,C}, the converse also holds, because from
B(v,v) = —f(v,v) it follows that B(v,v) = 0. For K = Fy, this reasoning is invalid, because
1+ 1 = 0. Here, symmetric and antisymmetric are even synonymous. In particular, the bilinear
form (v, w) = vw'® on V = K" is (anti)symmetric, but not alternating. To avoid this case, we
will often assume 1+ 1 # 0 in the followingE

(b) Every symmetric bilinear form [ defines a quadratic form q: V. — K by q(v) := S(v,v). If
141 #0, then 8 can be recovered from g by polarization:

1
Blo,w) = 5 (aw+w) =) —q(w))  (v,weV).
Theorem 12.5. The set Bil(V') of all bilinear forms on V is a subspace of Fun(V x V, K).

Proof. The zero map is the trivial bilinear form. Let 3, € Bil(V) and A € K. As in|{Theorem 7.13| one
shows that S+~ and AS are linear in the first and second components (however, Bil(V') ¢ Hom(V xV, K)).
This shows 5+ v, A5 € Bil(V). O

Remark 12.6. Obviously, the symmetric (antisymmetric, alternating) bilinear forms each form a

subspace of Bil(V'). [Theorem 12.9| provides information about the dimension of these subspaces.

Theorem 12.7. Let € Bil(V). Forve V let F,: V — K, w— B(v,w). Then F: V = V* v F,
18 a homomorphism. B is non-degenerate if and only if F is an isomorphism.

Proof. Due to the bilinearity of 5, F,, € V* and F is a homomorphism. Apparently, 8 is non-degenerate
if and only if F' is injective. Due to dim V* = dim V| injective is equivalent to bijective. Ul

Definition 12.8. Let 3 be a bilinear form on V. Let B := {b1,...,b,} be a basis of V. One calls

B[ﬂ]B = (ﬁ(bl,bj)):t]:1 c Kmxn

the Gram matriz of f wrt. B. If V = K™ and B is the standard basis, let [3] := p[S]B.
Theorem 12.9. Let B be a basis of V with |B| = n. Then the map

BHB: BII(V) — Knxn’ 5 —> B[ﬂ]B

is an isomorphism. For A := g[fB]p the following holds:
(a) B symmetric <= A symmetric.
(b) B antisymmetric <= A' = —AH

(c) B non-degenerate <= A invertible.

!Besides F2, there are many (even infinite) fields with 1 +1 = 0.
20ne calls A antisymmetric or skew-symmetric.
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Proof. For 3,7 € Bil(V) and X € K it holds that

BAB+91B = (A8 +7)(bi, b)) = A(B(bi, b;)) + (v(bi, b;)) = Ap[B]s + B[]S,

i.e. g[.]p is linear. If p[S]p = 0, then
B(Z Aibis Y Mjbj) = N\ipiB(bi,b;) =0
1]
for all A\;, u; € K. Thus f = 0 and g[.]p is injective. For surjectivity, let A € K™*" be given. From the
linearity of the coordinate representation v — p[v] (see proof of [Theorem 7.10)), it follows that
B(v,w) := p[v]Ap[v]*

defines a bilinear form. Because of 3(b;,b;) = eiAe; = ay;, we have p[3]p = A. Thus g[.]p is an
isomorphism.

(a) If B is symmetric, then a;; = B(bi,b;) = B(bj,b;)) = aj; for all 1 < 7,5 < n. Therefore A
is symmetric. Conversely, let A be symmetric. Then B(b;,b;) = a;; = aj; = [(bj,b;). For

glv] = (v1,...,v,) and glw] = (wy, ..., wy,) it follows that
Bo,w)y= > wvawBbi,b) = Y viw;B(bj,bi) = B(w,v),
1<i,j<n 1<i,j<n

i.e. B is symmetric.
(b) If 8 is antisymmetric, then a;; = B(b;,b;) = —B(bj,b;)) = —a;; and A* = —A. The converse is
shown as in [(a)]

(c) Let B be degenerate and v # 0 with B(v,w) =0 for all w € W. For z := g[v|' and i = 1,...,n it
then holds that

n
eiAx = Zﬁ(bz, bj).%’j = ﬁ(bi,v) =0.
j=1
This shows Az = 0. According to A is not invertible. Conversely, if A is not invertible,

then there exists z € K™\ {0} with Az = 0. For v = Y"1 | a;b; it then holds that 8(v,w) =0
for all w € V. Therefore g is degenerate. O

Example 12.10. Let 1+ 1# 0 in K and n :=dimV be odd. Let 8 € Bil(V') be antisymmetric with
Gram matrix A wrt. an arbitrary basis. According to it holds that

9.3l

det(A) = det(A") = det(—A) = (—1)"det(A) = — det(A)

and det(A) = 0. Therefore 8 must be degenerate.

Theorem 12.11. Let B and C' be bases of V.. For all 5 € Bil(V') it holds that

clBle = BALB[BlBBAC.

Proof. Let B = {b1,...,b,}, C ={c1,...,cn} and S = (s;5) = pAc. For 1 <, j < n it holds that

n n

B(ci, ¢j) = Z skiB(br, by)si; = Zski(B[/B]BS)kj = (S'5[8]B9)i;- O

k=1 k=1
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Definition 12.12. Matrices A, B € K™*™ are called congruent, if there exists an S € GL(n, K) with
B =SASHl

Remark 12.13.

(a) As in one shows that the congruence of matrices is an equivalence relation. According
to [Theorem 12.9| and [Theorem 12.11] every bilinear form on V determines a congruence class of
Gram matrices. We will show in the next section that bilinear forms can be diagonalized similarly
to endomorphisms.

(b) According to [Lemma 5.15|
rk(B) = 1k(SAS") < min{rk(S),rk(AS")} = rk(AS*) < min{rk(A),rk(S")} = rk(A).

By symmetry, it follows that rk(B) = rk(A), i.e., congruent matrices have the same rank. On
the other hand, A and B do not necessarily have the same determinant, because det(B) =

det(SAS?) = det(S)?det(A). Due to [Remark 10.35, A and B generally do not have the same

eigenvalues either. Even in the case n = 1, one sees that A and B likewise do not have the same
trace.

(¢) According to the principal axis theorem, every symmetric real matrix is congruent and similar to
a diagonal matrix.

12.2 Sylvester’'s Law of Inertia

Definition 12.14. Let § € Bil(V) and S C V. As in Euclidean spaces, we define the orthogonal
complement of S by
Sti={veV:VsecS:pB(v,s) =0}

Remark 12.15.

(a) In the definition of S+, one would strictly speaking have to distinguish between “left-orthogonal”
and “right-orthogonal” (Vs € S : 5(s,v) = 0). Usually, we will assume that § is (anti)symmetric,
so that both versions are equivalent.

(b) For U <V, U+ < V. 8 is degenerate if and only if V+ # {0} holds.
Theorem 12.16. Let 3 € Bil(V) be non-degenerate. For U <V, it holds that dim V = dim U +dim U .

Proof. Let F: V — V* v+ F, be the isomorphism from [Theorem 12.7] Then

F,e F(UY) <= YueU: Fy(u) =f(v,u) =0 < F, e U’

i.e., F(UY) = U° The claim follows from |[Lemma 7.43 O

Remark 12.17. Attention: In contrast to Euclidean spaces, in general neither U N U+ = {0} nor
V = U @ U" holds. For example, let V = F2 and [8] = 1. For U = {(1,1)), it holds that U = U+.

3In contrast to similarity, we do not introduce a symbol for the congruence of matrices.
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Definition 12.18. Let 5 € Bil(V') be symmetric. A basis B = {b1,...,b,} of V is called an orthogonal
basis wrt. 8 if B(b;, bj) = 0 for i # j. If additionally 5(b;, b;) = 1, then B is called an orthonormal basis
wrt. 5.

Remark 12.19.

(a) Obviously, B is an orthogonal basis (resp. orthonormal basis) wrt. B if and only if g[f]p is a
diagonal matrix (resp. g[8]p = 1n).

(b) According to |Corollary 11.11} every scalar product on a Euclidean space possesses an orthonormal
basis.

Theorem 12.20. Let 141 # 0 in K. Then every symmetric bilinear form on V possesses an orthogonal
basis.

Proof. Let B € Bil(V') be symmetric. We argue by induction on n := dim V. In the case n < 1 or
B = 0, every basis is an orthogonal basis. So let n > 2 and f(v,w) # 0 for certain v,w € V. In the case
B(v,v) = B(w,w) =0, we have

Bv+ w,v+ w) = B(v,v) + B(v,w) + B(w,v) + B(w,w) = 28(v,w) # 0

(note 1 +1 # 0). In any case, there exists a by € V' \ {0} with 5(b1,b1) # 0. Let U := (b1). Because of
UNU* = {0}, we have V = U @ U*. The restriction of 8 to U x U is a symmetric bilinear form. By
induction, UL possesses an orthogonal basis bs, ..., b,. Now b1, ...,b, is an orthogonal basis of V. O

Remark 12.21.

(a) The matrix version of [Theorem 12.20| states: Every symmetric matrix is congruent to a diagonal
matrix (if 1 4+ 1 # 0). We will see that the diagonal entries can be chosen specifically.

(b) If 14+1 =0 in K, then [Theorem 12.20| becomes false: The bilinear form 8 with [3] = ({ }) has no

orthogonal basis, because 3(v,v) = 0 for all v € K2.

(¢) The Gram-Schmidt process for calculating orthogonal bases does not always work in this generality,
because one must divide by 5(b;, b;), but this value can be 0. Instead, we modify the Gaussian
algorithm as follows:

(1) Let A :=[f]. Let us assume inductively that the rows and columns 1,...,k — 1 of A already
have the desired diagonal form (at the beginning let k£ = 1).

(2) Let us first assume ag # 0. Then one can achieve a;; =0 for i = k+1,...,n by adding a
multiple of the k-th row to the rows below it as usual. This corresponds to multiplication by
elementary matrices Sy, ..., S,k from the left. Subsequently, set ax; =0 fori =k+1,...,n.
This corresponds to the multiplication of S}, ..., St , from the right (in any order). Overall,
A becomes SAS®, where S = S ...S,. Because (SAS")" = (S*)'A*S* = SAS®, A remains
symmetric through this procedure.

(3) Now let agr = 0. If there exists an | > k with a; # 0, then swap rows k and [ and
subsequently columns k£ and [. This swaps agr and a;; and A remains symmetric. One is now

in situation
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(4) Finally, let a;; = 0 for i = k,...,n. If a;; = 0 for all £ < 4,5 < n, then we are finished.
Therefore, let a;; # 0 for certain k¥ < i < j < n. We add the i-th row to the j-th row
and subsequently the i-th column to the j-th column. The entry at position (j,7) thereby
becomes 2a;; # 0 (note 141 # 0). Thus one is in situation [(3)|

(5) To determine the orthogonal basis B, perform all row operations (but not the column
operations) on the identity matrix. This produces the matrix S € GL(n, K) such that SAS*

is a diagonal matrix (cf. [Theorem 6.17)). According to [Theorem 12.11} the rows of S are the

vectors of B.

Example 12.22.

+
4
OlllOOj+ 21 2(1 10 —1/2 41
(Aj13)=]1 0 1|0 1 0 ~1010103+
1 1 010 0 1 2 1 1({0 0 1 +
2 1 2 1 1 0 2 0 0 1 1 0
~10 =12 0 |[-Y2 Y2 O~ |0 =2 O |=1/2 1/2 0O

o 0 -1} -1 -1 1 0 0 -1 -1 -1 1
1 1 0

S=1[-12 12 0
-1 -1 1

Theorem 12.23 (SYLVESTER’s Law of Inertia). Let 8 be a symmetric bilinear form on V. =R"™. Then
there exists a basis B of V with

B[B]B = diag(lra -1, Ot)'

The numbers r,s,t do not depend on B.

Proof. According to [Theorem 12.20| there exists an orthogonal basis B = {b1,...,b,} of V. After
reordering, we can assume

>0 fOI’i:lj._.’h
B(bib;) § <0 fori=r+1,...,7r+s,
=0 fori=r+s+l,....rtstt=n

Fori=1,...,r + s, we replace b; by mbi. Then S(b;,b;) =1fori=1,...,r and B(b;,b;) = —1
fori=r+1,...,7+ s. Thus, the existence of B is shown.

Because V* = (by4st1,...,bn), t = dim V' does not depend on B. Let V, := (by,...,b,). For
v=>3""_1 \ibi € Vi with \; € R, it holds that B(v,v) = > | A? > 0 with equality if and only if v = 0.
Let B’ = {b},...,b,,} be another basis of V' with

B’ [ﬂ]B’ = dia‘g(lr’a 718’7 Ot)

Let Viy = (bl q,...,by). For v € V, NV, on the one hand #(v,v) > 0 and on the other hand

B(v,v) < 0. This shows S(v,v) =0 and v = 0. Thus V} N V., = {0} and
r+s +t=dim(Vy ® Vi) <dimV =n=r+s+t.

It follows that s’ < s. By symmetry, s’ = s and r’ = r. O
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Definition 12.24. In the situation of [Theorem 12.23| ind(5) := (r, s, t) is called the index of Bﬁ For a
symmetric matrix A € R™*", one defines ind(A) := ind(S) via the bilinear form S with [3] = A.

Example 12.25.
(a) Every scalar product on R™ has index (n, 0,0).
(b) If ind(B) = (1, s,t), then [ is degenerate if and only if ¢ > 0 holds.

(c) In relativity theory, one considers the Minkowski space R* wrt. a bilinear form 8 with index
(3,1,0). The fourth dimension describes time.

Remark 12.26. To calculate the index of a matrix A, one can first determine an orthogonal basis

B using the modified Gaussian algorithm from [Remark 12.21| (note: 1 + 1 # 0 in R). Subsequently,

one counts the positive and negative entries on the main diagonal. If one divides the vectors in B
by the square root of the corresponding diagonal entry, one obtains the basis B as in the proof of

|Theorem 12.23| The matrix from [Example 12.22] for example, has index (1, —2,0) wrt.

B= {\}5(1,1,0), \}5(1,1,0), (—1—1,1)}.

Theorem 12.27. Let A € R™" be symmetric with index (r,s,t). Then r is the number of positive
eigenvalues and s is the number of negative eigenvalues of A, each counted with (algebraic) multiplicities.

Proof. According to the matrix version of the principal axis theorem, A is congruent to diag(\1, ..., Ap),
where A1,..., A\, are the eigenvalues of A (the algebraic multiplicity of each eigenvalue coincides with
the geometric multiplicity). One can apply the argument from the proof of [Theorem 12.23[ to this
matrix. The positive A; are transformed to 1 and the negative ones to —1. O

Corollary 12.28. For symmetric matrices A, B € R™™™ the following statements are equivalent:
(1) A and B are congruent.
(2) ind(A) = ind(B).

(8) A and B have the same number of positive eigenvalues and the same number of negative eigenval-
ues|

Proof. Since congruent matrices describe the same bilinear form, |(1)=1(2)[ holds. From [Theorem 12.27|

follows |(2)={(3)} If holds, then A and B have the same index according to [Theorem 12.27] Thus A
and B are congruent, i.e., holds. O

Remark 12.29.

(a) For each m < n there are exactly m + 1 congruence classes of symmetric n X n-matrices with

rank m (namely with index (i,m —i¢,n —m) for i =0, ..., m). Therefore, there are
n n+1
(n+1)(n+2)
S = 3= LD
m=0 m=1 2

4This term is not uniform in the literature! Some authors call  — s the signature of 8. The index can be determined
from dimension, rank, and signature.
5This describes the inertia in Sylvester’s theorem.
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symmetric bilinear forms on R™ up to choice of basis (cf. [Example 1.16]).

(b) If one works over C instead of R, one can always achieve p[8]p = diag(1r,0;). Namely, one

can replace every basis vector b with 3(b,b) < 0 by |51(b b)|b' Therefore, there are only n + 1
symmetric bilinear forms on C™ up to choice of basis. We prove Sylvester’s Law of Inertia over C

with a different notion of congruence in [I'heorem 13.25|

Theorem 12.30. Let V' be an arbitrary K-vector space. Let 5 € Bil(V') be alternating and non-

degenerate. Then there exists a basis B of V with g[f]p = (an (1)2)

Proof. Induction on dim Vﬁ Let by € V' \ {0}. Since § is non-degenerate, there exists ¢; € V with
B(b1,c1) # 0. By replacing ¢; with 8(by,c1) " 'e1, one achieves 3(b1,c1) = 1. Let U := (by,¢1). For
v = \by + pe; € U, it holds that B(v,b1) = pB(c1,b1) = —p and (v, 1) = A. This shows U N U+ = 0.
According to [Theorem 12.16, it holds that V = U @ U'. For u € U™, there exists a v € V with
B(u,v) # 0. Writing v = vy + vo with v; € U and vy € U+, it follows that B(u,v2) = B(u,v) # 0.
Therefore, the restriction 8’ of 8 to UL x U™ is also non-degenerate and alternating. By induction, U+
has a basis B’ = {ba,...,bp,ca,...,c,} with

/ _ On—l ]—n—l
B/[B]Bl B <_1n—1 On—1> '

Now B = {by,...,by,c1,...,cn} is a basis with the desired property. O]

Remark 12.31. A vector space V with an alternating, non-degenerate bilinear form is called a
symplectic space. We will not go into this further.

12.3 Positive definite matrices

Remark 12.32. In this section, we generalize the positive definiteness of scalar products in Euclidean
spaces. Let V always be an R-vector space.

Definition 12.33. A symmetric bilinear form 5 € Bil(V) is called
e positive (semi)definite, if f(v,v) > 0 (resp. S(v,v) > 0) for all v € V' \ {0},
o negative (semi)definite, if f(v,v) <0 (resp. f(v,v) <0) for all v € V'\ {0},
e indefinite, if Jv,w € V : B(v,v) > 0 > [(w, w).

These terms transfer to symmetric matrices A by choosing a  with [5] = A.

Remark 12.34.

(a) Obviously, every positive definite bilinear form is also positive semidefinite. If 3 is positive
(semi)definite, then —f is negative (semi)definite. Therefore, one can usually restrict oneself to
the positive property.

(b) If B is positive (semi)definite, then the corresponding quadratic form from [Remark 12.4}is positive
(resp. non-negative).

S According to [Example 12.10] dim V is even, but this is not used here.
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(¢) The sum of positive (semi)definite bilinear forms and matrices is again positive (semi)definite.
One can view positive semidefinite matrices as a multidimensional generalization of non-negative
real numbers (see [Theorem 12.46| [Example 18.20| and [Exercise 111.11)). However, the product
of positive (semi)definite matrices is generally not symmetric and, according to our definition,
cannot be positive (semi)definite.

Example 12.35.
(a) Let

For z € R™\ {0} it holds that
n n—1 n—1
xAzt = 221‘3 -2 Zl‘il‘prl = fL‘% + Z(wz — ."L‘Z'+1)2 + xi
i=1 i=1 i=1

In the case 71 # 0 or x,, # 0 it follows that xAz® > 22 + 22 > 0. Otherwise there exists an i > 0
with z; = 0 # 2;,1. Then likewise zAz' > (2; — x;,1)% > 0. Thus A is positive definite.

(b) In analysis, one forms from the second partial derivatives of a function f: R™ — R the Hessian

2
gwféi),) € R™ ", which at a point z € R™ can only be positive definite if = is a local
1O j

minimum of the function.

matriz (

Theorem 12.36. For every symmetric bilinear form B € Bil(V') with index (r, s, t) it holds that
(a) B positive semidefinite <= s =0.
(b) B positive definite < s=1t=0.

(c) B indefinite <= r,s > 0.

Proof. Let B be the basis from Sylvester’s law of inertia. If s > 0, then there exists a b € B with
B(b,b) = —1. Then § cannot be positive semidefinite. If ¢ > 0, then there exists b € B with (b, b) = 0.
Then § cannot be positive definite. If s = 0 (or s =t = 0), then 5(b,b) > 0 (or 5(b,b) > 0) for all
b € B. Since B is an orthogonal basis, it follows easily that /3 is positive (semi)definite. § is indefinite if
and only if there exist b, ¢ € B with 3(b,b) = 1 = —(c, ¢). This means r, s > 0. O

Corollary 12.37. A symmetric matrizc A € R™*™ is positive (semi)definite if and only if all eigenvalues
of A are positive (or non-negative).

Proof. As is well known, all eigenvalues of A are real. The claim follows from [Theorem 12.27] O
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Example 12.38. For

2 1 1
A=(+o)=|" " 7 | erm
I |

the trick from [Example 12.35| does not work. Because rk(A — 1,) = 1, 1 is an eigenvalue of A with

(geometric) multiplicity n — 1 (cf. [Exercise 1.25)). The missing eigenvalue must be tr(4) — (n — 1) =
2n —n+ 1 =n+ 1. Therefore A is positive definite.

Remark 12.39. Since eigenvalues are difficult to calculate in practice, it is useful to know other
criteria for positive definiteness. A necessary (but not sufficient) condition is that all diagonal entries
are positive, because a;; = eiAeZt-.

Lemma 12.40. A € R"*"™ is positive semidefinite if and only if there exists a matriz S € R™*" with
A = SS*. A is positive definite if and only if S is invertible.

Proof. Let A = SS* for some S € R™*". For v € R", vAv' = vS(vS)" = [vS|2 > 0 holds. Therefore
A is positive semidefinite. If S is invertible, then |vS| > 0 for all v # 0. Then A is positive definite.
Conversely, let A be positive semidefinite. By Sylvester’s law of inertia and [Theorem 12.36] there
exists a U € GL(n,R) with A = UDU", where D = diag(1,,0;). For S = UD, SS* = A holds because
D? = D. If A is positive definite, then S = U is invertible. O

Theorem 12.41 (SYLVESTER Criterion). Let A = (a;;) € R™*™ be symmetric and Ay, := (aij)ﬁjzl for
1 <k <mn. A is positive definite if and only if det(Ag) >0 fork=1,...,n.

Proof. Induction on n: In the case n = 1, A is positive definite if and only if det(A) = det(A;) = a11 > 0.
Now let n > 2 and 1 < k < n. Let A be positive definite and v € R¥\ {0}. For w := (vy,...,v,0,...,0) €
R", it holds that vAzv* = wAw® > 0. Thus Ay, is positive definite. By there exists an
S € GL(k,R) with A = SS*. It follows that det(Ag) = det(S)? > 0.

Conversely, assume det(Ay) > 0 for k = 1,...,n. By induction, A,,_1 is positive definite. Let 8 € Bil(R")
with [3] = A. Then the restriction 31 of 8 to R*~! x R"~! is positive definite, because [81] = A,_1.
Let b},...,0,_; € R"! be an orthonormal basis of 8. By appending a 0, one obtains the vectors
b; := (b;,0) € R™ with

B(bi,bj) = bZ-Ab;- = b;An_1b} = 0y

fori=1,...,n—1.Let Vi := (by,...,b,_1). Since 3 is positive definite on V4, it holds that V; NV - = {0}.
With b, € Vi \ {0}, B = {by,...,b,} is an orthogonal basis of R" and

D := B[ﬂ]B = dlag(lv P >‘)

for some X € R. Since A and D are congruent, there exists an S € GL(n,R) with D = SAS*. It follows
that A = det(D) = det(S)? det(A) > 0. Since D is positive definite, A is now also positive definite. [J

Example 12.42.

(a) The matrix A = (¢?) is positive definite if and only if a > 0 and ac > b*.
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(b) Let
2 -1 . |

According to [Example 12.35] det(Ag) > 0 holds for £ = 1,...,4. Since the row sums of A
vanish, (1,...,1)" is an eigenvector for the eigenvalue 0. This shows det(A) = 0. The proof of
[Theorem 12.41|shows that A is positive semidefinite, but not positive definite.

Remark 12.43.
(a) One calls det(Ayg) the principal minors of A.

(b) Caution: From det(Ax) > 0 for k = 1,...,n it does not follow that A is positive semidefinite
(consider for example A = (§ °))).

(c) Likewise, negative definiteness is not equivalent to det(Ag) < 0. As is well known, A is negative
definite if and only if —A is positive definite. This is equivalent to (—1)*det(A;) > 0 for
k=1,...,n.

Theorem 12.44. A symmetric matriz A € R™"™ with characteristic polynomial
xa=X"4+a X" '+ ... +a, € RX]
is positive definite if and only if the coefficients of xa have alternating signs, i. e. a;(—1)* > 0 for
1=1,...,n.
Proof. Let a;(—1)" > 0 for i = 1,...,n. For A < 0 it then holds that
XA(A) = (1" (A" + laa A"+ fan) # 0.

Thus A possesses only positive eigenvalues. According to [Corollary 12.37] A is positive definite.

Conversely, let A be positive definite with eigenvalues A1, ..., A, > 0. Then it holds that

n

xa =[x -x)=x"- (f: )\i)X”_l + (Z )\i)\j>X"_2 o (=D)AL
=1

i=1 1<j
and
ak(*l)k = Z )‘il e >‘in >0
11 <...<ip

fork=1,...,n. O
Example 12.45. For

2 -1 -1

A=|-1 2 -1
-1 -1 1

it holds that
xa=(X-22%(X-1)42-2(X-2)— (X —1)=X>—-5X%24+5X +3.

Since the last two coefficients have the same sign, A cannot be positive definite.
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Theorem 12.46. Let A € R™*™ be positive (semi)definite and k € N. Then A possesses exactly one
positive (semi)definite k-th root W € R i.e. WF = A.

Proof. According to the principal axis theorem, there exists an S € O(n,R) with S*AS = diag(A1, ..., A,
Since A is positive semidefinite, A1,..., A, > 0 holds according to [Corollary 12.37] Now W :=
S diag(/A1, ..., ¥A,)S is positive (semi)definite with W* = A. Let a € R[X] with a(\;) = ¢/; for
i =1,...,n (interpolation). Because (S*AS)? = STA'S for i € N, it holds that

a(A) = Sa(SPAS)St = W.

Let also B € R™™ be positive (semi)definite with B¥ = A. The principal axis theorem yields a
T € O(n,R) with T*BT = diag(u1, . . ., ptn) and g1, ..., i > 0. Here p¥, ..., uk are the eigenvalues of
B¥ = A. Thus there exists a permutation matrix P with P!T*BTP = S*WS and P'T*ATP = StAS.
Therefore TPS* commutes with A and with a(A) = W. This shows B = TPS'WSP'T* = W. O
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13 Unitary Spaces

13.1 Sesquilinear Forms

Remark 13.1. In this chapter, we develop a geometry for the complex numbers. Instead of the
Euclidean scalar product, a “skew-symmetric” map appears, which is linear only in the first coordinate.
The counterpart of the principal axis theorem is the spectral theorem.

Definition 13.2. A scalar product on a C-vector space V is a map V x V' — C with the following
properties (u,v,w € V, A € C):

e [v,v] € R and [v,v] > 0 with equality if and only if v = 0 (positive definite),

o [v,w] = [w,v] (skew-symmetric),

o [\u+v,w] = Au, w] + [v,w].

Together with a scalar product, V' becomes a unitary space. Vectors v,w € V are called orthogonal if
[v,w] = 0. One calls |v| :== /[v,v] > 0 the norm of v. In the case |v| =1, v is called normalized.
Example 13.3. The standard scalar product on V = C"™ is defined by
n
[v,w] == V" = Zviw
i=1
for v,w € V. It is easy to check that the properties of the scalar product are satisfied.

Remark 13.4.
(a) For v,w € V and X € C it holds that

[u, Ao + w] = [Av + w,u] = v, u] + [w,u] = A[u,v] + [u, w],
i.e., the scalar product is not linear in the second component. One therefore speaks of a sesquilinear

formlT]
(b) Most of the theorems proven in do not depend significantly on the bilinearity of the

scalar product and can therefore be transferred without problems.

Lemma 13.5. Let V be a unitary space, v,w € V and \ € C. Then:
(a) |Av| = |A||v] (homogeneity).

(b) |[v,w]| < |v||w| with equality if and only if v and w are linearly dependent (CAUCHY-SCHWARZ
inequality).

lsesqui is Latin for one and a half.
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(c) ||v| = w|| < v+ w| < |v| + |w| (triangle inequality).
Proof.

(a) [3o] = /o, Ml = \/X3[o,0] = /IARV/To, o] = Aol

(b) Wlog. let w # 0 and A :=

v Due to A = 2% it holds that

[w,w] [w,w]

2
0<|v—w?=[v—Aw,v—w|] = [v,0] — A[w,v] — Av,w] + |\*[w,w] = |v]* - [lo, w]l

|w[?

It follows that |[v, w]|? < |v|?|w|? and |[v,w]| < |v||w|. Equality implies v = Aw, i.e. v and w are
linearly dependent. Conversely, if v and w are given as linearly dependent, then there exists a
€ C with v = pw and |[v, ]| = w2 @ wljew] = jol .

(c¢) Let [v,w] = a+ bi. Then it holds that

[v, w] + [w,v] = [v,w] + [v,w] = 2a < 2/ a? + b = 2|[v, w]|.

It follows that

[®)
o+ wl? = [+ w, v+ w] < [v,0] + 2/[o, 0] + [w,w] < o + 20| [w] + [wf? = (jv] + [w])®
and v+ w| < |v| + |w|. Thus |v| = |[v+w —w| < |v+w|+ |w| and |v| — |w| < |v 4+ w|. Swapping
v and w yields —(|Jv| — |w]) = |w| = |v| < [v 4+ w|, i.e. ||v] = Jw|] < v+ w]. O
Remark 13.6. Let V be a unitary space.

(a) A basis b,...,b, of V is called an orthonormal basis if [b;,b;] = 6;; for 1 <4, 5 < n holds. The
Gram-Schmidt process for calculating an orthonormal basis works unchanged for unitary spaces.
In particular, every unitary space possesses an orthonormal basis.

(b) For U < V one defines as usual Ut := {v € V : Vu € U : [v,u] = 0} < V. The rules from
Lemma 11.15)

e V=UagU"t,
* (UL)L:U,
e UCW «— Wicut,

also hold for unitary spaces.

13.2 Adjoint Maps

Theorem 13.7. Let V' be a unitary space and f € End(V'). Then there exists exactly one f* € End(V)
with [f(v),w] = [v, f*(w)] for all v,w € V.
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Proof. Let by, ...,b, be an orthonormal basis of V. We define f* € End(V') by

n

Fr(05) =) [f(bi), bs]bi

=1
for j=1,...,n. For v =) A\ib; and w =) p;b; it holds that
[Fw),w] =Y NG [f(b),bi] = > Nifgjlbi, £7(b)] = [v, £*(w)].
ij=1 ij=1
Let also fi € End(V) with [f(v),w] = [v, fi(w)] for all v,w € V. Then [v, f*(w) — fi(w)] = 0. For
v:= f*(w) — fi(w) it follows that f*(w) = fi(w) for all w € V. This shows f; = f*. O

Definition 13.8. In the situation of [I'heorem 13.7] f* is called the adjoint map to f.

Remark 13.9.
(a) For v,w € V we have [v, f(w)] = [f(w),v] = [w, f*(v)] = [f*(v),w]. In particular, (f*)* = f.
(b) For f,g € End(V) and A € C we have (Af + g)* = A\f* + g*.

(c) Attention: We use the same notation for the adjoint map of f as for the dual map of f. However,
the dual map lies in End(V™).
Definition 13.10. Let V be a unitary space. We call f € End(V)
o Hermitian, if f = f* i.e. [f(v),w] = [v, f(w)] for all v,w € V.
o unitary, if [f(v), f(w)] = [v,w] for all v,w € V.
e normal, if fo f*= f*o f.

Remark 13.11.
(a) Let f € End(V) be Hermitian. Let A € C be an eigenvalue of f with eigenvector v € V. Then

Mol? = [, 0] = [f(v), 0] = [v, f(0)] = [v, ] = Al]”

and A =\ € R.
(b) Let f € End(V) be unitary. For v € Ker(f) we have |v|> = [v,v] = [f(v), f(v)] =0, i.e. v = 0.
Therefore f is an isomorphism. Because of [f(v), w] = [v, f~(w)] for all v,w € V it also follows

that f* = f~1. If f,g € End(V) are unitary, then so are f o g and f~!. Therefore the unitary
maps form a subgroup U(V') of GL(V'). We call U(V') the unitary group of degree n.

(c) Let A be an eigenvalue of a unitary map f with eigenvector v € V. Then |A]?|v|? = [\, \v] =
[f(v), f(v)] = [v,0] = [v]* and |A] = 1.

(d) Hermitian and unitary maps are obviously normal.

Lemma 13.12. Let V' be unitary with orthonormal basis B and f € End(V'). Then g[f*|p = B[f}Bt.
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Proof. Let B = {b1,...,bn}. Let f(b;) = >°7_, azibj and f*(b;) = >0 aj;b; for i = 1,...,n. The
claim follows from o

Definition 13.13. For A € C"™™ let A* := A" = A' be the matrix adjoint to A. For A € GL(n,C) we
use the abbreviation A=* := (A~1)* = (4%)~L.
Corollary 13.14. Let V' be unitary with orthonormal basis B, f € End(V') and A := g[f|p. Then
(a) f Hermitian <= A*=A < A'= A.
(b) f unitary <= A* =A"1 «— At A"
(c) f normal <= A*A = AA* < A'A = AA"

Proof. Tt holds that
f hermitian <= f*=f B s -4 = =4 — A =4

The other statements are proven analogously. O

Definition 13.15. A matrix A € C™*" is called
e hermitian, if A* = A.
o unitary, if A* = A%
e normal, if AA* = A*A.

Example 13.16.

(a) Hermitian and unitary matrices are normal. Diagonal matrices are normal, but not necessarily
hermitian or unitary.

(b) Real matrices are hermitian (or unitary) if and only if they are symmetric (or orthogonal).

(c¢) Inverting, transposing, and complex-conjugating are commuting operators on C™*™ (cf.
mark 5.9). If A is hermitian (or unitary, normal), then so are A, A* and A* (verify).

Remark 13.17. The unitary matrices form a subgroup U(n, C) of GL(n, C), which as usual corresponds
to U(V). For A € U(n,C) it holds that |det(A)|?> = det(A)det(A) = det(A'A) = 1. According to
all eigenvalues of A also have absolute value 1. One calls

SU(n,C) := U(n,C) N SL(n,C) < U(n,C)

the special unitary group of degree n.
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13.3 The Spectral Theorem

Theorem 13.18 (Spectral TheoremED. Let V' be unitary and f € End(V). f is normal if and only if V
has an orthonormal basis of eigenvectors of f. In particular, normal endomorphisms are diagonalizable.

Proof. Let B be an orthonormal basis of eigenvectors of f. Then A := p[f]|p is a diagonal matrix.
Certainly A* is also a diagonal matrix. In particular, A and A* commute. According to [Corollary 13.14]
f is normal. Conversely, let f be normal. We argue by induction on n := dim V. In the case n = 1,
every normalized vector provides an orthonormal basis of eigenvectors. Let n > 2. According to the
Fundamental Theorem of Algebra, f has an eigenvalue A € C with eigenvector b; € V. Wlog. let
|b1| = 1. Because of

|5 (01) = Abt[* = [ (ba), £*(b1)] = ALF* (b1), ba] = Albr, £ (b1)] + [A]?[br, b
= [F(£7(01));01] = Alb, F(01)] = ALF(01), ba] + [AF* = [£7(£(01)), ba] = AP
= AL (01), 0] = AP = Albr, f(b1)] = AP =0
) is an eigenvalue of f* for the eigenvector by. For U := (b;), it holds that V = U @ U*. For u € U™,
we have [f(u),b1] = [u, f*(b1)] = Au,b1] = 0 and f(u) € UL. Therefore, the restriction of f to U~ is a

normal endomorphism. By induction, there exists an orthonormal basis by, . .., b, of UL consisting of
eigenvectors of f. Now by, ..., b, is an orthonormal basis of V' consisting of eigenvectors of f. O

Remark 13.19. If A € R"*" is symmetric, then the Spectral Theorem yields an S € U(n,C) with
S*AS = diag(\1, ..., Ay). In contrast to the Principal Axis Theorem, one does not obtain that S is
orthogonal (i.e., real).

Corollary 13.20. Let V' be unitary and f € End(V') be normal with eigenvalues A1, ..., A\, € C. Then:
(a) f is Hermitian <= Ai,..., A\, € R.
(b) fis unitary <= |A\i|=...=|\| =1.

Proof. According to the Spectral Theorem, there exists an orthonormal basis B of V' with D := g[f]p =

diag(\1, ..., An). According to|Corollary 13.14} f is Hermitian (resp. unitary) if and only if D = D* = D
(resp. 1,, = DD = diag(|A1|%,...,|Ax|?)) holds. This proves the claim. O

Remark 13.21. Let f € End V be normal. Let v,w € V be eigenvectors for distinct eigenvalues A and
i, respectively. As in the proof of the Spectral Theorem, w is an eigenvector of f* for the eigenvalue Ji.
From

Alv, w] = [f(v),w] = [v, f*(w)] = [v, pw] = plv, w]

it follows that [v,w] = 0. Therefore, eigenvectors for distinct eigenvalues are orthogonal (as with
symmetric matrices, see |[Remark 11.40f). The orthonormal basis in the Spectral Theorem can thus be
determined using the Gram-Schmidt process, just as in the Principal Axis Theorem.

2The set of eigenvalues of f € End(V) is called the spectrum of f.
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Example 13.22. Suppose that

51 —4 2
A=\ 4 5i 2
-2 21 8i

is normal (otherwise a contradiction will arise). We calculate

xa = (X — 51)%(X — 8i) — 32i + 8(X — 5i) + 16(X — 8i) = X3 — 18iX? — 81X = X(X — 9i)2.

Due to
51 —4 2 5 —4 2
A~ |0 95 185 ~ [0 95 185
0 18i/5 36i/5 0 0 0
(2i,—2,1) is an eigenvector for the eigenvalue 0. After normalization, let b; := %(2i, —2,1). The

eigenspace for the eigenvalue 9i is spanned by ¢ := (0, 1,2) and ¢3 := (i,1,0). We observe that these
vectors are indeed orthogonal to b;. Therefore, A must be normal. The Gram-Schmidt process yields:

b2 = (0,1,2),

1

V5

dy 1= o — [c, balby = (1,4/5, —2/5),
1

bg := ——= (51,4, —2).

3 3\/5( )

Now B = {by1, bs, b3} is an orthonormal basis of eigenvectors of A.

Theorem 13.23 (SCHUR Decomposition). For A € C"*™ there exists an S € U(n,C) such that S*AS
is a triangular matriz. A is normal if and only if S*AS is a diagonal matrix.

Proof. Wlog. let n > 2. Let A € C be an eigenvalue of A and v € C" a normalized eigenvector for A\. We
extend v with Gram-Schmidt to an orthonormal basis of C". After changing to this basis, A = (6\ ;{1)
holds with A; € C(=Y*(=1) By induction, there exists an S; € U(n — 1,C) such that S7A;1S; is an
upper triangular matrix. Now S := diag(1y,51) € U(n,C) and S*AS is an upper triangular matrix.
A lower triangular matrix is obtained by transforming A' into an upper triangular matrix and then
transposing.

If A is normal, then D := (d;;) = S*AS is a normal upper triangular matrix. Because of
|dii|” = (DD*);; = (D*D)si = |dul* + ... + |dii|®

aj; =0for j=1,...,i—1and i=1,...,n. This shows that D is a diagonal matrix. Conversely, if D
is a diagonal matrix, then A is normal according to the spectral theorem. O

Example 13.24. The matrix

obviously has the eigenvector es for the eigenvalue 1. Transition to the orthonormal basis {es, s, €1}
yields

1 2 0
A= |0 1 2
0 -1 -1
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The matrix A; = (_11 2 ) in the proof of |Theorem 13.23| has the eigenvector (1+1i, —1) for the eigenvalue
i. Orthogonal to it is (1,1 —1i). After normalization, one obtains

V3 0 0 1 2 0 V3 0 0 1 (+20)/y3 2/yv3
0 1—-i -1 0 1 2 0 14+4i 1 |=10 i 1—2i
0 1 14i/ \0 -1 -1 0 -1 1-i 0 0 —i

1
A~ =
3

Theorem 13.25 (Inertia Theorem for Hermitian Matrices). For every Hermitian matriz A € C"*™,
there exists an S € GL(n,C) with

S*AS = diag(1,, —1s,0;).

The numbers 1, s,t are uniquely determined.

Proof. According to the spectral theorem, we can assume A = diag(\q,...,\,). According to
ary 13.20] the eigenvalues A1,..., A, of A are real. Let wlog. Aq,..., A >0, A1, .., Arps < 0 and
Artst1 = ... = Ap = 0. The equation now holds with

S :=diag(v/ M| .o v Perel 2 1i) € GL(n, C).

With rk(A) = r + s, t is uniquely determined. For all v € (ey,...,¢e,) \ {0}, it holds that vAv* > 0.
Conversely, let U < C" with wAu® > 0 for all w € U \ {0}. For w € U N {ey41,...,€n), on the one
hand wAu' > 0 and on the other hand wAu' < 0. This shows u =0 and U N (e;41,...,e,) = {0}. It
follows that dimU < r. Thus, r is the maximum dimension of a subspace U < C" with wAu' > 0
for all w € U\ {0}. In this way, 7 is uniquely determined by A. Now s = n —r — t is also uniquely
determined. O

Example 13.26. The numbers r, s, t in can be determined using the modified Gaussian
method from [Remark 12.21| (note: 1 + 1 # 0 in C). For example:

1 i 211 00 1 1 2 1 00
(A1) =|-1 1 —=1{0 1 0]~]0O 0 2i—11 1 1 0
2 -1 310 0 1 0 —2i—1 —1 -2 0 1
1 0 0 1 00 1 1 0 0
~10 -1 =2i—1(-2 0 1 0 -1 0 -2 0 1
0 2i—1 0 i 0 0 0 5[2-31 1 2i—1
1 0 0 1
~10 1 0 |@3)/5 1/\[ (2i-1)/ \/5)
0 0 -1 -2
1 Vi 0 0
S*=—12-3 1 2i—1

\/5—2\/50 V5

Remark 13.27. Mirsky’s theorem gives a necessary and sufficient condition for the existence of matrices
with prescribed eigenvalues and main diagonal elements (their sum must be equal). For Hermitian
matrices, stronger restrictions apply to these numbers.
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Theorem 13.28 (SCHUR-HORN).

(a) If A € C™*™ is Hermitian with main diagonal dy > ... > d, and eigenvalues \y > ... > \,, then

k k
Ydi<Y A
1=1 i=1

for k=1,...,n with equality in the case k = n.

(b) If real numbersdy > ... > d, and A1 > ... > X\, aregz'venwz’chf 1d;i <Zf (ANifork=1,....n
and Y0 di =30 )\Z, then there emsts a real symmetric matriz with main diagonal dy, ..., d,
and eigenvalues A1, ..., Ap.

Proof (CHAN-LI).

(a) By the spectral theorem, there exists a unitary matrix S := (s;;) with
A= (aij) = S* diag()\l, ey )\n)S

For 1 < k < n it holds that

k k
Z d; = Za sﬂs]z)\ = Z Aj Z Er (13.1)
i=1 1=1 1 i=

=1 j=

Since S is unitary, ¢; := Zle sji|? < 1 holds with equality if k = n. It follows that

th _ZZ’S]ZF =k,

i=1 j=1 =0
k n k n
D di =) =D Nty = D> N Mk =) k)
=1 ]:1 7j=1 =1
_ZA—)\k t—l) Y (=) <0
7=1 2'0 SO i=k+1 <0

Thus S2F  di <S2F N and 32 dy = tr(A) = 30 A

(b) Induction on n: In the case n = 1, A := (d1) = (\1) satisfies the claim. Let n = 2. Then
A1 > di > doy = A+ Ag — dy > Ao holds. In the case Ay = Ay we can choose A := di15. In the
case A\1 > Ay we have

gz 1 <Vd1_A2 _Ml_dl)eom&)
VAL = WAL —di Vdi =X e

For A = (a;;) = S*diag(\1, A2)S it holds that

1
A1 — A2

ail = ((dl — )\2))\1 + ()\1 - dl))\Q) =d

according to (13.1)). It follows that ass = A\ + Ao — d; = da. Now let n > 3 and

b=+ —di > N
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By induction, there exists S € O(2,R) such that S®diag()\1, A2)S has main diagonal (dy, \}).
Since the sequences (M, Az, ..., A,) and (da,...,dy) satisfy the same assumptions, there exists
by induction a T' € O(n — 1, R) such that T%diag(\), ..., \,)T has main diagonal dy, ..., d,. For
U := diag(S, 1,,—2) diag(1:,T) € O(n,R),

dy  * 0
* A
A= Utdiag(\, ..., An)U = (é 1%) A3 | ((1) 3)
0 . An
has main diagonal (dy,...,d,) and eigenvalues A1, ..., A,. O

Example 13.29. We construct a symmetric matrix with eigenvalues 3,2,1 and main diagonal 2,2, 2.
Using the notation from the above proof, \;, = 3. One obtains

1 ) ) S 3 . . .o—1 . 1. .
A=1|. Y2 Y| |[-1 . . .2 . 1 . . . NE —1e
—1/3 1/v2 | R | R | CYvz 1Ya
. N 2 .. N 2
=—| . 1 1 .3 . 01 =1 =(. 2 -1
-1 1 1 1 1 -1 2
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14 The Jordan Normal Form

14.1 Generalized Eigenspaces

Remark 14.1. According to [Theorem 10.34] there are two reasons why an endomorphism is not
diagonalizable:

e The characteristic polynomial does not split into linear factors.

e The eigenspaces are too “small”, i.e., the geometric multiplicity of an eigenvalue is smaller than
the corresponding algebraic multiplicity.

Over C, the first problem does not occur according to the Fundamental Theorem of Algebra. To
circumvent the second problem, we replace eigenspaces with larger subspaces. In the following, let V' be
a finite-dimensional K-vector space.

Definition 14.2. Let f € End(V'). A subspace U <V is called f-invariant, if f(U) C U holds.

Example 14.3. For f € End(V), Ker(f) and f(V) are always f-invariant subspaces, because
f(Ker(f)) ={0} € Ker(f) and f(f(V)) € f(V).

Remark 14.4. Let U <V be an f-invariant subspace.
(a) For v,w € V| it holds that

v+U=w+U = v—wel = f(v)—flw)=flv—w)eU = fv)+U = f(w)+U.
Therefore, f: V/U — V/U, v+ U — f(v) + U is a well-defined endomorphism.

(b) Let B; be a basis of U and B = By U By a basis of V. For dimensional reasons, {b+ U : b € By}
is then a basis of V/U. Furthermore, p[f]p = (4 &), where A = p,[fiy]s, and D = p,[f]B,.
If U possesses an f-invariant complement W (i.e., V.= U @ W), then C' = 0 can be achieved
by a suitable choice of basis. We therefore attempt to decompose V' into the smallest possible
f-invariant subspaces.

Definition 14.5. A map f € End(V) is called trigonalizable, if there exists a basis B of V such
that p[f]p is a triangular matrix. Analogously, A € K™*" is called trigonalizable, if A is similar to a
triangular matrix.

Remark 14.6. Let B = {by,...,b,} be a basis of V such that p[f]|p is an upper triangular matrix.
Then p/(f]p with B" = {by,,bp_1,...,b1} is a lower triangular matrix. Thus, in [Definition 14.5| one
does not need to specify whether upper or lower triangular matrices are considered (cf. [Remark 15.26]).

Example 14.7. According to the Schur decomposition, every complex square matrix is triangulable.

The next theorem extends [Theorem 10.52]
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Theorem 14.8. A map f € End(V) is triangulable if and only if iy (or xs) splits into linear factors.

Proof. If g[f]lp (for a basis B of V) is a triangular matrix with diagonal Aq,...,\,, then x; =
(X — A1) ... (X — \,) splits into linear factors. By Cayley-Hamilton and [Lemma 10.24] i also splits

into linear factors.

Conversely, assume that s splits into linear factors. By [Theorem 10.54} x also splits into linear factors.
Wlog. let V' 2 {0}. Then there exists an eigenvector v € V of f. Obv1ously, U := (v) is f-invariant. Let

V :=V/U and f as in [Remark 14.4. Then u+ 7 | iy. By [Lemma 10.24] i 7 also splits into linear factors.

By induction on dim V', we obtain a basis B ={bi,...,by,_1} of V such that 5[f]7 is a lower triangular
matrix. We choose b; Eb fori = 1,...,n — 1. Then f(b;) € (b;,...,bp—1,v) fori =1,...,n — 1.
Therefore, B := {b1,...,by—1,v} is a bas1s of V such that p[f]p is a lower triangular matrix. O

Lemma 14.9. Let f € End(V).
(a) If U <V is f-invariant, then U° < V* is f*-invariant.
(b) If U < V* is f*-invariant, then Uy <V is f-invariant.

Proof. The dual complements U, Uy and the dual map f* were defined in
(a) Let v € UY. For all u € U, it holds that f*(v)(u) = v(f(u)) =0, i.e. f*(y) € U°.
(b) Let v € Up. For all v € U, it holds that v(f(v)) = f*(y)(v) =0, i.e. f(v) € Up. O

Lemma 14.10. Let f € End(V) be diagonalizable and U <V be an f-invariant subspace. Then the
restriction fiy is also diagonalizable.

Proof. For the minimal polynomial y; of fii7, we have | 11r according to [Lemma 10.44l According
to [Theorem 10.52} iy splits into pairwise distinct linear factors. According to [Lemma 10.24] this also
holds for p;. O

Lemma 14.11 (Simultaneous Diagonalization). Let f,g € End(V') be diagonalizable. Then fog = go f
if and only if f and g are simultaneously diagonalizable, i. e. there exists a basis B of V' such that g[f|p
and glg|p are diagonal matrices.

Proof. Let B be a basis of V' such that Dy := g[f]p and D, := p[g]p are diagonal matrices. From
DDy, = DyDy it then follows that fog = go f. Conversely, let fog = go f. For the eigenvalues
Ay, Ap € Kof f,wehave V = Ey (f)@...®E)\,(f), since f is diagonalizable. For v € U := E},(f),
we have

flg(w)) = g(f(v)) = Aig(v)
and g(v) € U. Therefore, U is a g-invariant subspace. According to [Lemma 14.10} gj;; is diagonalizable.

Thus, one can choose a basis of V' consisting of common eigenvectors of f and g. O

Lemma 14.12 (Simultaneous Trigonalization). Let f,g € End(V) be commuting and trigonalizable.
Then f and g are simultaneously trigonalizable, i. e. there exists a basis B of V' such that g[f]p and
Blg]lB are lower triangular matrices.
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Proof. Wlog. let V' # {0}. According to [Theorem 14.8 f has an eigenvalue A € K. As in the proof
of [Lemma 14.11) U := E)(f) is a g-invariant subspace. The minimal polynomial of giv divides pg,

and therefore splits into linear factors. Thus, there exists an eigenvector u € U of g. Now W := (u)
is both f-invariant and g-invariant. Let V := V/W, f € End(V) and g € End(V) as in the proof of
Because pi7 | p1f and pig | g, one can inductively assume that f and g are simultaneously
trigonalizable. The claim now follows as in the proof of [Theorem 14.8 O

Example 14.13. In contrast to simultaneous diagonalization, the converse of is false:
diag(1,0) and (99) are trivially trigonalizable, but do not commute.

Definition 14.14. Let dimV = n and f € End(V') with eigenvalue A € K. One calls
Hy(f) :=XKer((f — Xidy)") <V

the generalized eigenspace of f for A. If A is an eigenvalue of a matrix A € K™*"™ one defines analogously
H(A) :=Ker((A - A1,)").

Example 14.15. Let f € End(K?) with A := [f] = (}1). Then E;(f) = (e1). Because of (A—12)? = 0,
Hi(f) = K2, i.e. the generalized eigenspace is larger than the eigenspace.

Remark 14.16. For v € E)\(f) it holds that
(f = Mdy)™(v) = (f = Aidy)" " ((f = Midy)(v)) = (f = Aidy)" ' (0) = 0.

This shows E)\(f) € Ha(f). Obviously f commutes with f — Aid and (f — Aid)". For v € H)(f) it
therefore holds that

(f = Aidy)"(f(v)) = ((f = Aidy)" o f) (v) = F((f = Aidv)"(v)) = £(0) = 0.

Thus f(v) € Hx(f) and Hx(f) is f-invariant. We show next that H)(f) possesses an f-invariant
complement.

Lemma 14.17 (FITTING). Let dimV =n and f € End(V'). Then

Vv ="(V) @ Ker(f")|

s a decomposition into f-invariant subspaces.

Proof. For v € Ker(f*) it holds that f**1(v) = f(f*(v)) = f(0) = 0. This shows Ker(f) < Ker(f?)
.... Since the dimension of these subspaces is bounded by n, there exists a k < n with Ker(f¥)
Ker(f*+1). For v € Ker(f**2) it holds that f**1(f(v)) = f¥*2(v) =0, so f(v) € Ker(f**+1) = Ker(f*).
This shows f*+1(v) = 0 and v € Ker(f**1). Inductively one obtains

<

Ker(f*) = Ker(f**1) = ... = Ker(f") = Ker(f"H = ...

For v € Ker(f") N f*(V) there exists a w € V with v = f"(w). Because of f>*(w) = f"(v) = 0,
w € Ker(f*") = Ker(f") and it follows that v = f"(w) = 0. Thus Ker(f") N f*(V) = {0}. The
homomorphism theorem shows V = Ker(f") @ f*(V). Because of f(Ker(f")) C Ker(f" 1) C Ker(f")
and f(f™(V)) = f"(f(V)) C f*(V), both subspaces are f-invariant. O
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Example 14.18. Let A, N € K be distinct eigenvalues of f € End(V). For U := H)(f) N Hy (f) it
holds that

(f = Md)"(U) = {0} = (f — N'id)"(U).
The minimal polynomial of the restriction g := fjy € End(U) therefore divides (X — A)" and (X — \)"

according to [Lemma 10.44] From [Lemma 10.24{it follows that p, =1 and U = {0}.

Theorem 14.19 (Generalized Eigenspace Decomposition). Let f € End(V') such that g splits into
linear factors. Then
V=H(f)&...&H,(f)

for the distinct eigenvalues A1,..., \x € K of f.

Proof. We argue by induction on n := dim V. The case n = 1 is trivial. So let n > 2 and assume the
claim is already proven for n — 1. Since j splits into linear factors, f has an eigenvalue A = \; € K
according to[Theorem 10.50} For the map g := f — Aidy, it holds that

V=¢"(V)®Ker(¢g") =9g" (V) ® Hx(f)

according to Fitting. For U := ¢"(V), we have f(U) = (¢ + Aid)(U) C g(U)+U C U, i.e. U is f-
invariant. We now consider the restriction h := fj;y € End(U). According to [Lemma 10.44} 1y, | p1y and

pp, splits into linear factors (Lemma 10.24). Because dim Hy(f) > dim E\(f) > 1, we have dimU < n.
By induction, it therefore holds that

U:H)\Q(h)@...@H)\k(h)

for the distinct eigenvalues Mg, ..., A\p of h. We show Hy,(h) = H),(f) for i = 2,..., k. Because
Ey,(h) C E\,(f), A2, .., A\ are also eigenvalues of f. Because Ey, (h) N Hy\(f) < U N Hy(f) = {0}, we
have A # \; for i = 2,... k. Certainly Hy, (h) < Hy,(f). Conversely, let v € Hy,(f) for some i > 2.
Then there exist u € U and w € H)(f) with v = u + w. It follows

0= (f—Nid)"(v) = (f — Niid)"(u) + (f — Niid)"(w) € U ® Hx(f).

From one obtains (f — X\;id)"(u) = 0 = (f — A\;id)"(w). According to [Example 14.18|
w e Hy(f) N Hy,(f) ={0} and v =u € Hy,(f) NU = Hy,(h). This shows

V:H,\(f)@U:H,\(f)@H)\Q(h)@...@H/\k(h) :H)\l(f)@...@H/\k(f). ]

Remark 14.20. If u splits into pairwise distinct linear factors, then f is diagonalizable (Theorem 10.52)).

The generalized eigenspace decomposition is then exactly the decomposition into eigenspaces, since

Ex(f) € HA(S).

Example 14.21. Let
111
]l 11 . Axd
A= 11 1lE€ Fy™".
11
Since 0 and 1 are the only possible eigenvalues, we calculate as a trial

1

—_ =

A2: . .. : (A—]_4)2:

—_ =

—_ =
_ .

—_ = = =
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One sees (0,0,0,1),(1,0,1,0) € Hy(A) and (0,1,1,0),(0,1,0,1) € H1(A). For dimensional reasons, it
follows
F3 = Ho(A) @ Hi(A) = ((0,0,0,1),(1,0,1,0)) @ ((0,1,1,0), (0,1,0,1)).

14.2 Jordan Blocks

Remark 14.22. Following the generalized eigenspace decomposition, we are interested in bases of
generalized eigenspaces.

Definition 14.23. For A € K and n > 1, one calls

A 0
R 1 nxn
Jn(N) == eK
0 1 A

a Jordan block for the eigenvalue AT

Remark 14.24. Obviously, A := J,()) has the characteristic polynomial x4 = (X — \)", i.e., A has
algebraic multiplicity n. On the other hand, A has geometric multiplicity dim E)(A) = 1. Thus, A is
particularly far from being diagonalizable (Theorem 10.34)). For the standard basis vector e; € K", we
have Ae; = (x,1,0,...,0)" and inductively

AFey = A(AFTey) = A(*,...,%,1,0,...,0)" = (x,...,%,1,0,...,0)".
N——

N——
k—1 k
Thus ey, Aey, ..., A" ey are linearly independent. Therefore, the matrices 1,, 4, ..., A”~! must also

be linearly independent. This shows deg pa > n. From Cayley-Hamilton, it follows that p4 = x4 =
(X =)

Definition 14.25. One calls f € End(V) (resp. A € K™*") nilpotent, if f™ = fo...o f =0 (resp.
A™ = 0,,) holds for some m € N.

Example 14.26. Let A be a strict (upper or lower) triangular matrix. Then x4 = X™. By Cayley-
Hamilton, g4 | X™ and therefore A™ = 0,,. Thus A is nilpotent. In particular, Jordan blocks for the
eigenvalue 0 are nilpotent.

Remark 14.27. If A € K™*"™ is nilpotent, then p4 | X™ for some m € N. Because degua < n, we
have pq | X™ and A™ = 0. The following theorem provides a canonical system of representatives for
the similarity classes of nilpotent matrices. The number of similarity classes is the number p(n) of
partitions of n, i.e., decompositions of the form n =ny + ... + ni with n; > ... > ng. For example,
p(5) = 7, because

5=4+1=3+2=3+1+1=2+4+2+1=24+14+14+1=1+1+1+1+1.

No simple formula for p(n) is known.

'Tn some books, J,, ()" is used. This makes no essential difference (Theorem 14.44).
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Theorem 14.28. Let f € End(V) be nilpotent. Then there exists a basis B of V' such that
Blf]B = diag(Jn, (0), ..., Jn,(0)).

The numbers n; > ... > ng > 1 are uniquely determined by the equations

{1 <i<s:m >k} =rk(f"!) —tk(f*) (k=1,...,m) (14.1)

In particular, s = dim Ker(f).

Proof. Let m € N with f™ =0 # f™~!. For k € N, it holds that f(Ker(f*)) C Ker(f*~1). According
to [Corollary 4.16, there exist subspaces Uy, ..., U,, with

V = Ker(f™) = Ker(f™ ') @ Uy,
Ker(f™ 1) = (Ker(f™ ) + f(Uh)) & Us,

Ker(f) = (f"" ") + ...+ f(Un-1)) ® Up,.

We show that all sums are direct. This is given for the first sum. Suppose inductively it has already
been shown:

Ker(f" ") = Ker(f™ " & fFHUh) & f*2(U2) ® ... & f(Uk—1) ® Up. (14.2)
Let w+ f*(u1) + ...+ f(ug) = 0 with w € Ker(f™*=1) and w; € U; for i = 1,..., k. Then it follows
PR ) ) = N ) o f ()
= N w fu) o fu) = fmTEH0) =0
and
) + A u € Ker(f™ M) 0 (N0 @ ... @ f(Uk-1) ® Uy) 022 ().
This shows f*1(u;) =...=u =0 and it follows w = 0. Thus

Ker(f™ ") = Ker(fm" * Yo ffn) e ffH(h) @... ¢ f(Uy) ® Uy

as desired.
Overall,
V=UofU)e..of" ' (U)elaefU)®...0 f"2(U)®...0 Upn,.
Let bi1, ..., bk, be a basis of U; for i = 1,...,m (the case U; = {O} with k; = 0 is allowed). Because
Ker(f7) N U; = {0}, the restriction f|U is 1nJectlve for j = 1,. — i (Lemma 7.7). In particular,

fI(bi1), .-, P (bix,) is a basis of f7(U;). Thus

5= U U oS00, 700}

i=1j=1

is a basis of V. Because U; C Ker(f™ "), it holds that f™“*1(b;;) = 0. Thus the elements
bij, f(bij), -, fm_i(bij) correspond to the Jordan block J,,—;+1(0) in g[f]p. Overall, g[f]p now has
the desired form. Furthermore,

ki+...+k=dim(f 7 U) @ f2U) ® ... 0 U) = dimKer(fm ') — dim Ker (™)
’.' (fm l) rk(fm—l-i-l)

is the number of Jordan blocks J,, (0) with n; > m — [+ 1. By replacing m — [+ 1 with k, (14.1)) follows.
The last claim is obtained with k£ =1 in ((14.1)). O
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Remark 14.29. In the situation of [[heorem 14.28] it holds that

{1<i<s:ini=k}=|{1<i<s:m>k}—|[{1<i<s:n;>k+1}
= rk(f*71) + tk(F) — 2xk(f")

for k = 1,...,n. In particular, 2vk(f¥) < rk(f**1) + 1k(f*~1), i.e., the sequence rk(f), rk(f2),...
cannot fall too “fast”.

Example 14.30. Let f € End(R®) with

2 -3 -1 -1 2
1 -2 0 0 1
AZ:B[f]B: 0 2 -1 -1 0
1 -4 1 1 1
0 -1 1 1 0
One calculates
0 0O 00 O
0 0O 00 O
A2=11 -2 00 1|, A% =0
-1 2 0 0 -1
0 0O 00 O

Thus rk(f?) = 1. As in the proof of [Theorem 14.28) we can choose b; := e1 ¢ Ker(f?) and U := (b;)
with R® = Ker(f?) @ (b1). Furthermore,

1 -2 0 0 1 10 -2 -21 10001
0 1 -1 -1 0 01 -1 -1 0 01000
A~]0 2 -1 -1 0f~]0 0 1 1 0|~f001 10
0 -2 1 1 0 00 -1 -1 0 00000
0 -1 1 1 0 00 0 0 0 00000

0 1 2

0 0 1

Ker(f)® f(U1)=(] 1 [.| O |,[0])
~1 0 1
0 -1/ \0

With b := e3 € Ker(f?)\ (Ker(f)® f(U1)) and Us := (ba), it holds that Ker(f?) = Ker(f)® f(U1) ®Us,.
Finally, Ker(f) = f2(U1) @ f(Us) (thus Us := {0}). wrt. the basis B := {b1, f(b1), f2(b1), b2, f(b2)}, f
has the representation matrix diag(.J3(0), J2(0)).

Theorem 14.31. Let f € End(V') such that g splits into linear factors. Then there exists a basis B
of V. with
Blflp = diag(Jn, (M), - -+, Jn, (As)), (JORDAN normal form)

where Ai,...,\s € K are the eigenvalues of f (possibly with multiplicities). The Jordan blocks Jy,, (i)
are uniquely determined up to their order.
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Proof. We put all the puzzle pieces together: Let Aq,..., A\x € K be the distinct eigenvalues of f and
H; := H),(f) fori=1,... k. According to the generalized eigenspace decomposition, V- = H; &®...® Hy

holds. For g; := (f — A\iidv)n,, we have gf* = 0. By [Theorem 14.28, there exists a basis B; of H; with
B; [gl]Bz = dlag(Jml (0)7 R Jmt (O)) ‘
By it follows that

Bilfim B = B.l9i + Niidm B, = B,l9ilB, + Nip[idm] B, = diag(Jm, (0), - ., T, (0)) + Ail
= diag (i, (Ai), -+, Ime (N))-

Thus B := By U...U By, is a suitable basis. For a fixed pair (n;, \;), the number of blocks J,,, ();) is
obtained from applied to g;. O

Corollary 14.32. Every matrix A € C™*™ possesses a Jordan normal form (more precisely: A is
similar to a Jordan normal form).

Proof. According to [Corollary 11.35] u4 splits into linear factors. O

Remark 14.33.

(a) Since the eigenvalues Ai,...,\, cannot generally be ordered in a meaningful way (cf.
mark 11.26)), there is, in contrast to [Theorem 14.28 no canonical order of the Jordan blocks.

However, one can define the lexicographical order

x <1y <= Re(z) <Re(y)V (Re(w) = Re(y) AIm(z) < Im(y))

on C and sort the Jordan blocks first by size and then by eigenvalue wrt. <;. In the following, we
speak somewhat loosely of the Jordan normal form of f.

(b) Let A € K™ In[Theorem 15.39, we construct a field L O K such that uy4 splits into linear
factors in L[X]. One can then regard A as a matrix in L™*" and determine the Jordan normal
form there.

Example 14.34. Let f € End(C?) with
) 0 1
A=[fl=[-5-1 =i -1
-9 0 -1

By Laplace expansion along the second column, one obtains

XF=xa=X+)((X =5)(X+1)+9) = (X +1)(X* —4X +4) = (X +i)(X - 2)%

Thus A1 = 2 and Ay = —i are the eigenvalues of f. Obviously b3 := es is an eigenvector for Ay. Because
of
3 0 1 3 0 1
A-2-13=|-5-1 -2—-1i -1 ~[-5—-1 —-2—1i -1
-9 0 -3 0 0 0
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we have rk(f — 2id) = 2, i.e., A\; = 2 has geometric multiplicity 1. Thus f is not diagonalizable and the
Jordan normal form of f must be diag(J2(2), Ji(—1i)). Because of

0 0 0
(A—2-13)% = |3+4i 3+4i 0
0 0 0

we can choose by := e3 € Ker((f — 2id)?) \ Ker(f — 2id) as in [Example 14.30 For
b2 = (f — 21d)(b1) = (1, —1, —3)

it holds that f(bl) = 2b; + by and f(bQ) = (f — Qid)(bg) + 2by = 2by. For the basis B := {bl, ba, bg},

one obtains

Blfls =

S =N

0 0
2 0 | =diag(J2(2), Ji(—i)).
0

—i

14.3 Applications

Theorem 14.35. Let J := diag(Jn, (A1), ..., Jn,(As)) be the Jordan normal form of A € K™*™. Let
Pl,- .-, Pk be the distinct eigenvalues of A. For i = 1,...,k, let a;, m; and s; be the number, the
mazimum and the sum of the nj with \;j = p;. Then a; is the geometric multiplicity of p; and

xXa=(X—p1)" .. (X —pg)™ pa = (X —p1)™ .. (X — pg)™.

In particular, A is diagonalizable if and only if J is a diagonal matrix.

Proof. One easily sees rk(J —pu;1,,) = n—ay, i.e., a; is the geometric multiplicity of p; (cf.[Theorem 14.28)).
Since J is a lower triangular matrix, s; is the algebraic multiplicity of p;. Since pua does not depend on
the choice of basis, it holds that

0= :UJA(J) = diag(,uA(J'ru(Al)): s 7/JJA(Jns (As»)

From [Remark 14.24] it follows that pg = (X — p1)™ ... (X — pg)™*. The second assertion holds by
LLheorem 10.521 O

Example 14.36. For A = diag(.J3(1), J2(1), J4(i)), it holds that x4 = (X — 1)>(X —i)* and s =
(X —1)3(X —i)L

Corollary 14.37. Let A, B € C™"*". In the case n < 3, it holds that
A~ B < XxA=XB: 4= [B-

In the case n < 6, the following statements are equivalent:
(1) A~ B.

(2) xa = XB, pa = B and the geometric multiplicities of the eigenvalues of A coincide with those of
B.
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Proof. As is well known, A ~ B implies the respective other statement. Now let n < 3, x4 = xB
and pua = pup. Then A and B have the same eigenvalues with the same algebraic multiplicities. Let A
be an eigenvalue with algebraic multiplicity » < 3. For the corresponding sizes of the Jordan blocks
niy > ... >ng of A, it holds that r = ny + ... 4+ ng. Since ny is determined by pu4, k and no, ..., ng
are also uniquely determined by r. Thus A and B have the same Jordan normal form. It follows that
A= B.

Now let n < 6 and be satisfied. Besides r and nj, the geometric multiplicity k& of A is now also
uniquely determined. There are the following possibilities:

e k=1: Here n; =r.
o k =2: Here ng =r — ny.

e k= 3: Because r < 6, (n1,n9,n3) € {(1,1,1),(2,1,1),(2,2,1),(2,2,2),(3,1,1),(3,2,1), (4,1, 1) }.
These triples are uniquely determined by r and n;.

e k =4: Here (n1,n2,n3,n4) € {(1,1,1,1),(2,1,1,1),(2,2,1,1),(3,1,1,1)}.

e k=5:Hereni=r—4andng =...=n5 =1.
e k=06:Hereny=...=ng=1.
In all cases, A ~ B follows. 0

Example 14.38. The matrices

diag(J2(0), J2(0)) 5 diag(J2(0), J1(0), J1(0)),
diag(J3(0), J2(0), J2(0)) # diag(J3(0), J3(0), J1(0))

show that [Corollary 14.37] cannot be extended ton =4 or n = 7.

Theorem 14.39. A matriz A € C™" is nilpotent if and only if tr(A¥) =0 fork=1,...,n.

Proof. Wlog. let A be in Jordan normal form with pairwise distinct eigenvalues Ay, ..., As € C. Let m;
be the algebraic multiplicity of A;. The eigenvalues of A¥ are then )\'f ..., A\¥ with the corresponding
multiplicities. According to [Remark 10.35] it holds that

tr(A%) = m AV + .+ mAE = 0.
If A is nilpotent, then s = 1, \; = 0 and tr(A¥) =0for k=1,...,n.

Conversely, let tr(A*) = ml)\’f +...+m\¥ =0 for k =1,...,n. Suppose indirectly that A is not

S

nilpotent. Wlog. let \; # 0 for i = 1,...,s. Then (my,...,ms)" is a solution to the homogeneous linear
system of equations with coeflicient matrix V' = ()\;) € K*®*5. However, according to Vandermonde,
det(V) = A1... As det(A;-_l) # 0. Contradiction. O

Remark 14.40. [Theorem 14.39 does not hold over arbitrary fields. For example, tr(15) = tr(13) = 0
in Fy for all k£ € N.
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Lemma 14.41. For A € C, n € N and k € Ny it holds that

AP 0
k)\k_l
k_ kY yk— " "
In(N)" = (2))\k 2 . . )
(n 1) Ak n+l . (126) P SV SV
where (];) = w forl=1,...,n—1.
Proof. In the case A = 0 one easily sees:
0 0
0 0
0 .o
J(02 =11 . - s dpOt=f , Jn(0)™ = 0.
0 E
o 1 0 0
0 1 0 0

The general case follows from the binomial formulaﬂ

k

TV = (W + Ja(0)F = 3 <’;> ML (0. 0

1=0
Theorem 14.42. For k € N and A € GL(n,C) there exists a W € C™*" with WF = A.

Proof. Because of (SWS™H)F = SWkS~1 for S € GL(n,C), we can assume that A is a Jordan normal
form. It suffices to construct a k-th root for each Jordan block. So let A = J,(\) with A € C. Since A
is invertible, A # 0 holds. According to there exists a u € C with u* = \. Let J := J,, ().
According to J¥ has entries ku*~' # 0 directly below the main diagonal. Thus p* = X is
the only eigenvalue of J* and the geometric multiplicity is 1. According to [Theorem 14.35 A is the
Jordan normal form of J*. In particular, A ~ J*. O

Example 14.43.
(a) The proof shows J,,(1)¥ ~ J,(1) for all k,n € N. We are looking for a third root of .J3(1). For

100
030
039
it holds that
1 0 0\ /1 00\ /100
Shr1Ps=10 15 o |3 1 0)[0 3 0] =70
0 -9 9/ \3 3 1/ \0 3 9

2The formula is applicable because 1,, and J,,(0) commute.
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For

1 0 0\ /100 1 00
W:=85"1751)S={0 13 0 1 30|=(Ys 1 0
0 —1/9 19/ \O 6 9 —1/9 1/3 1

it holds that W3 = J3(1). In [Theorem 15.35] we determine the number of k-th roots of .J,,(\) for
all A€ C and n,k € N.

(b) The nilpotent matrix Jo(0) has no square root, because for A € K2*2 with A% = J,(0), it would
follow that A* = 0 and thus A%2 = 0 (Remark 14.27).

(c) One can easily verify that J3(1) € GL(2,F2) also has no square root.
Theorem 14.44. For all A € C"", A ~ A" holds.

Proof. As usual, we can assume A = J,()\). Since ) is the only eigenvalue of A* and the geometric
multiplicity is 1, A is the Jordan normal form of A®. O

Remark 14.45. One can also verify [['heorem 14.44| directly:

0 1\ Y 0 1 0 1 _
In(N) = ' = J,(\

In [Theorem 15.25| we prove [Iheorem 14.44] over arbitrary fields.
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15 The Frobenius Normal Form

15.1 Irreducible Polynomials

Remark 15.1. In this chapter, we construct a normal form for endomorphisms that, in contrast to the
Jordan normal form, exists over every field. Since in general not every polynomial splits into linear factors,
one cannot expect the normal form to be a triangular matrix . Nevertheless, we achieve
the same number of zero entries as in the Jordan normal form. The basic idea is to factorize the minimal
polynomial into “small” polynomials as much as possible. As always, let V' be a finite-dimensional
K-vector space.

Definition 15.2.

e A monic polynomial o € K[X]\ K is called irreducible, if there is no factorization o = v with
B,y € K[X]\ K (cf. prime number).

o We call a, 8 € K[X] coprime, if every common divisor of @ and £ is constant, i.e., lies in K.

Example 15.3.

(a) Monic polynomials of degree 1 are irreducible, because deg(af) = deg(a)+deg(p) for o, § € K[X].
In C[X], conversely, every irreducible polynomial has degree 1 according to the Fundamental
Theorem of Algebra and In general, monic polynomials of degree < 3 are irreducible
if and only if they have no root. For example, X2 + X + 1 € F5[X] is irreducible.

(b) The polynomial X2—2 is irreducible in Q[X], but not in R[X], because X2 —2 = (X ++v/2)(X —v/2).
Similarly, X2 + 1 is irreducible in R[X], but not in C[X] due to X2 +1 = (X +1i)(X —i).

(¢) Two different irreducible polynomials are coprime. If v € K[X]\ K is a common divisor of o and
B, then every irreducible divisor of « is also a common divisor of @ and . Thus, « and (8 are
coprime if and only if they have no irreducible common divisors.

Theorem 15.4 (Euclidean Algorithm). Let o, f € K[X] with deg o > deg 8. The following algorithm
determines whether o and 8 are coprime:

(1) Set ap := v, a1 :=f and i := 1.

(2) Repeat:
e Fuclidean division: a;—1 = ay; + a1 with deg(a;11) < deg(ay).
o If ay1q1 =0, then terminate.
e Increase i by 1.

(8) a and 8 are coprime if and only if a; € K holds.
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Proof. Every common divisor of ;1 and «; also divides ;1 — «a;y; = ;41 for ¢ = 1,2, .... Since
deg(ay;) decreases with each Euclidean division, the algorithm must terminate after finitely many steps.
At the end, ;41 = 0 # oy, i.e. a;—1 = ay7y;. Therefore, o and § are coprime if and only if «a; is
constant. O

Example 15.5. Let a = X%+ X4+ X3 +1 € Fo[X] and f = X* + X3 + X + 1 € Fo[X]. We have

X+ X4 X 41 =X+ X+ X+ DX+ X+ X34 X +1 ==X+ X2+ X +1,
X'+ X3+ X +1=X+ X+ X+ )X+ X% +1 — a3 =X?+1¢T,,
X34+ X2 4+ X+1=(X24+1)(X+1) — a4 =0.

Thus X2 + 1 is a common divisor of & and f3.
Lemma 15.6 (BEzouT). If o, 8 € K[X] are coprime, then there exist &, e K[X] with aa + BB =1.

Proof. By assumption,  and 3 are not both 0. Thus there exist &, 3 € K[X] such that p := i+ 65 # 0
has minimal degree. Euclidean division yields 7,0 € K[X] with a = vp + 0 and degd < deg p. Thus

§=a—vp=a—yad—y88 = a(l — &) — B(vB).

The choice of p shows § = 0. It follows that p | a. Analogously, we obtain p | 5. Since o and 3 are
coprime, p € K*. After normalization, one can assume p = 1. O

Remark 15.7. The polynomials & and B in |[Lemma 15.6| can be calculated by reading the Euclidean
algorithm backwards

o = Qg2 — O—-17%i—1 = Q-2 — (%‘—3 - 04i—27i—2)%’—1 = o—37%i—2 t+ ai—2(1 - %—2%’—1) =...

and dividing by «;.

Example 15.8. Let o := X3+ X2+ 1 and 3 := X2 — X. The Euclidean algorithm yields

X+ X24+1=(X?-X)(X+2)+2X +1
1
X2—X:(2X+1)Z(2X—3)+%

Thus
Z:B—i(2X+1)(2X—3)zﬂ—i@—ﬁ(XJr?))(?X—?’)
= _3(2)( —3)a+ i<4 + (X +2)(2X — 3))5
and

1 1
—3( X—3)a+§(2X2+X—2)ﬁ: 1.

Theorem 15.9 (Prime factorization in K[X]). Every monic polynomial in K[X]\ K is a product of
wrreducible factors, which are uniquely determined up to their order.
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Proof. Let o € K[X] be monic. Induction on d := deg(«). If « is irreducible (for example d = 1), then
we are done. Otherwise aw = B~y with deg(f), deg(y) < d. We can assume that 5 and 7 are monic. By
induction, 8 and - are products of irreducible factors and therefore so is «.

Now let « = 01 ...0, =71 ... Ty with irreducible polynomials o1, ...,0p,71,...,Tm € K[X]. Induction
on m. In the case m =1, n =1 and o1 = 71. Now let m > 2. In the case o1 # 71, 01 and 7y are coprime.
By Bézout there exist ¢,7 € K[X]| with 016 + 717 = 1. It follows

01(0T ... T+ 02...0nT) = T2 ... Ty
Inductively one obtains o7 = 7; for some i € {1,...,m}. Then o9...0,, = T1...T—1Ti41 ... T and

induction yields {o1,...,0n} = {71,..., Tm }- O]

Example 15.10. As with natural numbers, we will group identical irreducible factors into powers in
the prime factorization of polynomials. For example,

X4 X5 X' - X3 =X3(X +1)3X —-1).

From an algorithmic point of view, determining the prime factorization (of numbers as well as polyno-
mials) is a very difficult problem.

Corollary 15.11. Let o, 5 € K[X] and v be an irreducible divisor of afB. Then v | o or | B holds.

Proof. Because v | af8, v must appear in the prime factorization of af. This prime factorization is
obtained by combining the prime factorizations of @ and . Thus v must appear in the factorization of

« or . O

ag

Theorem 15.12 (Primary Decomposition). Let f € End(V) and py = 77" ...,
factorization of py in K[X]. Then

V =Ker(¥(f)) @... ® Ker(v2*(f))

is a decomposition into f-invariant subspaces. Furthermore, ;" is the minimal polynomial of the
restriction of [ to Ker(’yiai(f)) fori=1,... k.

be the prime

Proof. For 1 <1i <k let V; := Ker(v;"(f)). For v € V; we have

% (N W) = F(i () w) = £(0) =0,

i.e. f(v) € V;. Thus V; is f-invariant. To prove the direct decomposition, we argue by induction on
k. For k =1 we have V; = Ker(us(f)) = Ker(0) = V. So let £ > 2. The polynomials a := 77" and
B = ~5%...7.* are coprime, since they have no irreducible common divisor. By Bézout there exist

&, B € K[X] with aa + 8B = 1. Let Vi := Ker(8(f)). Because (af)(f) = 0 = (Ba)(f), it follows that
B(f)(V)C Vi and a(f)(V) C Vp. It follows that

V =id(V) = (a@+ BB)(F)(V) C a(f)(V) + B(f)(V) C Vs + V.

For v € V4 N Vg, on the other hand,

v = (ad+ BB)(f)(v) = a(f)(a(f)(v) + B(F)(B(f)(v)) = 0.
This shows V = V1 @ V3.
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The minimal polynomial oy of the restriction fjy; divides a, because a(f)(V1) = 0. In particular,
deg(a1) < deg(w). Likewise, § is divisible by the minimal polynomial £ of fz := fiv,;- Because
V = Vi @ V3, on the other hand, (a181)(f) =0 and py | aq51. From

deg(a) + deg(B) = deg(uy) < deg(a11) = deg(az) + deg(p1)

it follows that a1 = o and 1 = . We can now apply the induction hypothesis to fg € End(V3). For
i=2,...,k we have Ker(v;"(fg)) = Vi N Vg = V;. This shows

Vﬂz‘/g@...@‘/k.

The claim follows from [Cemma 8.0 O

Remark 15.13. Suppose that pf splits into linear factors, i.e. 73 = X — A; for ¢ = 1,..., k, where
A1, ..., A\, are the distinct eigenvalues of f. Because

Ker(v{(f)) = Ker((f — A;id)*) C Ker((f — \;id)") = Hy, (f)

the primary decomposition coincides with the generalized eigenspace decomposition from [Theorem 14.19}

Definition 15.14. For v € V and f € End(V), one calls U := (f%(v) : i € Ng) <V a cyclic subspace.
Obviously U is f-invariant. We denote the minimal polynomial of fi7 by .

Remark 15.15. Let f € End(V) and v € V'\ {0}. Let d € N be minimal such that v, f(v),..., f¢(v) are
linearly dependent. Then there exist ao, . ..,aq_1 € K with f4(v)+ag_1 f¥ 1 (v)+...+a1f(v)+agv = 0.
Let o= X9+ aq 1 X'+ ... +ag € K[X]. Then

a(f)(f'(v)) = f(a(f)v)) = F1(0) =0

for all i € Ng. Thus p, | a. Since v, f(v),..., f4!(v) are linearly independent, on the other hand
deg(py) > d. This shows p, = a.

Lemma 15.16. For f € End(V) there exists a v € V with p1, = py.

Proof. Let V; := Ker(7{(f)) for i = 1,...,k as in [Theorem 15.12| For v € V;, (f/(v) : j € No) C V.
Therefore 1, is a divisor of ;. By the unique prime factorization, j, = 'yf " for some b; < a;. Since ;"
is the minimal polynomial of fjy;, there must exist a v; € V; with ., = i We set v i= vy + ... + vg.
Since V; is f-invariant, p,(f)(v;) = 0 for ¢ = 1,..., k. This shows ~;" = p,, | p, and it follows that
My = [bf- 0

15.2 Companion Matrices

Remark 15.17. We define the counterpart to the Jordan blocks over arbitrary fields.
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Definition 15.18. For a := X" +a, 1 X" ' +... +ap € K[X]\ K, one calls

0 —ag
Bl)y= |1 erm
: .
0 1 —Ap—1

the companion matriz of 04E|

Example 15.19. Obviously Bx» = J,(0) is a Jordan block and Bxn_; = P, is the permutation
matrix of the n-cycle o0 = (1,...,n).

Lemma 15.20. Let o € K[X]|\ K be monic and k € N. Then:

(@) XB(a) = HB(a) = Q-
(b) a(B(ar)) ~ diag(Jk(0), ..., Jk(0)).

Proof. Let o = X"+ ap_1 X" 1+ ... + ao.

(a)

Let B := B(a). For i = 1...,n —1 it holds that Be; = e;,1. Therefore e;, Bey, ..., B" le; is the
standard basis of K™ and deg(up) > deg(ie,) > n. On the other hand,

a(B)e; = B 'a(B)e; = B (Bey, + an_1€, + ... + ajea + ager) =0

for i =1,...,n. This shows up | a. Overall, up = a. By Cayley-Hamilton, xp = up because of
deg(xB) = n.
Let d := deg(a®) = kdeg(a) = kn. For A := B(a*) and N := a(A), it holds that N* = a*(4) =0

according to According to|Theorem 14.28) N has a Jordan normal form J consisting of blocks
of the form J;(0) with [ < k. As in @, ei+1 = Ae; for i =1,...,d — 1. Therefore the vectors

Ne; = Ae; + an,lAn_lei +...t+€ €engi + <€1, RN en+i71>

are linearly independent for i = 1,...,d — n. This shows rk(N) > d — n and dim Ker(N) < n by
the homomorphism theorem. Thus J has at most n Jordan blocks. Consequently, these must all
have size k x k. O

Theorem 15.21. Let f € End(V') with xy = pg. Then there exists a basis B of V with g[f]lp = B(uf).

Proof. Let n := dim V. According to|Lemma 15.16} there exists a v € V with p = p,. For U := (f*(v) :
i € Ng) <V it holds that

n = deg(xs) = deg(uy) = deg(py) < dimU.

Thus U = V. According to [Remark 15.15, B := {v, f(v),..., f* *(v)} is a basis of V and g[f]p =
B(py). O

'The letter B derives from the German term Begleitmatriz.
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Theorem 15.22. For every matriz A € K™ the following holds:

(a) There exist uniquely determined monic polynomials a1, ..., o € K[X]\ K with ag | ag—1 ] ... | a1
and
A~ diag(B(a), ..., Blay)). (FROBENIUS normal formED

In this case, pa = a1 and xa4 = Q1 ... Q.
(b) There ezist irreducible polynomials v1,...,vs € K[X] and ay,...,as € N with

A = diag(B({), .., B(15™)). (WEIERSTRASS normal form)

In this case, the powers v{*, ..., 7% are uniquely determined up to their order and x4 = 7" ... v%.
Proof (JAacoB). Let V := K™ and f € End(V) with [f] = A. According to [Lemma 15.16] there exists
v eV with ag := py = py. Let d := deg(ov) and

U:={(fi(v):ieNg) <V.

According to B(on) is the representation matrix of fiy wrt. {b; := f*"'(v):i=1,...,d}.
In the case U =V, we are finished. So let U < V. We extend the b; to a basis by,...,b, of V. Let
by, ..., b} be the dual basis of V* and f* € End(V*) be the dual map to f. According to
U® < V*is f*-invariant. The cyclic subspace

L= {((f)(b}) :i € Ng) < V*

is also f*-invariant. Because [f*] = A' (Theorem 7.49)), oy | pp« = py. In particular, dim L < d.

Suppose there exist A1,..., A\ € K with ¢t <d, A\y # 0 and
v =) M) TNy € LN U
i=1

According to [Remark 7.50, (f*)! = (f%)* holds for i € Ng. The contradiction follows:

t .

0= 0" (hu-e1) = b3 (DM uein)) = BiAuba) = v
i=1

Therefore, {(f*)!(b%) : i =0,...,d—1}is a basis of L and LNU° = {0}. From dim U° = n—dim U = n—d
it follows that V* = L @ U°. According to |[Lemma, 7.43]

V=LiaU,

where Lg is f-invariant according to The minimal polynomial of f; := fr, divides a;.
By induction on n, f; possesses a Frobenius normal form diag(B(az2), ..., B(ag)) with oy | ag—1 | ... |
az = pf, | a1. Altogether, a Frobenius normal form exists for f. From the block diagonal form and

emma 15.20] it follows that x4 = a1 ... ay.

For uniqueness, we first construct the Weierstrass normal form. For this, let up =~7" .. .716’ be the prime
factorization, V; := Ker(v;*(f)) and f; := fiy; for i = 1,...,l. According to the primary decomposition,

V=We&...oV

2or rational canonical form
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and pg, = v;*. A Frobenius normal form of f; thus has the form diag(B(v;"),...,B(y;*)) with
1<ay,...,as < c¢i. From this, one obtains a Weierstrass normal form for f. According to [Lemma 15.20

diag(Ja, (0), ..., Ja, (0), ..., Ja, (0),..., Ja (0))

deg(v:) deg (i)

is the Jordan normal form of 7;(f;). Therefore, the numbers aq,...,as; are uniquely determined.
Conversely, let B(p) with p € K[X] be a block of any Weierstrass normal form W of f. Then there
exists an f-invariant subspace U < V' such that p is the minimal polynomial of fj;;. It follows that
p | y. According to[Corollary 15.11} p | ~;* for some i and U < Vj. The corresponding blocks of W thus
also provide a Weierstrass normal form of f;. Since the numbers a1, ..., as are uniquely determined,
the Weierstrass normal form of f is also uniquely determined (up to the order of the blocks).

Finally, we consider the f-invariant decomposition V. =U; & ... ® Uy of a Frobenius normal form of
[ as above. Let a; = ;" ... 7 be the prime factorization of the minimal polynomial of Jiv;- In the

Weierstrass normal form of f|y;,, the blocks B (’yf “) with j = 1,...,s must then occur. Since o; is also
the characteristic polynomial of fir;, (Lemma 15.20)), no further blocks can occur. Together, all B (’yfj” )
yield the unique Weierstrass normal form of f. In this way, a1,...,a; are also uniquely determined

(see [Example 15.24)). O]

Remark 15.23.

(a) In contrast to the Jordan normal form, the blocks B(«;) of the Frobenius normal form are in a
fixed order. Furthermore, the Frobenius normal form does not depend on the factorization of the
minimal polynomial. In particular, the Frobenius normal form does not change if K is replaced
by a larger field (for example Q C R C C).

(b) The polynomials a1, ..., a in the Frobenius normal form can alternatively be described by the
sequence f1 = aj/ag, P2 = as/as,..., Bk = ai. Conversely, if arbitrary monic polynomials
B1, - .., 0k are given, one obtains the Frobenius normal form

diag(ﬁl...ﬁk,ﬂg...ﬁk,...,ﬂk) e Kmxn

with
n = deg(51) + 2deg(B2) + ... + kdeg(Bk).
In this way, the similarity classes of matrices can be systematically enumerated. If one only wants

to count invertible matrices, all 5; must have a constant term # 0 (otherwise X would be a divisor
of the characteristic polynomial).

(c) If ¢ := |K| < oo, then there are exactly ¢¢ monic polynomials of degree d > 0. Among these,
q% — %! have a constant term # 0. Let n = 4. With the notation from @ there are the following

possibilities:
deg(B1) deg(B2) deg(B3) deg(Bs) | Number invertible
0 0 0 1 q q—1
1 0 1 ¢ (¢—1)°
2 1 ¢ | (@-a(g—-1)
0 2 7 ¢ —q
4 w - P

In total, there are ¢* + ¢® + 2¢2 + ¢ similarity classes of matrices in K***. Of these, ¢* — ¢ consist
of invertible matrices.
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(d) If A is nilpotent, then the Jordan, Frobenius, and Weierstraf normal forms coincide.

(e) A disadvantage of the Frobenius normal form is that companion matrices are less easy to multiply
than Jordan blocks. Another disadvantage is that the Frobenius normal form F' is a diagonal
matrix only if A = F' is a scalar matrix (note deg(u4) = deg(aq) = 1). However, one can see from
the first block B(«a;) whether A is diagonalizable (Theorem 10.52)).

(f) Note that the irreducible polynomials 7; in the Weierstraf normal form are not necessarily distinct.
Since these polynomials arise from the prime factorization of the «;, the Weierstraft normal
form, in contrast to the Frobenius normal form, depends on K (in a larger field, the 7; might
decompose). A is diagonalizable if and only if the Weierstrafs normal form is a diagonal matrix.
In this case, the Weierstraft normal form thus coincides with the Jordan normal form.

Example 15.24.

(a) Let «, 8, € K[X] be irreducible. The conversion between Frobenius normal form and Weierstrass
normal form works as follows:

diag(B(c”$%y), B(a?B%), B(a)) ~ diag(B(«), B(e?), B(a?), B(5?), B(5°), B(v)).

(b) The calculation of the Frobenius/Weierstrass normal form (by hand) is naturally very labori-
ous. Our proof of for example, is not constructive, but there are corresponding

algorithms.lﬂ Often one can use ad hoc arguments. The matrix

7 -1 -3
A:=130 -4 —15]| e Q>3
0 0 1

has the characteristic polynomial
xa=((X=7(X4+4)+30)(X-1)=(X*-3X +2)(X — 1) = (X —1)*(X —2).

Because of
6 -1 -3 5 —-1 -3
(A—19)(A—2-13)= (30 —5 —15 30 -6 =15 =0

0 0 0 0 0 -1
we have pg = (X —1)(X — 2). Thus
B(X-1) 0 Lo 0
0 B(n) =10 0 -2
a 01 3

is the Frobenius normal form of A. The Weierstrass normal form, on the other hand, is diag(1, 1, 2).

¢) We describe the similarity classes of matrices in F3*3 with the sequence (1, ..., B;) from [Re
2

mark 15.23;
(1,1,X) = 03, (1,1, X +1) =13, (X, X),
(X, X +1) ~ diag(1,1,0), (X +1,X) ~diag(1,0,0), (X +1,X +1) = Py),
(X3) = J3(0), (X34+1) = Paog), (X?+X),
(X3 + X +1), (X3 + X?), (X3 + X2 +1),
(X3 + X2+ X), (X3+ X%+ X +1).

3see [M. Geck, On Jacob’s construction of the rational canonical form of a matriz, Electron. J. Linear Algebra 36 (2020),
177-182]
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Thus there are exactly 14 similarity classes, six of which belong to invertible matrices (which
ones?).

Theorem 15.25. For all A € K™ ", it holds that A ~ A",

Proof. According to the Frobenius normal form, one can assume A = B(«) for a monic polynomial
a € K[X]\ K. By [Lemma 15.20 and |[Exercise 11.4] we have x4t = x4 = 4 = pa¢. By [Theorem 15.21
Ul

At =~ A.

Remark 15.26. A direct proof of [Theorem 15.25] can be found in [Exercise 11.27]

15.3 Centralizers

Definition 15.27. For f € End(V) and A € K™*", let

C(f):={9€End(V): fog=go f} CEnd(V),
C(A):={Be K"":AB = BA} C K™"

be the centralizer of f and A, respectively.

Remark 15.28. Obviously, centralizers are subspaces. For C, D € C(A), it also holds that CD € C(A).
For S € GL(n, K), we have C(SAS™!) = SC(A4)S~!. Therefore, dim C(A) is an invariant of the
similarity class of A. It holds that

{a(A):a € K[X]} = (A :i € Ng) C C(A).

We investigate when equality holds.

Example 15.29.

(a) Let A € K™ be a diagonal matrix. After permutation of the basis vectors, we can assume
A = diag(Mi1g,, ..., \glg,) with pairwise distinct Aq,...,A\; € K. According to ,
C(A) = {diag(A1, ..., Ay) : Vi : A; € K%*%}, In particular, dim C(A) = Ele d?. This will be
generalized in [Exercise 11.30f and [Remark 15.33]

(b) Let A € K™ and D := diag(4,...,A) € K%¥*d Let B = (B;;) € K%*% with blocks
B;j € K™ Then

AB11 -+ AByg B A - By A
: : =DB=BD = : : <= Vi,j: B;j € C(A).

ABy1 -+ ABpyg BrA -+ B A
In particular, dim C(D) = k? dim C(A).

(¢) According to |[Exercise 11.22] dim C(J,(\)) = n for all A € K. This will be generalized in
[Corollary 15.34)
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Lemma 15.30. Let V., W be vector spaces and f € End(V), g € End(W) with x¢ = puy | xg = fig-
Then
H:={h € Hom(V,W):ho f=goh}

is a vector space with dim H = dim V.

Proof. Let d := dimV and e := dim W. Because xy = py and x4 = jig, there exist v € V and w € W
with , _

V=(f(v):i=0,...,d—1), W= {(¢"(w):i=0,...,e—1).
Let h € H. Then there exists exactly one polynomial o € K[X] with h(v) = a(g)(w) and deg(a) < e.
Fori=1,...,d— 1 it follows that h(f*(v)) = g*(h(v)). Thus h is uniquely determined by «. According

to the map H — K[X], h — « is linear and injective. Because
0= h(ps(f)(v) = ps(9)(h(v)) = ns(g) (alg)(w)) = (apr)(g)(w)

it also holds that g | apy, ie. 7:= Z—J‘i | a. Let P; C K[X] be the vector space of all polynomials of
degree < d. Then
I': H— Py, hw— a/T

is an injective linear map.

Conversely, let 8 € Py be given and « := 7. Then g | apy holds. We define h € Hom(V, W) by
h(v) = a(g)(w) and h(fi(v)) = ¢g'(h(v)) fori=1,...,d — 1. For i = 0,...,d — 2 it then holds that

(ho f)(f'(v)) = ¢ (h(v) = g(g' (h(v))) = (g 0 h)(f'(v)).
Let pnp = X944 ag_1 X1 + ... + ap. Because us(f) = 0 it holds that
(ho f)(fd_l(v)) = h(fd(v)) = h(—ad,lfd_l(v) — = aov) = —ad,lgd_l(h(v)) — ... —aph(v)
= g%(h(v)) = ps(9)(h(v)) = g*(h(v)) — (upa)(g)(w) = g*(h(v)) = (g o h)(F¥7}(v)).
This shows h € H with I'(h) = . Thus I is an isomorphism and dimH = dim P; =d =dimV. O
Example 15.31. Let V = K and f = Aidy for some A € K. For h € H it holds that Ah(1) =
h(f(1)) = g(h(1)), i.e. h(1) is an eigenvector of g for the eigenvalue A. Furthermore, H — FE\(g),

h + h(1) is an isomorphism. Because dim H = 1, A has geometric multiplicity 1. This can of course
also be derived directly from the condition x5 =X — A | xg = pg-

Theorem 15.32 (FROBENIUS). Let A € K™*™ with Frobenius normal form diag(B(a1), ..., B(ax)).
Then

k
dim C(4) =Y (2i — 1) deg(a).

=1

In particular, dim C(A) > n with equality if and only if x4 = pa.

Proof. Let d; := deg(c;) and A; := B(oy) € K%*% for i = 1,..., k. According to , we
can assume A = diag(A1,...,Ay). Let C = (Cy;) € K™™ be a block matrix with C;; € K%*% for
1<4,57 <k. Then

C e C(A) <— (CA=AC — Vi, j : CijAj = A,CU
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For i < j, it holds that XA; = HA; = Q4 | i = x4, = pa, according to [Lemma 15.20, According to
emma 15.30} there are d; linearly independent possibilities for the choice of Cj;. In the case ¢ > j, we
can consider

CLAL = (AiCy)" = (Cy4;)* = A5Cy;.

Because of x 4t = a; = gt (Exercise I1.4)), there are d; linearly independent possibilities for C’itj (and

thus also for CZ’U) Since the blocks C;; in C' can be chosen independently of each other, one obtains

k
dim C(A) = )~ min{d;, d;} = dy + 3dy + 5d3 + ... + (2k — 1)d, > dy + ...+ dp, =n
i =1
with equality if and only if £ =1 and pg = a3 = x4 (Theorem 15.22]). O

Remark 15.33. In [Remark 15.23] we described the Frobenius normal form using the polynomials
Bi = ai1/ay, B = as/as,..., B = ay. It holds that deg(e;) = deg(BiBit1...5) = Y., deg(;)

and >, (2i — 1) = m? according to This shows

k
dim C(A) =Y 1 deg(B)).
=1

Corollary 15.34. Let A € K™™ with xa = pia. Then C(A) = (A" :i=0,...,n—1).

Proof. From deg(pa) = deg(xa) = n, it follows that dim C(A) > dim(A® : i € Ng) = n. According to
Frobenius, on the other hand, dim C(A) = n. O

15.4 Splitting Fields

Theorem 15.35. For n,k € N and \ € C, there exist exactly k matrices W € C™™ with W* = J,(\).

Proof. Let J := J,()\). By [Theorem 14.42| there exists at least one k-th root W with W* = .J. For
every k-th root of unity ¢ € C, ((W)* = J also holds. By M there exist at least k roots of
J. By [Corollary 15.34|it holds that W € C(J) = (J' : i € Ny). In particular, W is a lower triangular
matrix with diagonal (u,...,u) for a k-th root of unity p (cf. . By replacing W with

p W, one can assume p = 1.

Conversely, let A € C"*" with A* = .J. Then A is also a lower triangular matrix with diagonal (¢, ..., ()
for a k-th root of unity (. Since B := (W € C(J) is a polynomial in J, A and B commute. It follows
that

0=A" - B* = (A— B)(A* '+ A* 2B+ ...+ AB* 2 + Bk 1),

=:C

Obviously C' is a lower triangular matrix with main diagonal k¢*~1(1,...,1) # 0. In particular, C is
invertible and A — B=0-C~ ! =0,i.e. A= B. O

Theorem 15.36 (SCHUR’s Lemma). Let f € End(V'). Then xy is irreducible if and only if {0} and V
are the only f-invariant subspaces.
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Proof. Let {0} and V' be the only f-invariant subspaces of V. According to the Frobenius normal form,
Xf = pf- Let v be an irreducible divisor of piy. Then U := Ker(y(f)) <V is an f-invariant subspace.

For v € V with p1, = p¢ (Lemma 15.16)), 0 # %(f)(v) € U holds. This shows U =V and x5 = pf =7

is irreducible.

Conversely, let x; be irreducible and U <V be f-invariant. We extend a basis By of U to a basis B of
V. Then

B[f]B _ (Bl[f\OU}BI *)

*

This shows xy,, | x5 and xy,, € K. It follows that U = {0}. O

Theorem 15.37. For every irreducible polynomial v € K[X], L := C(B(y)) is a field with dimy L =
deg(7).

Proof. Let n :=deg(v),V = K™ and f € End(V) with A := B(y) = [f]. By Xf=Hf=".
By [Corollary 15.34 L = (A : i € Ng) € K™*". In particular, the (matrix) multiplication in L is
commutative. For g € C(f) \ {0}, Ker(g) <V is, as usual, an f-invariant subspace. By Schur’s Lemma,
Ker(g) = {0} and g € GL(V). Since g is in C(f), g~ ! is also in C(f). Thus every non-trivial element in
L has an inverse wrt. multiplication. The remaining field axioms for C(A) follow from the calculation
rules in K™*". By |Corollary 15.34] dim L = n. O

Example 15.38.

(a) As is well known, v := X? + 1 € R[X] is irreducible. Let A := B(vy) = (? ') € R?*2. According

to Theorem 15.37, C(A) = {(??) : a,b € R} is a field. In fact, C(A) coincides with the
construction of C in the proof of [Lemma 11.24]

(b) For v = X? —2 € Q[X], C(B(v)) = Q(v2) is the field from
(c) For v:= X2 4+ X + 1 € Fo[X],

coon—{ours(01).(¢ 1)

is a field with four elements.

Theorem 15.39. For every monic polynomial o € K[X], there exists a field L O K such that o splits
into linear factors in L[X].

Proof. In the case deg(a) = 1, « itself is a linear factor. So let deg(a) > 2. Let v be an irreducible

divisor of a with d := deg(7y). According to [Theorem 15.37, Ly := C(B(v1)) is a field. We can identify
K with the scalar matrices {\14 € L1 : A € K} (the calculation rules for scalar matrices correspond to

those in K). For x := B(y) € L1, we have y(x) = 0, i.e., x is a root of 7. According to [Lemma 10.22
a = (X — )8 holds for some 8 € L;[X] with deg(8) = deg(a) — 1. By induction on deg(«), there
exists a field L O L in which g splits into linear factors. Obviously, « also splits into linear factors in

L[X]. 0

Definition 15.40. In the situation of [Theorem 15.39| L is called a splitting field of a (not uniquely
determined).
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16 The Jordan-Chevalley Decomposition

16.1 The Chinese Remainder Theorem

Remark 16.1. We extend our knowledge about polynomials. With this tool, we decompose a matrix
in a unique way into a diagonalizable part (over a splitting field) and a nilpotent part.

Definition 16.2. Let «, 3,0 € K[X]| with § # 0. We say « is congruent to  modulo ¢ if § | o — . If
applicable, we write « = (mod 9).

Lemma 16.3. Congruence modulo 6 € K[X]|\{0} is an equivalence relation on K[X|. For a;, 5; € K[X]
with a; = B; (mod §) (i = 1,2), it holds that oy + ag = 1 + P2 (mod 6) and ajop = B12 (mod 6).

Proof. Because § | 0 = a — «, we have a = o (mod 9). From a = § (mod §) it follows that f = «
(mod §). Now let a = 8 (mod §) and 8=~ (mod d). Then § | (a« — )+ (B—7) =a—~vand a =~
(mod §) holds. Therefore, = is an equivalence relation. From a; = 5; (mod 6) it follows that

8| (a1 = p1) + (a2 — B2) = (o + ) — (B1 + ),
§ | (a1 = Br)ag + (ag — B2)B1 = arag — f1Ba.

This shows the second assertion. O

Example 16.4.
(a) For 6 € K*, we have o = 8 (mod ¢) for all o, f € K[X], i.e., = is the trivial relation.
(b) It holds that & = 8 (mod X) if and only if @ and 8 have the same constant term.
(c) For all @ € K[X] there exists a § € K[X] with a = (mod 0) and deg(f) < deg(d). This follows

from Euclidean division.

(d) [Lemma 16.3| simplifies many divisibility considerations: To check whether
a=(X2+X+2)"+(X° - 1)(X®+ X) € Q[X]

is divisible by § = X + 1 € Q[X], one can perform the congruence with each individual term.
Because

X2+ X+2=X(X+1)+2=2 (mod ),
X 1=X+D)X*"- X3+ X? - X +1)-2=-2 (mod ),
X4+ X4+10=(X+1)(X>-X+2)+8=8 (mod )

it holds that a = 2% + (—=2)8 =0 (mod d), i.e., § | a.
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Theorem 16.5 (Chinese Remainder Theorem). Let o, ..., a, € K[X]\ {0} be pairwise coprime and
Bi,...,0n € K[X] be arbitrary. Then there exists a v € K[X]| with v = ; (mod «;) fori=1,...,n.

Proof. For i =1,...,nlet o} :=1] ;41 @ According to [Corollary 15.11} every irreducible divisor of o
must divide an a; with j # 4. Since o; and «; are coprime, a; and o must also be coprime. By Bézout,
there exist 71, ...,v, € K[X] with a}v; =1 (mod «;). Let

n
yi= alB
i=1
Then v = o}f;vi = i (mod «;) holds for i = 1,...,n. O

Remark 16.6. Along with 7, v+ p[[;-; a; also satisfies the congruences from the Chinese Remainder
Theorem for all p € K[X]. Therefore, there are infinitely many solutions.

Example 16.7. Since the polynomials X2 —2, X? +1 € Q[X] have no common roots, they are coprime.
Suppose we are looking for v € Q[X] with

y=X (mod X% -2), y=3 (mod X?+1).
Bézout yields (X2 +1) =1 (mod X% —2) and —3(X? —2) =1 (mod X2+ 1) (if in doubt, one must
use the Euclidean algorithm). As in the proof of [Theorem 16.5

1 1 1 1
7:g(X2+1)X—g(X2—2)3:§X3—X2+§X+2

is a solution to the congruences.

Definition 16.8.
o For a =3 a,X" € K[X] we define the (formal) derivative

(o]
o = Z k:akafl
k=1

of o as in analysis.
e An irreducible polynomial « is called separable, if @’ # 0. An arbitrary polynomial « is called
separable, if all irreducible divisors of « are separable (the opposite is inseparable).
Example 16.9.
(a) The constant polynomials are separable, since they have no irreducible divisors.

(b) If the map N — K, n +— n - 1x is injective, then o/ # 0 holds for all « € K[X]\ K. In particular,
every polynomial in C[X] is separable.
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(c) Over finite fields, the condition o’ # 0 is less obvious. For example, (X?2)’ = 0 holds in Fa[X].
Let generally o = Y ap X* € Fo[X] with o/ = Y kapX*~' = 0. For odd k it follows that
apX* 1 = kap X*1 = 0, thus a; = 0. This shows

a=ag+aX?+... +ayX"
for some n € N. Because of (z +¥)? = 2% + 22y + % = z + y in Fy one obtains inductively
a=(ag+aX +...+ agn X™)2.

In particular, « is reducible (i.e., not irreducible). Thus every polynomial in Fo[X] is separable.

(d) One constructs Q from Z by introducing fractions. In the same way, one can obtain the field of
rational functions

K(X):= {% ‘o, € K[X], 8 # o}

from K[X] by introducing fractions of polynomials. Specifically, let K := Fo(X). One can show
that o := X2 +Y € K[Y] is irreducible and inseparable.

Lemma 16.10. For «, 5 € K[X]| we have

(a+B) =d+p, (Sum rule)
(aB) =d'B+ap’. (Product rule)

Proof. For a = 3" a; X* and 8 = 3" b, X* we have

(a+p8) = (Z(ak + bk)X’“), = k(ay + b)) X*!
= kapXF 4> kb X =a/ + 5.

From this it follows that

(aB) = (i akbszH)/ = Zakbl (XHH) = Z(k + Dagh X FH-1
kel

k=0 kil
= kaph XM 4> lah X = o/ B+ 0f. O
k,l kil

Lemma 16.11. Let v € K[X] be irreducible. Then ~y is separable if and only if v has no multiple roots
i a splitting field.

Proof. Let A € L be a root of v in a splitting field L. Then there exists a p € L[X] with v = (X — A)p.
From the product rule it follows that

YV =p+ X =)

and +'(\) = p(A\). If v is inseparable, then p(A) =+/(\) = 0, i.e., A is a multiple root. Conversely, let
be separable, i.e., 7' # 0. Then 0 < deg(y') < deg(y). Since v is irreducible, 4/ and v are coprime. By
Bézout, there exist «, 8 € K[X] with ay + 89 = 1. Tt follows that 3(A\)y'(A) = 1 and p(A) =~/(\) # 0.
Thus A is a simple root. Since A was arbitrary, all roots are simple. O
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16.2 Separable and semisimple maps

Definition 16.12. We call f € End(V) (resp. A € K™*")
o separable, if g (vesp. pu4) is separable.

o semisimple, if p1y (resp. pa) factors into pairwise distinct irreducible polynomials.

Example 16.13.

(a) Over Q, R, C and Fs, all endomorphisms are separable according to [Example 16.9

(b) Let K = C. According to the Fundamental Theorem of Algebra and [Theorem 10.52, f € End(V)
is semisimple if and only if f is diagonalizable. This is generalized in [Lemma 16.15] On the other
hand, B(X? —2) € Q**? and B(X? + X + 1) € F3*? are semisimple, but not diagonalizable.

Theorem 16.14. f € End(V) is semisimple if and only if every f-invariant subspace U <V has an
f-invariant complement.

Proof. Let f be semisimple and pf = 71 ...7; with pairwise distinct irreducible polynomials 1, ..., V.
The Weierstrass normal form of f provides a decomposition V = V; @...®H Vy into f-invariant subspaces,
such that the representation matrix of f on Vj is given by B(vy;) for some 1 < j < k (note k < s).
According to and Schur’s Lemma, V; has no proper non-trivial f-invariant subspaces for
i=1,...,s. Let U <V be f-invariant. Let W < V be f-invariant with U N W = {0}, such that dim W
is as large as possible (if necessary W = {0}). Suppose U @ W < V holds. Then there exists an i with
Vi € U +W. Obviously,
L=Vin(U+W)<V,

is f-invariant. From Schur’s Lemma, it follows that L = {0}. Let u = w+v e UN(W +V;) withw € W
andv € V;. Thenv =u—w e V,N(U+W) ={0} and u =w € UNW = {0}. Thus Un(W +V;) = {0},
contradicting the choice of W. This shows V =U & W.

Conversely, assume that every f-invariant subspace of V' has an f-invariant complement. We assume
indirectly pus = 724 for an irreducible polynomial v. By assumption, U := Ker(y(f)) < V has an
f-invariant complement W. For w € W, it holds that

(V) (f)(w) € UNW = {0}

Because (v6)(f)(U) = {0}, it even holds that (yd)(f)(v) = 0 for all v € V. But then puy | 0.
Contradiction. O

Lemma 16.15. Let A € K™*™ be separable. A is semisimple if and only if there exists a field L O K
such that A is diagonalizable in L™*™.

Proof. Let A be semisimple and g4 = 71 ..., with pairwise distinct (separable) irreducible polynomials
Y1,V Let L be a splitting field of p4. According to [Lemma 16.11], each ~; has no multiple roots
in L. For i # j, there exist o, f € K[X] with a; + 8v; = 1 by Bézout. Therefore, v; and 7; have
no common roots in L. Overall, 4 splits into pairwise distinct linear factors in L[X]. According to
[Theorem 10.52, A is diagonalizable in L™*". If A is not semisimple, then 4 obviously has multiple
roots in L[X]. Thus A cannot be diagonalizable. O
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Lemma 16.16. If A)B € K™ are commuting, separable, and semisimple, then A 4+ B is also
semisimple.

Proof. Let L be a splitting field of papup. According to [Lemma 16.15] and [Lemma 14.11) A and B
are simultaneously diagonalizable in L™*™. Thus, A + B is also diagonalizable in L™*™. According to
[Theorem 10.52] 14+ p has no multiple roots in L. According to A + B is separable and
according to semisimple. O

16.3 Generalized Jordan Blocks

Remark 16.17. If v € K[X] is irreducible, then one can interpret A := B(7) as an element of the field
L := C(B(7)). In the following lemma, we study the Jordan block Ji()\) € L*** as a matrix in K™*",
where n := kdeg(vy). For v = X — p, one obtains Ji(v) = Ji(w).

Theorem 16.18 (Generalized Jordan Block). Let v € K[X] be irreducible and separable of degree d
and k € N. Then

B(v) 0
J(p) = | M ~ B(y")
0 la B(v)

B(y)™ 0
m m—1
g _ | MBOY)
* mB(y)" ' B(y)™

0 0
- | 7B
« YBH) 0

0 0
. 0 0
VD2 = | y(B(y))? sy ()= ;
) 7,(}_;;‘(-7))2 N Y(BEDFT 0 -0
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Since + is separable, 0 < deg(y') < deg(y) holds. Since + is irreducible, v and ' must be coprime. By
Bézout, there exist «, 8 € K[X] with ay + 8+ = 1. It follows

L= a(By)V(BO)) + BBV (B(0)) = BBM))Y (B(v))-

Thus, +/(B(v)) is invertible and +/(B(7))*~! # 0. This shows u; = +*. The claim follows from
LLheorem 15211 O

Theorem 16.19 (JORDAN-CHEVALLEY Decomposition). For every separable matrix A € K™*™, there
exist uniquely determined matrices D, N € K™*™ with the following properties:

(a) A=D+ N and DN = ND.
(b) D is semisimple and N is nilpotent.
If applicable, there exists an a € K[X] with a(A) = D.

Proof. We first transform A into the Weierstrass normal form. Since j1 4 is separable, we can subsequently
transform each block B(v*) in the Weierstrass normal form into J,(7y) (Theorem 16.18]). So let
S € GL(n, K) with

W= SAS™! = diag(Ja, (71), - - - » Ja, (7s))
For i =1,...,s let d; :== deg(~;) and

D; = diag(B(i), ..., B(y;)) € K%%ixaidi N; = Jo, (i) — Dy,
D := diag(Dy,...,D,), N := diag(Ny, ..., Ns).

Then W = D + N holds. Wlog. let 71, ..., be the distinct prime divisors of py. For 1 < i < k
and 1 < j < s with 7; = 5 let furthermore a; > a;. According to ip, = v and
By =Y1---Vk, L€, D is semisimple. On the other hand, N is a strictly lower triangular matrix and
therefore nilpotent (Example 14.26|). A calculation as in [Theorem 16.18| shows D;N; = N;D; and
DN = ND. Since the minimal polynomial does not depend on the choice of basis, D := S~'DS is
semisimple and N := S~'NS is nilpotent. Furthermore, DN = ND and A = S~'WS = D + N hold.

Because of J; := Jy, (i) = D;+N;, we have D; € C(J;). According to[Theorem 16.18and [Corollary 15.34}
there exists an oy € K[X] with o;(J;) = D; fori =1,...,k. Let 1 < j < s with 7; = ;. Then a; < q;
and J; = ({g 2) It follows that

(21 2) =D; = a;(J;) = (ai(*Jj) 2)

and o;(Jj) = Dj. According to the Chinese Remainder Theorem, there exists an a € K[X] with a = a;
(mod ~*) for i = 1,..., k. From ~}(J;) = 0 it follows that

a(W) = diag(ai(J1), ..., as(Js)) = diag(Dy, ..., Ds) = D

and a(A) = S~ta(W)S = D. Thus the existence statement is proven. Since yp has the same prime
divisors as p4, D is separable.

Now let A = D + N with the same properties. We first show that D is separable. Over a splitting
field, D and N are simultaneously trigonalizable according to ITheorem 14.8| and [Lemma 14.12] With
respect to a suitable basis, A is then a triangular matrix. As a nilpotent matrix, N must be a strictly
triangular matrix wrt. this basis. Therefore, A and D have the same main diagonal and thus the same
characteristic polynomial (note: x4 does not depend on the splitting field). Since A is separable, D must
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also be separable. By assumption, D commutes with A and with a(A) =D. Accordlng to [Lemma 16.16
D—Dis semisimple. Analogously, N and N also commute. Multlplylng out (N N)?"_ one obtains

summands of the form N*N2"~% with 0 < i < 2n. In the case i > n, N = 0. Otherwise, 2n — i > n and
N2n=% = (. In any case, (N N)?" = 0. Overall, D — D = N — N is semisimple and nilpotent. This is
only possible with the minimal polynomial X, i.e., D =D and N = N. O

Corollary 16.20. For every matriz A € C"*™, there exist uniquely determined matrices D, N € C"*"
with the following properties:

(a) A=D+ N and DN = ND.

(b) D is diagonalizable and N is nilpotent.

Proof. According to[Example 16.13] A is separable and D is semisimple if and only if D is diagonalizable.
O

Remark 16.21. One can compute the Jordan-Chevalley decomposition of A € K™*" by considering
A over a splitting field of 4 and using the Jordan normal form there. Since the Jordan-Chevalley
decomposition is uniquely determined, D and N (nevertheless) lie in K™*".

Example 16.22. Let v:= X2 +1 € Q[X] and
-1
A=Be = |1 | eam
1

We determine the Jordan-Chevalley decomposition of A without the detour via C (or Q(i), cf.

cise 1.14]) described in [Remark 16.21f According to [Theorem 16.18 A ~ J(y) holds. To realize this
change of basis, we need a basis vector b3 € Q* with j, = 7. For this,

bs :=y(A)e; = e; +e3 = (1,0,1,0)"

is suitable. Then by := Absz = (0,1,0,1)*. For b; and bs, the following should hold: Ab; = by + b3 and
Aby = —by + by. This yields the system of equations

Y(A)by = (A% 4 14)b1 = 2bs = (0,2,0,2)°
with the solution b; = 2es. Finally, by = Ab; — b3 = (—1,0,1,0)*. For
s=[? :  Yeauwo
' 1
it holds that S~'AS = Jy(v). This results in the Jordan-Chevalley decomposition A = D + N with
-1 . -1

D= sans(B(). BONS =1 [F 70
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Theorem 16.23. Let A € K™ "™ be separable with Jordan-Chevalley decomposition A = D + N. Then
C(A) = C(D)NC(N) holds.

Proof. For B € C(D) N C(N), it holds that BA = BD + BN = DB+ NB = AB and B € C(A).
Let o € K[X] with a(A) = D. For B € C(A), it then holds that BD = Ba(A) = a(A)B = DB and
BN = B(A—a(A)) = (A — a(A))B = NB. This shows B € C(D) N C(N). O
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Exercises

Exercise II.1. Let o, 8 € K[X] with « | 8 | a. Show that there exists a ¢ € K* with a = ¢f.

Exercise I1.2. Let n € N. Show:
(a) A € F3*™ is diagonalizable if and only if A% = A.
(b) A € GL(n,Fq) is diagonalizable if and only if A = 1,,.
Hint: L heorem 10.521
(¢) |GL(n,Fq)| = (2" — 1)(2" — 2)... (2" — 2n71).
Hint: [Theorem 7.45]

Exercise I1.3. Let A € K™*™ and B € K™*". Prove SYLVESTER’S determinant formula
det(1, + AB) = det(1,, + BA).
Hint: [Lemma 10.38]
Exercise I1.4. Let A, B € K™*",
(a) Prove or disprove:
XA = XAt HA = pAt, HAB = UBA-
(b) How can x4-1 and p -1 be calculated from x4 and g4, if A is invertible?

Exercise IL.5. Show x4 = X% — tr(4)X? + 1 (tr(A)? — tr(A%)) X — det(A) for all A € K3%3.

Exercise I1.6. Let V be a Euclidean space and U, W < V. Show:
(a) (U+W)t=Utrnw.
b)) (UnW)t=U++ Wt
Hint: One can use [Lemma 16.3l
Exercise I1.7. Let K be a field, n € N and S € K™*". Show that
{A € GL(n,K): ASA* = S}

is a subgroup of GL(n, K). For S = 1,, one obtains O(n, K).
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Exercise I1.8. Let v,w € R? be linearly independent. Then 0, v, w form the vertices of a triangle with
side lengths A := |v|, B := |w| and C := |v — w|. Let a, 8, be the angles opposite to A, B, C. Show:

(a) (Law of sines) Sija = Sigﬁ = Sig'y-

(b) (Law of cosines) C? = A% + B2 — 2AB cos~.

(c) (Trigonometric Pythagoras) sin(a)? + cos(a)? = 1.
Exercise I1.9. For ( := cos(n/5) + isin(7/5) € C it holds that (° = —1 (see proof of [Lemma 11.27).
Let w := ¢ + (7! = 2Re(¢) € R. Show:

(a) w? —w—-1=0.
Hint: XP+1= (X +1)(X* - X34+ X2 - X +1).

(b) w=3(V5+1)
()
D(m/5) =

1 V541 —V10—2v5
4 \\v/10-2v5 V5 +1 '

Hint: cos(p)? + sin(p)? = 1.

Exercise 11.10. We approximate the semicircular arc length 7 by half the circumference of a regular
2"-gon with “radius” 1. For this, let s, be the side length of the regular 2™-gon.

(a) Show sy = v/2.

(b) Show $p4+1 =1/2 — \/@ by applying Pythagoras twice:
1
1
Sn+1
0 1

2"\/2—\/2+\/2+...\@:nli_>n§o2"5n+1:7r.

n roots

(c) Show

Exercise I1.11. Let V := R" be the Euclidean space wrt. the standard scalar product. Let v € V be
normalized and S, € O(V) be the reflection across v*. Show [S,] = 1,, — 2v'v.
Remark: Such matrices are called Householder transformations.

Exercise I1.12. Let o € R[X]. Show that polynomials ~1,...,v; € R[X] with & = ;... and
deg(y;) <2fori=1,...,k exist.
Hint: [Remark 11.37

Exercise 11.13. Show that in the Principal Axis Theorem and in the Spectral Theorem, the transfor-
mation matrix S can be chosen with det(S) = 1.
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Exercise I1.14. Let V be an R-vector space and 5 € Bil(V) symmetric with ind(5) = (r, s,t). Show
that  (resp. s) is the maximum dimension of a subspace U < V such that the restriction of 5 to U x U
is positive (resp. negative) definite.

Exercise I1.15. Let A € R™*" symmetric with ind(A) = (r, s,t) and A € R. Show

(r,s,t) if A>0,
ind(AA) = ¢ (s,r,t) if A <0,
(0,0,n) it A =0.

Exercise I1.16. Let A € R™*™ symmetric. How can one read from y 4 whether A is positive semidefinite?
Prove a criterion in analogy to [[heorem 12.44]

Exercise I1.17. Show for all A € C"*"™:

(a) Ker(A) = Ker(A*A).

(b) rk(A) =rk(A*A).
Exercise I1.18. A matrix A € C"*" is called positive (semi)definite, if vAv* > 0 (resp. vAv* > 0)
holds for all v € C™ \ {0}. Show that:

(a) Every positive (semi)definite matrix is Hermitian.
Remark: The analogous statement for real matrices is false.

(b) A Hermitian matrix A is positive (semi)definite if and only if all eigenvalues of A are positive
(resp. non-negative).

(c) For k € N, every positive (semi)definite matrix has exactly one positive (semi)definite k-th root.

Exercise I1.19. Let Aq,...,A; € K™ be diagonalizable and pairwise commuting. Show that
Aq, ..., A are simultaneously diagonalizable.
Hint: The induction on k is non-trivial! One can use

Exercise I1.20. Let Aq,..., A, € K™*™ be pairwise commuting trigonalizable matrices. Show that
Aq, ..., Ay are simultaneously trigonalizable.

Exercise I1.21 (Real Schur Decomposition). Show that for every matrix A € R™™" there exists an
orthogonal matrix @ € O(n,R) such that

Q'AQ =

with R;; € RUR?*2 for i = 1,...,k. In the case R;; € R?*2, R;; has two complex conjugate (non-real)
eigenvalues. In particular, Q'AQ is an upper triangular matrix if A has only real eigenvalues.

168



Exercise I1.22. Let A € K and A := J,,(\) be a Jordan block. Show that C' € K™*" commutes with
A if and only if there exist ci,...,c, € K with

C1 0
C2

C =
CTL o 02 Cl

Exercise 1I.23. Let V be a K-vector space and f € End(V). Let by,...,b, be a basis of V. Show that
pr is the least common multiple of py,, ..., i, , i.e., there is no monic polynomial of smaller degree
that is divisible by pup,, ..., s, -

Exercise 11.24. Let V be a K-vector space and f € End(V). Let A € K be an eigenvalue of f that
occurs with multiplicity k as a root of py. Show that

Ex(f) ¢ Ker((f — Aid)?) € ... € Ker((f — Aid)*) = Hx(f).

Hint: One can use the Weierstrass normal form.

Exercise I1.25. Let a € K[X]\ K be monic. Show that xp() = « using the definition of the
characteristic polynomial (and not via the minimal polynomial as in [Lemma 15.20)).

Exercise I1.26. Let a = (X — A1)...(X — \,;) € K[X] with pairwise distinct Ay,..., A,. Let V :=
()\g_l) € K™ be the Vandermonde matrix. Show that VB(a)V ! = diag(\1, ..., An).

Exercise I1.27. Let a = X" + a,_1 X" ' 4+ ...+ agp and

al az - Qp-1 1
ag a3z -’ ' 1
S = : L € GL(n, K)
ap—1 1
1 0

(a) Show that S~'B(a)S = B(a)".

(b) (TAussky) Conclude that every square matrix is the product of two symmetric matrices.

Exercise I1.28. Let A € C™*™ with only real eigenvalues. Show that A is similar to a real matrix.
Hint: Frobenius normal form.

Exercise I1.29. Prove [Corollary 14.37 over an arbitrary field K instead of C.

Exercise I1.30.

(a) Let A e K™™ and B € K™ ™ such that 4 and pup are coprime. Show that
C(diag(A, B)) = {diag(C,D) : C € C(A), D € C(B)} = C(A) x C(B).

Hint: Bézout’s identity.
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(b) Let A be semisimple with x4 = 7" ...~.* (prime factorization). Show that
k
dimC(A) = Z a? deg(v;)
i=1

using @ Compare with |Remark 15.33|

Exercise 1I.31. Let V' be a K-vector space and F' C End(V'). A subspace U <V is called F-invariant,
if f(U) C U holds for all f € F. Let

C(F):= () C(f)

fer
be the centralizer of F' (analogously for matrices).
(a) Suppose {0} and V are the only F-invariant subspaces. Show that all g € C(F')\ {0} are invertible.
(b) Let F = {fl, fg} with

2 _
fmdiog(BOC 4 ,BCE D) €8 gy () P ) emie

Show that H := C(F) C R*** is a 4-dimensional R-vector space in which every non-zero element
is invertible.

Remark: In contrast to ['heorem 15.39 the multiplication in H is not commutative. H is called
the HAMILTONian skew field.
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17 Numerical Methods

17.1 Efficient Arithmetic

Remark 17.1. In Linear Algebra I and II, we investigated subjects mainly from a theoretical perspective.
For example, eigenvalues were calculated as roots of the characteristic polynomial, although this is
impractical for larger matrices (cf. . In this chapter, we describe algorithms with which
one solves problems of linear algebra efficiently and robustly (against rounding errors) in practice.
Eigenvalues are calculated more or less via the definition (Theorem 17.70).

Example 17.2. On computers, the multiplication of two numbers is generally more expensive than
addition (there are, however, exceptions: multiplication by 2 corresponds to a shift of the binary sequence
by one digit to the left). In the following runtime analyses, we will therefore neglect additions. The
multiplication of two n-digit decimal numbers using the “school method” requires n? digit-multiplications
(the multiplication table can be persistently stored on the chip):

123 - 567 = 69741

861

+ 738
+ 615

69741

This can be done faster.

Theorem 17.3 (KARATSUBA Algorithm). Let z,y € N be decimal numbers with n digits.
(1) Divide x and y into two halves of length m ~ n/2:
= 12110" + o, y=y110" +yo (z0,y0 < 10™)

(2) Recursively multiply the m-digit numbers:

20 ‘= ZoYo, z22 = T1Y1, 21 = (951 - xo)(yo - Z/1) + 20 + 22.

(3) Then xy = 10*™29 4+ 1021 + 2o holds.

This algorithm requires approx. nlog2(3) 158 < 2 digit-multiplications.

Proof. It holds that z1 = z1y0 + Toy1 — T1y1 — Toyo + 20 + 22 = T1Yo + Toy1 and
zy = (2110™ + 20) (y110™ + yo) = 10*™z1y; + 10™(z1y0 + zoy1) + Toyo = 10%™ 25 + 10™ 21 + 2.

For the second assertion, we argue by induction on n: For n = 1, one needs 1 = 1'°%203) digit-
multiplication. The calculation of zg, z1, 2o for n > 2 requires 3 multiplications of m-digit numbers.

Inductively, one obtains
3m'o820) o 3(n/2)1082(8) = plos2(3)

digit-multiplications. O
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Example 17.4. For x = 87 =80+ 7 and y = 91 = 90 + 1, one obtains
20:7'1:7, 22:8-9:72, Z1:(8—7)(1—9)+Zo+22:—8+7+72:71,
ry = 72004 710 + 7 = 7917.

Remark 17.5. Before the introduction of electronic calculators, the multiplication of numbers z,y € R
was reduced to the simpler addition log(z) + log(y) by means of logarithm tables. The basis for this is
the functional equation log(zy) = log(z) + log(y). A similar reduction with the help of the FOURIER
transform is still relevant today.

Definition 17.6. For n € N let

(n i= (== cos(2m/n) + isin(27/n)
be an n-th root of unity (Example 11.28)). The symmetric Vandermonde matrix
W, =W = ((ij)zj_:lo e cr
is called the n-th Fourier matriz. The mapping Fp,: C" — C", z — W =: % is called the discrete

Fourier transform.

Example 17.7. According to [Example 11.28 it holds that

1 1 1 1
1 i -1 -
Wa=1y 0 1 4
1 —-i -1 i
Lemma 17.8. For z € C" it holds that F,,*(z) = 2 F,(Z).

Proof. Due to ¢{ = [(|> =1, we have ("' = (. For 1 <i,j <n, o := ¢*7/ is also an n-th root of unity.

In the case i = j, 0 = 1 and otherwise ZZ;& ok = % = 0 according to the formula for the geometric
series. Therefore,
e n o ifi=j
(WaWn)ij =D (FCH =% oF = o
nem kzzo kzzo 0 if i #j.
This shows W, ! = 2W,, and nF,; ! (z) = 2W,, = F,(T). O

Theorem 17.9 (Convolution Theorem). For a = > ap X*~! € C[X] let [a] := (ay,...,ay). For all
a, f € C[X] with deg(«) + deg(5) < n it holds that

Fol([afB]) = (a1b1, ..., anbn).

Proof. Due to

n+1 n
aff = Z( Z aibj>Xk*2 = Z( Z aibj>Xk*1
k=2 itj—k k=1 itj=k+1

it holds that [aB]x = >, ;_j4q aibj for 1 <k <n. It follows that

n 2n n
arbe = Y aib¢HIHIT) = Z(d’“’”*?) > az-bj) = [ ¢* VD = Fo (0B, O
i,j=1 =2 i+j=l =1
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Remark 17.10.

(a)

(d)

To multiply two numbers a,b € N (with ab < 10™), one considers them as polynomials in X = 10
asa =Y a,10F1, b= >"b,10¥"! and applies the convolution theorem:

ab - fgl(dl(}l’ e 7dn8n) : (17 107 ey 1077/—1)1?.

Note that carries, as in school multiplication, are not resolved here. Carries can generally be
avoided by representing a and b binarily, i.e., as a polynomial in X = 2. However, this type of
calculation does not yet provide any speedup.

Let n = 2m be even. With the notation y; := x9r_1 and zp := xok, it holds that

1—Z$k21k1)_zy< k1+Célzzk21k1)

:}—m() Cl 1]:<)

(17.1)

for i =1,...,n, where Fp,(y); = Fin(y)i—m for i > m. With [Lemma 17.8] analogously

Fot @) = 5 (Fat )i+ G FR 1),

In the fast Fourier transform (FFT), one assumes that n is a power of 2 (which is always possible
by appending zeros). As with the Karatsuba algorithm, one can reduce F,, down to Fi(z) = .
For a fixed n, the n-th roots of unity can be calculated once and stored. The addition of such
numbers can be performed efficiently with limited precision.

The widespread SCHONHAGE-STRASSEN algorithm performs the multiplication of n-digit numbers
using FFT in an asymptotic runtime of nlog(n)loglog(n). In 2019, HARVEY-VAN DER HOEVEN
improved the runtime to nlog(n), although this is a galactic algorithm, i.e., the time savings only
become relevant for extremely large numbers beyond any practical significance. It is conjectured
that nlog(n) is asymptotically the best possible bound.

The continuous Fourier transform assigns to an integrable function f: R™ — R the integral

Fly) = My,

7 fo

Example 17.11. We multiply 342 - 87 using the fast Fourier transform. According to (17.1)), we have

v

(135, =39 + 20i, —1, —39 — 20i)"

f2(2,3)1 +f2(4, 0)1 (2—|—3) 9
F2(2,3)2 +1iF2(4,0), (2-3)+ 41 —1+44i
2,4,3,0)" = _ _
F4(2,4,3,0) F2(2,3)1 — Fa(4,0); (2+3)—4 1 )
F2(2,3)y —iF2(4,0)s (2—4) —4i —1—4i
Fi(7,8,0,0) = (15,7 + 81, —1,7 — 8i),
135—1—2-39

1| 13541140
T a|135-1+2-39
135 + 1 + i40i

= (14,44,53,24),

34287 = F;'(...)(1,10,100,1000)" = 14 + 440 + 5.300 + 24.000 = 29.754.
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Remark 17.12. The direct multiplication of two n x n matrices A, B requires n3 number multiplications

a;jbs, with 1 <4, j, k < n, which in turn can be performed using one of the above algorithms. This can
also be improved.

Theorem 17.13 (STRASSEN algorithm). Let A, B € K™*".
(1) By appending a zero row and column, one can assume n = 2m.

(2) Divide A and B into m x m blocks:
Apr A Bi1 B
A == y B =
<A21 A22) (321 BQQ)

(3) Compute recursively:

Cq = (A11 + AQQ)(BH + Bgz), Cy = (A21 + AQZ)BlL
C3 := A11(B12 — Ba2), Cy := Ag2(Ba1 — B1),
Cs = (A1 + A1) Baa, Ce := (A21 — A11)(B11 + Bi2),

C7 := (A12 — Ag2)(Ba1 + Ba2).

(4) Then

AB — Ci1+Cy—C5+C Cs3+ Cs
Cy+ Cy C1—Co+C3+Cs)°

This algorithm requires approzimately n'°%2(7) ~ n28Y number multiplications.

Proof. The formula for AB follows from

C1+ Cy — C5 4+ C7 = (A1 + A22)(Bi1 + B22) + Aga(B21 — Bi1) — (A1 + A12)Bao
+ (A1 — Ag2)(Ba1 + Baz) = A11B11 + A12Bsy,
C3 + C5 = A11(B12 — Baz) + (A11 + A12)Baa = A11B12 + A12Bao,
Cy + Cy = (Ag1 + Ag2) By + Aga(Bo1 — Biy) = A1 By + A2 Boy,
C1 — Cy+ C3+ Cs = (A11 + A2)(B11 + Ba2) — (A21 + Ag2)Bi1 + A11(Bi2 — Ba)
+ (A21 — A11)(Bi1 + Bi2) = Ag1 Bz + A2 Boo.

The calculation of each C; inductively requires approximately m!°82(7) = %nlog?(” number multiplications.
Therefore, one needs approximately 71°¢2(T) number multiplications for AB. O

Remark 17.14.

(a) Strassen’s algorithm has also been further improved. Most recently, in 2025, an algorithm
with 2371339 scalar multiplications was discoveredﬂ Currently, Large Language Models such as

AlphaEvolve are being used. The asymptotically best possible complexity is an open problem in
computer science.

(b) Matrix powers can be calculated efficiently by iterated squaring: Al = A(A%)? = A(A(A?)?)?
requires only five multiplications instead of ten (Exercise II1.1]).

1See More Asymmetry Yields Faster Matrix Multiplication
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(¢) The multiplication of arbitrary (not necessarily square) matrices A € K™ ™ and B € K™*F
requires nmk scalar multiplications. If more than two such matrices are multiplied, the placement of
parentheses has a significant influence on the number of scalar multiplications. This is particularly
evident in the extreme case n =k >1=m =1

aj1byy -+ anbig c11

(AB)C = : : : (2n? multiplications),
anibiy -+ anibin/ \cn1
ai

ABC)= | : | (buici1 + ...+ bincin) (2n multiplications).
Gnl

Theorem 17.15. Let A € K™ ™, B c K™* and C € K**'. The calculation of A(BC) requires fewer
scalar multiplications than (AB)C' if and only z‘f% + % < % + %

Proof. The calculation of A(BC) and (AB)C requires mkl+nml = ml(n+k) and nmk-+nkl = nk(m-+I)
scalar multiplications, respectively. It holds that
n+k m+I 1 1 1 1

kSTl TRt S<a T =

ml(n+k) < nk(m+1) <

Remark 17.16. For the concrete implementation, it is recommended to use well-established libraries
such as BLAS, LAPACK, Armadillo, NumPy and SciPy, programming languages such as julia or
programs such as MATLAB, Scilab and Octave.

17.2 The Condition Number

Example 17.17. Even though linear maps are continuous in the sense of analysis, small changes in
the arguments can still have large effects on the values (in the e-d-definition of continuity, § < € must

be chosen):
Az = 28 x = 17 =z = !
T \8 7 —\15 —\1)
9 8\ _ (1T _, ,_ (18
8 7 ~\15.1 \0.1/°

Definition 17.18. For A € C**™ one calls

H(A) = max{|Az|: z € C™*!, |z| =1} -

min{|Az| : x € C™*1 |z| =1} ~

the condition number of A, where |.| denotes the norm of the standard inner product (Example 13.3)).
If k(A) is “small” (or “large”), then A is well (or ill) conditioned.
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Remark 17.19.

(a) We want to measure how small changes to a vector b affect the solution of the system Az = b.
For this, let b ~ b and AZ = b. The relative error of x is

v - |z—7 |Az|]b—b] _ max{|Az|/|z|: 0 # 2z € C™ '} b —b]

;@(A)M
2] |A(z = )| |z| [b] ~ min{|Ay|/|y]:0#yeCmx1} ||

0]

The condition number is thus the maximum factor by which the relative error of b can be amplified
to z.

(b) In analysis, one shows that the map C™ — C, x — |Az| is continuous. Since the set {x € C™ :
|z| = 1} is compact, the maximum/minimum over {|Az| : |z| = 1} is actually attained (i.e., one
does not need a supremum/infimum). For R instead of C, the condition number describes how
much a matrix deforms the n-dimensional unit ball.

Example 17.20.

(a) If A does not have full rank, then there exists a normalized z € C™*! with Az = 0. In this case,
we interpret k(A) = oo, i.e., A is particularly ill-conditioned.

(b) For unitary matrices S € U(n,C), it is well known that |Sz| = || for all z € C"*!. For arbitrary
A e C»™ it follows that k(SA) = k(A) and analogously k(AS) = k(A), if S € U(m,C). In
particular, k(S) = k(1,) = 1, i.e., unitary matrices are well-conditioned.

(c) For arbitrary matrices A, S € C"*", in general x(SA) # k(A) holds. In this way, one can improve

the condition number of the coefficient matrix of a system of equations Ax = b. However, the
necessary replacement of b by Sb can be error-prone for the same reason.

(d) A classic example of an ill-conditioned matrix is the symmetric Hilbert matriz

1 1/2 e 1/n

oo ( 1 ) _ 1/2 1/3 1/n+1
ERRR VI SV VA IER :

1/n 1/n+1 s 1/2n—1

One can show that x(H,) grows exponentially in n. For example, k(H4) ~ 15.514.

(e) For normal matrices A, one can use the spectral theorem and [(b)] to reduce the calculation of
k(A) to a diagonal matrix. The following theorem allows this for arbitrary (especially non-square)
matrices.

Theorem 17.21 (Singular Value Decomposition). For A € C" "™ there exist U € U(n,C) and
V € U(m,C) such that UAV is a real diagonal matm’aﬂ with non-negative entries. The positive entries
(on the main diagonal) are called singular values of A. They are uniquely determined up to their order.

Proof. Existence: The positive semidefinite matrix B := A*A € C™*™ has, according to [Exercise I1.18
only non-negative eigenvalues

)\12...2)\k>/\k+1:...:>\m:0,

2not necessarily square
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where k = rk(B) = rk(A) < min{n, m} according to [Exercise II.17} By the spectral theorem, there
exists a V € U(m,C) with V*BV = diag(\1, ..., Am). We write V = (V1, V5) with V; € C™**. From
(AVR)*(AVa) = V5! BV, = 0 it follows that AVs = 0. We set

Uy = AVidiag(A %, A, %) e ok,

Because U;U; = 1y, one can extend U; to U = (Uy,Us) € U(n,C) using Gram-Schmidt. Now

Us AVy = UsUp diag(v/ M1, ..., v/Ak) =0,

" (U7 _ (Ut AV UFAVR\ o )

where v/ A1, ...,/ A, are the singular values of A.

Uniqueness: Let SAT with S € U(n,C) and T € U(m,C) also be a real diagonal matrix with non-

negative entries. Let ju1,. .., be the positive entries. Then 2, ..., u% are the positive eigenvalues
of

(SAT)? = (SAT)*(SAT) = T*BT.
With appropriate numbering, it follows that k = [ and u$ = Ay, ... ,,uz = Ag. From p; > 0 it follows
that p; = v/A; for i = 1,..., k. Thus, the singular values are uniquely determined up to their order. [J

Remark 17.22. The proof shows: If Ay, ..., \; are the non-zero eigenvalues of the positive semidefinite
matrix A*A, then v/Aq, ...,/ A are the singular values of A.

Corollary 17.23. Let A € C™*"™ have full rank and singular values o1 > ... > oy. Then k(A) = o1/0%
holds.

Proof. Let D := (6;50;) € R"*™ be the matrix from the singular value decomposition of A. According
to [Example 17.20, k(A) = k(D) = x(diag(cy, ..., 0x)) holds. For x € C*F with |z| = 1, we have

(o121, ... ,ak:vk)|2 = O'%‘l‘1|2 + ...+ 0']%’$k’2 < a%|$\2 = O’%

with equality for x = e;. This shows k(diag(o1,...,0%)) = 01/0%. O
Corollary 17.24. For all A € C"*™, k(A) = k(A*) holds.

Proof. According to [Lemma 10.38] A*A and AA* have the same non-zero eigenvalues. Therefore, the
assertion follows from [Remark 17.22] m

Theorem 17.25. If A € C™*" is normal, then the singular values of A are the absolute values of the
non-zero eigenvalues.

Proof. According to the spectral theorem, one can assume A = diag(A1,...,\,) with the eigenvalues
Ay .oy Ap € C. Let

v T

Xﬂ_}iﬁﬂxd if \; # 0,
1 if \; = 0.

Then U := diag(\,...,\n) € U(n,C) and UA = diag(|A1],...,|A|). The claim follows from the
uniqueness of the singular values. O
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Example 17.26. For the matrix from [Example 17.17, x(A) = S:/\/% ~ 258 holds.

Theorem 17.27 (MOORE-PENROSE). For A € C"™™ there exists exactly one AT € C™ ™ with the
following properties:

(a) AATA= A and ATAAT = AT,
(b)) (AAT)* = AAT and (ATA)* = ATA.
One calls A" the pseudoinverseﬂ of A.

Proof. Let P :=UAV = (J;j0;) be a singular value decomposition of A with singular values o1, ..., 04 >
0. For i =1,...,m we define
. o b ifi<k,
g; ‘=
0 iti>k

and Q := (6;;0;) € C™*". Set AT := VQU € C™*". The four stated properties reduce to PQP = P,
QPQ =Q, (PQ)* = PQ and (QP)* = QP. This obviously holds. Now let B and C' be pseudoinverses
of A. Then

B = BAB = B(ACA)B = (BA)*(CA)*B = (ABA)*C*B = (CA)*B=CAB=...=CAC =C. O

Example 17.28.
(a) Trivially, 0%, = Omxn-

(b) If A is invertible, then A~! satisfies the conditions of the pseudoinverse and it follows that
At = A1

(c) For A € C™™ and A\ € C*, we have (AA)T = A"1AT,

(d) The proof of [Theorem 17.27| reduces the calculation of AT to the singular value decomposition
and thus to the spectral theorem. For A = (1 1), the principal axis theorem yields S := % (14)

with 71 = S* = S and SAS = diag(2,0). Thus At = Sdiag(1/2,0)S = 1 A.

(e) Apparently, (A%)* = (A*)* and A" = AT. In particular, A* is symmetric (resp. real, Hermitian)
if A is symmetric (resp. real, Hermitian).

(f) If A € C™™ has full rank, then A*A (if n > m) or AA* (if n < m) is invertible. In these cases,
At = (A*A)71A* or AT = A*(AA*)~! holds. For n > m, one can calculate an (approximate)
solution of the system of equations Az = b in this way: z ~ ATb. Example:

10 3
172 -1 12 -11 1/8
— +_ = *_ = ~ )
(1) 1 e ? A _3<—1 2>A 3(—1 2 1)’ ! 3<14>

More on this in [Theorem 17.421

3or Moore-Penrose inverse
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17.3 Stable Variants of the Gaussian Elimination

Remark 17.29. On computers, real numbers can only be represented approximately by floating-point
numbers. Even finite decimal fractions cannot be stored exactly if the internal binary representation is
infinite:

0.1=2"*42"7242"84279 4 ~0.0996.

The IEEE Standard 754 defines the 32-bit data type float (simple precision) by the following division:
1 bit for the sign, 23 bits for the mantissa (binary expansion), and 8 bits for the exponent. This allows
numbers of the form

23
:|:(26 + Zaﬂe—i) (ai € {O7 ]_}’ —126<e < 127)
=1

to be represented (e = —127 and e = 128 are reserved for co and NaN). In the following, we consider a
simpler model with only three decimal digits, i.e., numbers of the form

2
+£) ;107 (0<a; <9)
=0

with ag # 0 (since overflows and underflows occur rarely, we do not restrict the exponent e). Arbitrary
real numbers are converted as follows:

1001 ~~ 1.00e4, 0.00123 ~» 1.23e—3.
Subtraction of numbers of almost the same size leads to a loss of precision (cancellation):

1.23e0 — 1.22e0 = 1.77e—3.

The digits marked with a question mark contain no meaningful information. Furthermore, the addition
of floating-point numbers is not associative:

(1.00e—3 + 1.00e1) — 1.00el = 0.00e0 # 1.00e—3 = 1.00e—3 + (1.00el — 1.00e1).

Equally problematic is multiplication by large numbers, because existing rounding errors are amplified
as a result.

Example 17.30. The system of equations

(5 =)

has the unique solution z = (—10%,10* 4 1). However, the Gaussian elimination with floating-point

numbers yields
le—4 1| 1e4d 1 led | 1e8 1 1led
1 1] 1 1 1 1 0 —1led

The Gaussian elimination in its pure form is thus numerically unstable.

1le8
—1e8

> = x=(0,1ed).

Remark 17.31. One approach to improve the stability of a system of equations is to perform the
singular value decomposition of the coefficient matrix A. In this process, A is multiplied by unitary
matrices U and V from the left /right. As a first approximation, one can choose permutation matrices
for U and V. This realizes permutations of the rows and columns of A.
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Theorem 17.32 (Pivoting). Given the linear system of equations Ax = b with A € C™™ and b € C"*1,
The following modification of the Gaussian elimination on (A|b) reduces rounding errors:

(1) Set z :=1 (row indezx).
(2) For s=1,...,m (column indezx):
e Determine an element a;; with the largest absolute value (pivot) with i > z and j > s.

o Ifa;; =0, then we are finished. Otherwise, swap the i-th with the z-th row and the j-th with
the s-th column. Swap x; with xs in the solution vector.

Divide the z-th row by a,s.

Eliminate as usual ays = 0 for w # z.

e Increase z by 1.

Proof. If one applies the specified procedure as in [I'heorem 6.15] one obtains the particularly simple
augmented matrix

1 S11  Sim—k €1
_ I sgr ~ Skm—k Ck
M = —1 0
—1 0
with the solution set
S11 S1,m—k
Cc1
c' Sk1 Skm—k
L= (;“ +(-1{,....] o D
0 :
: : 0
0 0 -1

The solution of the original system is obtained by permuting the coordinates according to the chosen
swaps j <> s. The choice of the pivot guarantees that during the algorithm, one does not multiply by
large numbers that would amplify potential rounding errors. O

Example 17.33. In we swap the columns:
1 le—4|1le4 1 le—4 ‘ led y = (led, —1led),
~ e
11 1 0 1 |—led x = (—led, led) =~ (—10%,10* 4 1).

Remark 17.34. For arbitrary fields, the following theorem states that pivoting theoretically only needs
to be performed once at the beginning.

Theorem 17.35 (LU decompositionEI). For every matriz A € K™*™, there exist a permutation matriz
P, a lower triangular matriz L with ones on the main diagonal, and an upper triangular matric U with

A=PLU.

4lower-upper.
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Proof. Induction on n: For n = 1, one can choose P = L = 1y and U = A. Let n > 2. If the first
column of A is the zero vector, we set P = L1 = 1,,. Otherwise, there exists a permutation matrix P;
that swaps the first row of A with another row, such that subsequently a1 # 0 holds. The elimination
of a;; for i > 1 is achieved by multiplication with elementary matrices from the left. The product of
these elementary matrices has the form L = (i 1n(11 ) Now it holds that

. all *
Lra- (")

with A € K®=1x(=1) By induction, there exist P, Lo and Us with Ay = PyLoUs. Let Py =
diag(1, Py) and Lo := diag(1, Ls). We can also extend Uy to an upper triangular matrix Us such that
LiPlA= PgﬁgﬁQ holds. The inverse Ll_1 has the same form as L; (only the signs of the entries below
the main diagonal are inverted). Since P; does not swap the first row, L1—1}52 = PQL’I holds for a lower
triangular matrix L} with ones on the main diagonal. Overall, it holds that

A= Pl_lLl_lPZI:202 = P1P2L/1f1202 = PLU. m
Example 17.36.
00 2 2 0 1 1. . 2 0 1
20 1 [=Pu|0 0 2 )=Pagy(- 1 -[|0 0 2
2 1 -1 2 1 -1 1 .1 0 1 -2
2 0 1 1 . .
=PuaL1Ppsz [0 1 =2 =PugPes (1 1 .| R=Pi23LU
00 2 1

Remark 17.37.

(a) Since there are usually many possibilities for pivoting in the Gaussian algorithm, the LU decom-
position is not unique. However, if one can dispense with P, the decomposition becomes unique

(Exercise I11.9)).

(b) Let A € GL(n, K). The following algorithm provides a variant of the LU decomposition where
P stands between L and U: Choose the smallest j; with a;j, # 0 (exists since A is invertible).
By left multiplication with a lower triangular matrix L; with ones on the main diagonal, one
achieves a; j, = 0 for ¢ > 2. Analogously, one obtains a; j, = 1 and a;; = 0 for j > j; by right
multiplication with an upper triangular matrix. Now choose the minimal jo with as ;, # 0 and
proceed as before. In the end, one obtains a lower triangular matrix L’ := L, ... Ly with ones
on the main diagonal and an upper triangular matrix U’ := U; ... U,, such that L’AU' = P, is
the permutation matrix with o~!(k) = ji for k = 1,...,n. Thus, one has a decomposition of the

form A = LPU (cf. [Exercise II1.10]).

(¢) The next theorem provides a further approximation to the singular value decomposition.

Theorem 17.38 (QR decomposition). For every A € C"*™ there exist Q € U(n,C) and an upper
triangular matrix R € C™™™ with real, non-negative diagonal entries and A = QR.

(a) If A has full rank, then R is uniquely determined.
(b) If A is real, then one can choose Q € O(n,R) and R € R™*™.
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Proof. Let aq,...,an, be the columns of A and s := rk(A). We choose from left to right the first s
linearly independent columns a;,, ..., a;, of A. Every further column a; can then be represented as a
linear combination of the a;, with i, < 7. We complement a;,, ..., a;, with real vectors to a basis of C".
The Gram-Schmidt process transforms this basis into an orthonormal basis q1, ..., ¢y
with q; = Wl'llail’ g2 = Aaj, + pa;, with € Ry etc. By rearranging, one obtains

k
a;, = Z >\ij ()\k c R>g).
j=1

By representing the remaining columns of A also wrt. ¢1,...,¢g,, one obtains an upper triangular
matrix R = (r5;) € C" with a = Zle rikgi for k =1,...,m and r; € R>g for i = 1,...,n. For
Q=1(q,...,qn) € U(n,C), it now holds that A = QR.

(a) Wlog. let A itself be an upper triangular matrix with positive diagonal entries. For the first
column, a1e; = r11¢1 holds. From aqy1,711 > 0 and |¢1| = 1, it follows that g1 = e; and a1 = r11.
Inductively, let r;; = a;; and gj =ej fori=1,...,nand j =1,...,k — 1 already be proven. For
the k-th column of A, it then holds that

k k-1
Z ai€i = Tkkqk + Z Tik€i-
i=1 i=1

This shows ¢;; = 0 for i > k. Because [e;, qx] = [¢i,qx] = 0 for i < k, it follows that g = ex and
rik = a; for i = 1,...,n. Inductively, one obtains A = R (but not necessarily @ = 1,, if n > m).

(b) If A is real, then the Gram-Schmidt process can be performed in R™ (note that we complemented
@iy, - .. ,a;, with real vectors to a basis). O

Remark 17.39.

(i) If rk(A) = n < m, then the proof shows that @ and R in the QR decomposition are uniquely
determined.

(ii) In the case n = m = 1, one obtains the polar representation of a complex number z = e¥!|z|. In

general, the polar decomposition of a matrix has a different structure (Exercise 111.11)).
(iii) We will see in that the direct application of the Gram-Schmidt process is unstable.

(-3 )2

Remark 17.41. In practice, overdetermined systems of equations Ax = b without an exact solution
often arise due to imprecise measurements. The quality of an approximate solution & can be quantified
by |Z — x| or |Z — 2|? = Y (& — x:)%.

Example 17.40.

Theorem 17.42 (Least Squares Method). Let A € C™™ with full rank m < n and b € C**1L.
Then the system of equations A*Ax = A*b has a unique solution T and for all x # T it holds that
|AZ — b| < |Az — b|.
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Proof. Since A has full rank m < n, A*A is positive definite, thus in particular invertible. This shows
the existence and uniqueness of Z. For y # 0 it holds that

[Ay, AT — b] = y* A" (Az — b) =0 = [AT — b, Ay],
|A(Z +y) — b]? = [(AZ — b) + Ay, (AT — b) + Ay] = |AZ — b)? + |Ay|* > | AT — b]>. O

Remark 17.43.

(a) On New Year’s Eve 1801, the astronomer P1azz1 discovered the dwarf planet Ceres. The position
was recorded for 40 days until Ceres disappeared from the field of view. Using the least squares
method, Gauss extrapolated the orbit of Ceres with the available measurement data and was thus
able to successfully predict the position. He gained international fame through this.

(b) According to [Example 17.28] & = ATb holds in the situation of [Theorem 17.42]

(c) The least squares method leads to the so-called normal equation A*Ax = A*b with a positive
definite coefficient matrix. There are special methods for this. The following decomposition

specifies

Theorem 17.44 (CHOLESKY Decomposition). A € C"*™ is positive deﬁnz’tfﬂ if and only if there exists
an upper triangular matriz R € C"*™ with real, positive main diagonal entries and A = R*R. If it
exists, R is uniquely determined.

Proof. For R € GL(n,C), R*R is known to be positive definite. Conversely, let A be positive definite
and VA = QR be the (unique) QR decomposition of the square root of A (Exercise I1.18). Then it
holds that

A=A = VA VA= RQQR = R*R.

Let P € C™™™ be another upper triangular matrix with positive main diagonal and A = P*P. Then
P*R* = P*AR™!' = PR™! is an upper and lower triangular matrix, thus a diagonal matrix with
positive main diagonal entries. Because of

(PR-Y*PR'=R™AR' =1,

PR~! is unitary. It follows that P = R. O

Remark 17.45.
(a) The matrix R = (74;) can be calculated iteratively without the detour via the QR decomposition:
Because a11 = elAetl > 0, we have r1; = y/ai1. Suppose R; € Cln=1x(n=1) with Apn = RITRy
has already been determined. With the ansatz A = (’1"” “ ) and R = (Rl v ), one obtains

ann 0 7Tnn
Riv = a and 7y, = vapy, — v*0.

(b) The system Az = b with A = R*R can be conveniently solved in two steps: First, one solves
R*y = b by forward substitution:

_ b
T11 0 Y1 by Y1 ===
. . bo—T12Y1

Ttn *°* Tnn Yn bn,

5in the sense of [Exercise 11.18
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and subsequently Rx =y by backward substitution:

— Yn_
11 o Tin T U1 Tn = -
. — Yn-17Tn-1,nTn
= = Tn—1= Tn—1,n—1

0 Tnn Tn Yn

Example 17.46. We consider the overdetermined system

1
Az=|1 2 |z=1]-1
0 -1 2

—(1). The matrix R is obtained by r1; = V2, rig = 3

2
and ro2 = /6 —9/2 = /3/2. Now y = —LQ(LS/\/E)t is the solution of

(e va)o=mr-3)

and x = (2,—5/3)" is the solution of

(ﬁi 3/?T/Z) v=Re=y= _\2 <5/1“§) |

For the original system, one obtains the approximation Ax = %(1, —4,5)t. In practice, the radical
expressions are approximated by floating-point numbers.

The system of normal equations is (3 3)z

17.4 lterative Methods

Remark 17.47.

(a) For large matrices, factorization methods such as the QR decomposition are slow and memory-
intensive. To solve linear systems of equations in these cases, one can switch to faster iterative
methods. For convergence proofs, we need some tools from analysis.

(b) So far, norms have always originated from scalar products (Definition 11.2| and [Definition 13.2)).
However, they can also be defined directly via the properties from

Definition 17.48. Let V be a C-vector space. A map V — R, v — |[v]| is called a norm, if for all
v,w €V and A € C the following holds:

(a) |lv]] > 0 with equality if and only if v = 0 (positive definite).
(b) [IAv]l = [Allv]l (homaogeneity).
(©) |lv+w| < jv|| + ||w|| (triangle inequality).

Example 17.49.

(a) If [.,.] is a scalar product on V, then ||v]| := y/[v, v] defines a norm according to |Lemma 13.5
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(b) On V =C", ||z]|co := max{|x1|,...,|xn|} defines a norm. This norm cannot be obtained from a
scalar product, because the parallelogram law

lz +ylI* + llz = ylI* = 2l|=]|* + 2lly]*.

from [Example 11.4]is not satisfied for z = (1,0) and y = (0, 1).
(¢c) For V.=C"and p > 1,

2y :=

defines a norm (Exercise I11.13). For p = 1, one obtains ||z|; = |z1| + ...+ |z,|. For p =2, one

obtains the “Euclidean” norm |z| = /[z, z]. As p — o0, |.||, approaches the norm ||.||.

(d) If ||.|| is a norm on C" and A € GL(n,C), then |z| 4 := ||Az"|| also defines a norm on C™.

Definition 17.50. Norms ||.|| and ||.||" on a C-vector space V are called equivalent, if there exist
A, p > 0 with
Alloll < Jloll” < pllol

forall v e V.
Lemma 17.51. Any two norms on a finite-dimensional C-vector space are equivalent.

Proof. Wlog. let V.= C". Tt suffices to show that every norm |[|.|| is equivalent to |.|[;. For A :=
max{|le1]|,...,]len||} > 0 it holds that

n
Joll = |3 aies
=1

for all x € R™. Let y; := @;/|x;| for ¢ = 1,...,n. By the Cauchy-Schwarz inequality, ||z|1 = [z, ]
|z|ly| = v/n|x| holds. From the (reverse) triangle inequality it follows that

n
< D lailllell < Al
1=1

IN

el = llglll < lle = yll < Al =yl < AWnle - yl.

This shows that the map f: R” — R, z +— ||z| is continuous wrt. the Euclidean norm. Therefore, f
attains its minimum g > 0 on the compact set {x € R" : ||z||; = 1} # @. For « # 0 it now holds that

lll = [zl f(ll2llT a) > el O

Remark 17.52. As is well known, the Euclidean norm on C" is complete (i.e., every Cauchy sequence
converges). According to|Lemma 17.51} every norm on a finite-dimensional C-vector space V' is therefore
complete, i.e., V is a Banach space.

Theorem 17.53 (BANACH’s Fixed Point Theorem). Let f: R™ — R™ be a contraction wrt. a norm |||,
i.e., there exists a constant ¢ <1 with ||f(x) — f(y)|| < cllx —y|| for all x,y € R™. Then the sequence
Tpt1 = f(xk) converges for all zo € R™ to the unique fized point of f.
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Proof. For k,l € N it holds that

-1

|2t — 2kl = HZ(xk—i-i—&-l — Thi)
i=0

-1 -1
<D Makrirn = zasill = Y1 @) — 7 (@o)|
i=0 i=0

-1 A 1— Cl X
< lwr — ol D M = [l — iUOHCkf =50,
i=0

i.e., (zr)r is a Cauchy sequence. By |[Remark 17.52 the limit Z := limg_,o, z) exists. Since f as a
contraction is (uniformly) continuous (set ¢ := ), it holds that f(2) = limp .o f(zx) = 2. f y #

were also a fixed point of f, one would have the contradiction
12 =yl = 15@) = fFWl < cllz =yl < |z -yl O

Remark 17.54.

(a) A linear map f: R™ — R™ is a contraction if and only if there exists a ¢ < 1 with || f(z)]| < ¢zl
for all z € R"™.

(b) The next lemma provides an explicit equivalence between the Euclidean norm and the norm |.|4

introduced in

Lemma 17.55. Let A € C™*"™ be normal with eigenvalues Ay, ..., A\, € C. Let
Amin = min{|\;| i =1,...,n}, Amax ‘= max{|\;| :i=1,...,n}.

For x € C", it holds that Amin|7| < |Az| < Amax|z| and |v* Az| < Amax|z|?. If A is positive definite,
then |z* Ax| > Ain|z|? holds.

Proof. Let S € U(n,C) with S*AS = diag(\1,...,A\,) (Spectral Theorem). Because of |z| = |Sz| and
|Az| = |S* Ax|, we can assume A = diag(A1,...,A,). Then

n n
|Az]? = (Az)*Ar = INPlil® < A D al* = Al
i=1 i=1

and analogously |Az| > Amin|z|. Likewise,
n n
| Az| = )Z Ai|xi|2) <3 Pllzil® < Aaxlal
i=1 i=1

If A is positive definite, then i, ..., \, are real and positive. Then it follows as before that |z*Az| >
)\min|x’2- D

Theorem 17.56 (GAUSS-SEIDEL Method). Let A =L + R € C"*™ be positive definite, where L is a
lower triangular matriz and R is a strict upper triangular matriz. Let b € C"*'. Then the sequence

Tpy1 i= L7 ' — L7 'Rz,

converges for all starting values xo € C™1 to the solution of Ax = b.
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Proof. Since A has real, positive diagonal entries (Remark 12.39) and R is a strict upper triangular
matrix, L must be invertible. For Az = b, it holds that

t=L"'Lz=L""'b—Ri)=L"'v— L 'Rz,

i.e. ¥ is a fixed point of the mapping f(x) := L~'b— L~'Rx. Since A is positive definite, [z, y] := y* Az
defines an inner product with norm |z| := \/[z,z]. By Banach’s Fixed Point Theorem, it suffices
to show that f is a contraction wrt. ||.||. Since L™1b is constant, we can consider the linear mapping
g(z) := L' Rx instead of f. According to[Remark 17.54/ and [Lemma 17.55] we must show that every
eigenvalue A € C of L™'R is smaller than 1 in absolute value. Let 2 € C"*! be a corresponding
eigenvector and y := x + g(x) = L' Az # 0. By assumption, D := L* — R = diag(a11,...,an,) is
positive definite. Thus, it holds that

Azl = [lg()|1? = ||z — y||* = ||lz||* — 2*A*y — y* Az + y* Ay
= |z|? -y L*y —y*Ly + y*(L + R)y = ||=|* — y* Dy < ||=|.

This shows |A| < 1. O

Remark 17.57. Gauss surveyed the Kingdom of Hanover using this procedure, as evidenced by a
drawing on the 10-DM note:

He wrote in a letter:

“I recommend this mode to you for imitation. You will hardly ever eliminate directly again,
at least not if you have more than 2 unknowns. The indirect procedure can be carried out
half in one’s sleep, or one can think of other things during it.”

Example 17.58. The system Hyr = (1,1,1,1)" with the ill-conditioned Hilbert matrix H4 has the
solution z = (—4, 60, —180, 140)*. The Gauss-Seidel method converges only slowly:

xg = ( 0, 0, 0, 0 )
zo ~ ( —190, —297, 445,  8.06 )
zi00 ~ ( 2.84, —1420,  —5.17, 27.94 )
zioo0 A~ ( —1.10, 28.86, —106.96, 93.31 )
zio000 ~ ( —4.000, 59.995, —179.988, 139.992 )
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17.5 Matrix Norms

Remark 17.59. The set of n x m matrices is known to form a vector space of dimension nm. It is
therefore natural to introduce the norms defined in [Definition 17.48| for matrices as well.

Definition 17.60. A mapping C"*" — R, A — || A]| is called a matriz norm, if for A, B € C"*™ and
A € C the following hold:

e || Al > 0 with equality if and only if A = 0y xm.
o [[AA] = [Al[|A]l.
e [A+ B[ < [|Al+ Bl

In the case n = m, we call the norm submultiplicative, if ||AB|| < ||A||||B|| holds.

Example 17.61.

(a) The “Euclidean” norm on C"*™ is called the Frobenius norm

ZZ \aij\g = \/tI‘(A*A).

i=1 j=1

|A] ==

For A, B € C™*™ it follows from the Cauchy-Schwarz inequality that
n

ABE = 7[> auby| < Z(i aallbig]) < 32 (3 Jaul?) (Zn; bsi?) = 1AP|BP,

‘2
i,j k=1 i,j k=1 i,j k=1

i.e. |.| is submultiplicative. If oy,..., o) are the singular values of A, then

|A| = tr(A*A) = /ol + ...+ 07

according to [Remar 22,
(b) Every “natural’ﬁ vector norm ||.|| induces via|Z|
| Az|
IAll = = max || Az]|
ozeCm<1|lzl|  flal=1

a matrix norm (Exercise II1.14)). In the case m = 1, the norms coincide. For all x € C™*! | it holds
that ||Az|| < ||Al|||z||. For A, B € C™*", it follows that

IAB|| = max [[ABz| < max [|All[|Bz|| = [|A[|[|B],
[[=]|=1 [[=]|=1

i.e. ||.|| is submultiplicative.

(¢) According to (the proof of) |Corollary 17.23| ||Al|2 is the largest singular value of A (or 0). In
particular, ||A|l2 < |A| with equality if and only if rk(A) < 1.

(d) Not every matrix norm is submultiplicative: For || Al|max := max; j |a;;| and A = (1 1), it holds
that [|A%[lmax = 2 > 1 = [|A[Fax-

Sdefined for arbitrary dimension

“As in [Remark 17.19 the maximum is actually attained.
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Lemma 17.62. For A € C™™™ it holds that

(a) AL = 1r<r;a<>;qu ;] (column sum norm).
(b) lA|loo = 1I£1?<X Z laij| = | A1 (row sum norm).
() [Allz < 1Al < vmln{mm 1Al2-

1

—||4|oc < ||A]]2 £ Al|so-
(d) \/EH o < [I4]l2 < v/l Al
1 1

—|AllL < |42 £ —=]|4]|1-

() \/ﬁH Il < [lAll2 < \/FnH I

Proof.

(a) By the triangle inequality, it holds that

= max Z‘Zax‘< max Zm Za <maXZa
Al = mas 251> lagg| < max 3 Jayl.

If the maximum on the right is attained for j, then equality is obtained with x = e;.

(b) It holds that

m m
|4lloe = max )Z%%‘ < max max Y Jaglle| < max 3 Jay.
|z]| co= 11< < max; |z;|=11<i<n = 1<i<n —

If the maximum on the right is attained for i, then equality is obtained with x; = @;;/|a;;| for
a;j # 0 and z; = 0 otherwise.

(c) If o1 > ... > oy are the singular values of A, then it holds that
|All2 = 01 < (/0?2 + ...+ 0} = |A| < Vkoy < y/min{n, m}| A

(d) For x € C™ it holds that

|7lloo = max |ai] < Vg2 + . fanf? = [2] < Valz] .
This shows
[Az]o |Az|
Allcc = ma < =+vmllA
Al 0aeCmx1 ||| oo 0aelmx lz|/v/m 4l
A A
|Als = max |Az] < max villAzfe _ Vil Allso-
O#£zeCmxl |z| T ozeCmxl |2 oo

(e) From the singular value decomposition, it follows that | A*||a = || A||2. Therefore, the claim follows
from (b) and (d). O

Lemma 17.63. The condition number of A € GL(n,C) is k(A) = ||A]|2]|A712.
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Proof. By definition,
All2 = A ,
Al = _mae sl o
IA™ 2 = max |A™ a] /|| = max [y|/|Ay| = (min Ayl /Iy~

The claim follows from the definition of the condition number. O

Definition 17.64. A sequence of matrices (Ag)r € C™™ converges to a matrix A € C" ™ if
limy 00 ||A— Ag|| = 0 holds for a matrix norm. Since all norms are equivalent according to|Lemma 17.51
this definition does not depend on the choice of the norm. If applicable, we write A = limy_,oo Ak

Remark 17.65.

(a) As in analysis, one shows that the sequence Ay = (a(-k)

i; ) converges to A = (a;;) if and only if

limg o0 agf) = a;; holds for all 4, j.

(b) Obviously, the maps A — A*, A — A and tr are continuous (wrt. any matrix norm). As is well
known, addition and multiplication of complex numbers are continuous maps. Therefore, matrix
multiplication is also continuous. For A = limg_,o Ax and B = limy_,o, By, it thus holds that

limg o AxBr = AB. The Leibniz formula shows that det is also continuous. The representation
A7l =det(A)71A (Theorem 9.22) implies that the inversion A — A~! is continuous.

(c) If the sequence of partial sums By := Zle A; converges, we write Y p° Ay = limy_,oo By as
usual.

Theorem 17.66. For A € C™ ", the sequence (A*), converges if and only if the following two
statements hold:

(a) For every eigenvalue \ of A, it holds that |[A\] <1 or A = 1.

(b) If 1 is an eigenvalue, then the algebraic multiplicity coincides with the geometric multiplicity.

Proof. Wlog. let A = diag(Jp, (M), .., Jn.(Xs)) be in Jordan normal form. If |\;| > 1, then A* has the
entry \¥ E2%0, 50, Now let |\i| < 1. The absolute values of the entries of J,,,(\;)*¥ have, according to

emma 14.41] the form

(ll“) N <R NET A0 (0< i< n).
This shows J,,, (A;)* — 0. Now let |\;| = 1. For A* to converge, there must exist a k with \f = A\ =

ie. \j = 1. If n; > 1, then J,,,(\i)21 = k — oo. Thus n; = 1 must hold for all ¢ with \; = 1. Wlog. let
A =...= X\ = 1> |\ for j > t. Obviously, (A¥) then converges to diag(1,0p,—¢). O

Corollary 17.67. Let the conditions from|Theorem 17.66| be satisfied for A € C™*™ with dim F1(A) = 1.
Let v,w € C™! be eigenvectors of A and A*, respectively, for the eigenvalue 1 with [v,w] = 1. Then
limy_yo0 AF = vw* holds.

191



Proof. Because of x4+ = Xa, 1 is indeed an eigenvalue of A*. As is well known (for example, by the
Jordan normal form), there exists an S € GL(n, C) with first column v, such that S~1AS = diag(1, B)
with limy_ oo B* = 0. Let u be the first row of S~!. Then

C:= lim A* = klim S diag(1, B¥)S™! = Sdiag(1,0,_1)S™! = vu.
—00

k—o0

On the other hand, w = C*w = u*v*w = u*[v, w] = u*. O

17.6 Eigenvalue Computation

Remark 17.68.

(a) The determinant is in general ill-conditioned (i.e., sensitive to small changes):

1 33 1.1 33
det (3 100) =1 det < 3 100) =11
Since £ det(A) is the constant term of x4, x4 is also ill-conditioned. Even worse conditioned is

A, because here small changes can even change deg 4.

(b) The eigenvalues as roots of x4 (or p4) are likewise ill-conditioned:

X2 21X +110 Roots: 10,11
X2 211X +110 Roots: = 9.41,11.69
X2 -920.9X +110 Roots: = 10.45 + 0.89i

Deviations in A thus have a “double” effect on the eigenvalue computation. Furthermore, there is
no explicit formula for the roots of a polynomial of degree > 5. Nevertheless, the determination
of the eigenvalues of normal matrices — without the detour via x4 — is well-conditioned according
to the following theorem.

Theorem 17.69 (BAUER-FIKE). Let A € C™ ™ be diagonalizable with S~*AS = diag(\1, ..., \,). Let
X € C"™ and p € C be an eigenvalue of A+ X. Then

4_minn I — il < K(S)||X |2

=1,...

In particular, mini—1,__, | — Xi| < || X2 if A is normal.

Proof. Wlog. let pu & {A1,...,An}. Let D :=diag(A1, ..., An). Then D—pul,, is invertible. By assumption,
A+ X — ul, is not invertible. Therefore,

(D — ply) VS ™M A - pl, + X)S =1, + (D — pl,) "' S7IXS

is also not invertible. From [Theorem 18.8 and [Lemma 17.63] it follows that
1< p((D = p1,)IS7IXS) < (D — 1) S IXS < (D — 1) s (S) | X o
According to [Example 17.61} ||(D — ul,) Y2 = maxj=1.n(|Ai — p])~L. This shows

min = Al = (D — 1) V3 < w(8)]IX .

[ARS}

If A is normal, then one can choose S € U(n, C) according to the spectral theorem. Then x(S) =1. O
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Theorem 17.70 (Power Method). Let A € C"*™ with eigenvalues X = A\y,..., A\, € C, such that
|A| > |\i| for i > 2 holds. Then the sequence

Axy,
Tpal 1= ———

converges for “almost all” starting vectors xog € C™* to an eigenvector for . If applicable,

k k
k—o0

Proof. By assumption, the Jordan normal form of A has the form
J = diag(\, Jn,(A2)s .oy In (As)),

provided that Ag,...,\, are suitably arranged. Let by,...,b, € C"*! be a corresponding basis with
Aby = Aby. For S := (by,...,b,) € GL(n,C), it holds that ST'AS = J. Let 9 = a1by + ... + anb, be
chosen randomly with «q,...,a, € C. In almost all cases, a; # 0. We assume this from now on. Then

Akxo = AkS(Oq, . ,Ozn)t = SJk(Ckl, ... ,Oén)t = )\k(albl + Boby + ...+ Bnbn)

For i > 2, according to there exist 2 < j < s and 0 <t <i— 2 with

t
=3 (e (3 =0

because |\;] < |A|. As A¥zg does, xy, also tends towards a multiple of b. The second assertion follows
from |xp| =1 for all & > 1. O

Remark 17.71. If one has (approximately) determined an eigenvector b; for the eigenvalue \ of A
with the largest absolute value, then one can extend by to a basis b1, ..., b, and form the matrix S from
these columns. It holds that S™1AS = (6\ A ), where every eigenvalue of 4; € R=1Dx(=1) jg also
an eigenvalue of A. If all eigenvalues of A have pairwise distinct absolute values, then one can apply
[Theorem 17.70]to A1 and iterate. We will see that this can be accomplished with only one iteration.

Lemma 17.72. Let (Ag) be a sequence of invertible matrices with limy_,oo Ap = 1,,. Let A = Qi Ry
be the QR decomposition. Then limy_oo Qi = 1, = limp_yoo Ry

Proof. Because |Qy| = /tr(Q;Qk) = /tr(1,) = /n, the sequence (Qy) is bounded. By Bolzano-

Weierstrafs, there exists a convergent subsequence (Qy,); with @ := lim;_,~ Qf,. Because
Q"Q = lim Qy,Qx, = 1,
1—00
@ is unitary. From the continuity of matrix multiplication, one obtains
1—00 1— 00 1— 00
Since the set of upper triangular matrices with non-negative main diagonal entries is closed, @* must also
belong to this set. This is obviously only possible if ) = 1,,. In particular, every convergent subsequence

of (Qr)r converges to the same limit. Therefore, (Q)) must also converge to 1,, and consequently so
must (Ry). O
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Definition 17.73. A sequence (Ay) of matrices quasi-converges to a matrix A if there exists a sequence
of unitary diagonal matrices (Dy,) with limy_,o Df Ap Dy = A.

Remark 17.74. In the situation of [Definition 17.73| Dy = diag(ds,...,d,) holds with |d;| = 1 for
i = 1,...,n. The main diagonals of Ay and D; Ay A}, are identical for all k. Therefore, the main diagonal
of Ay converges to a vector in C™. The entries of Ay outside the main diagonal, however, can “oscillate”
in each iteration by factors of absolute value 1.

Theorem 17.75 (FRANCIS algorithmﬁb. Let Ay := A € C™™™ be invertible, such that the eigenvalues
of A have pairwise distinct absolute values. For k =1,2,... let A = Qr Ry be the QR decomposition
and Agi1 := RgQk. Then (Ag)r quasi-converges to an upper triangular matriz with the eigenvalues of
A on the main diagonal.

Proof (WILKINSON). Let Q := Q1...Q and Ry := Ry...R;. From QZAka = RipQr = Apy1 it
follows that Q7 AQ) = Aj 1. We show Oy Ry = AF for all k > 1. This is clear for k = 1. For k > 2 it
holds inductively

QuRy = Qe 1QrRERr-1 = Qp 1 ARk 1 = Q195 1AQ) 1Ry = AAPL = AF,

For the eigenvalues A1, ..., A\, of A, |A1| > ... > |\,| > 0 holds by assumption. By there
exists an S € GL(n,C) with S7'AS = diag(\1,...,\,) = D. Let S™! = Lg/PUg be the modified
LU decomposition of S~! from Let SP = QgRgs be the QR decomposition of SP. For
Ls/ = (xi;) we have
DkLS/D_k = (()‘l//\J)kxlj)U k—)_oo) 1,

because of ;; = &;; for i < j and |\;| < |\ for i > j. Thus My, :== RgP*D*Ls D*PR" also tends
towards 1,,. For the QR decomposition My, = Qar, Ru,,, limg 00 @rr, = 15, holds by In
total,

QiR = AF = SD*S~1 = SPP'D*Lg PUs = QsRsP'D¥Lg D~*D* PU,
= QsMRsP'D*PUs = QsQyr, Ry, PPD* PUs.

Like D*, P*DFP is also a diagonal matrix. Consequently, T}, := (tij) = Ry, P'DFPUg is an upper
triangular matrix. For

Uk = diag(ﬂ/]tlﬂ, e ,%/’tnn’) S U(n, (C)

UiT}, is an upper triangular matrix with positive main diagonal and QsQ, U} € U(n,C). From the
uniqueness of the QR decomposition, it follows that Qp = Q5@ U Thus

lim Uj Aps1Uy, = lim U QjAQLU, = lim Q% Q5SDS™'QsQur, = RsP'DPRy,
k—o00 k—o00 k—o00

i.e. (Ar) quasi-converges to the upper triangular matrix RSPtDPRg1 ~ D. The eigenvalues of D and
A, respectively, are on the main diagonal. O

Remark 17.76.

(a) Apparently (Ay) quasi-converges towards a Schur decomposition (Theorem 13.23) of A. Let A
be real. Then it follows from the assumption that the eigenvalues are also real, since |A| = |}
for A\ € C. If this assumption is not satisfied, one can achieve that (Ay) converges towards a real

block diagonal matrix with 2 x 2 blocks (Exercise 11.21)).

8also called the QR algorithm
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(b) In its pure form, Francis’ algorithm converges only slowly. In practice, the procedure is accelerated
by first transforming A into a Hessenberg matriz (i.e., a;; = 0 for i > j 4+ 1) and shifting A, by a
suitable multiple of the identity matrix in each iteration. This algorithm is counted (alongside the
and the simplex algorithm)) among the most important algorithms of the 20th centuryfJ]

Example 17.77.
(a) For

()-8 ) -om

it holds that As = R1Q1 = (3 ’11) and inductively A = (3 (__11)k ) This shows the phenomenon

of quasi-convergence.

(b) Let A = S~1diag(1,...,20)S € R¥*20 for a randomly chosen matrix S € GL(20,R). The
following graphic illustrates Francis’ algorithm for A. The color scale represents the absolute
values of entries below the main diagonal (the structure of A was justified in |[Remark 9.24).

A
50
40
30
20
10

0 0.0 0.0

A1 A

Remark 17.78. For positive definite matrices, the QR decomposition in Francis’ algorithm can be
replaced by the Cholesky decomposition.

Theorem 17.79 (CHOLESKY method). Let A = A; € C™ " be positive definite. For k = 1,2,...
let Ay = R Ry, be the Cholesky decomposition and Ayi1 = RipRj,. Then (Ay)y converges towards a
diagonal matriz with the eigenvalues of A on the main diagonal.

Proof (SCHATZMAN). Because Ap11 = RkAkRgl, all Ay have the same eigenvalues. Let A, = (ag-c))
and Ry = (r(’?)

i ). Because

ROEDIIEDIOIGHED I I A ED I U LN
=1

i=1 j=1 i=1 j=i i=1 j=i

9See [Dongarra-Sullivan, Top Ten Algorithms of the Century, Comput. Sci. Eng. 2 (2000), 22-23]
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(0x(s))r are monotonically increasing sequences for s = 0, ..., n. Because dx(s) < dx(n) = tr(Ag) = tr(A),

the sequences are bounded. Therefore §(s) := limy_,oo dx(s) exists for s = 0,...,n. It follows that
limp oo ag;) =d(s) —d0(s—1) for s =1,...,n. Since the differences
S n
k
drr(s) = 3(s) = 3 D7 Inif P
i=1 j=s+1

tend to 0 as k — oo, limy_o rgf) = 0 must hold for all ¢ # j. Along with Ry, A; must also converge to

a diagonal matrix. O

Example 17.80. Let A € R?°*2Y be a randomly chosen positive definite matrix (constructed as
A = S'S). The following graphic illustrates the progress of the Cholesky method with A. The color
scale represents the absolute values of all entries outside the main diagonal.

Al AQ A5
40
4.0
35
4
35
30
3.0
3 25
25
2.0
2.0
2
15
15
Lo 10
0.5 0.5

Apparently, the method works from the bottom right to the top left.
Remark 17.81. The approximate location of eigenvalues of a matrix can be narrowed down without

computational effort using the following theorem.

-

Theorem 17.82 (GERSHGORIN). For every eigenvalue A € C of (a;;) € C™", there exists an
i€ {1,...,n} such that |A — ai| <37, |aijl.

Proof. Let x = (x1,...,x,) € C™ be an eigenvector for the eigenvalue \. Let
;] = max{|z;| : j=1,...,n} > 0.

After normalization, we can assume z; = 1 and |z;| <1 for j # i. According to the triangle inequality,
it then holds that

n
A= ai| = |(Az); — auwi| = ‘Z @ijTj — Qi
=1

:’Zaijfﬁj) <> lagl. O

JF JFi

Corollary 17.83. Every matriz A € C"" with |a;| > 2, ; |aij| fori=1,...,nis mvertible.m

10This property is called diagonal dominance.
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Proof. According to Gershgorin, 0 is not an eigenvalue of A. OJ

Example 17.84.

(a) Every eigenvalue lies in one of the depicted circles:

Since A and A' have the same eigenvalues, one can also use the columns and subsequently intersect
both sets:

Ay o
A1

(b) Applying [Theorem 17.82|to the companion matrix of a = X" + a1 X" ! + ...+ a, € C[X], one
obtains

2| < max{|an|, lan—1|+1,...,|a1] + 1}

for every root x € C of a (note |z +a1| <1 = |z| < |ai| +1).

17.7 Orthonormalization

Remark 17.85. In our formulation of the Gram-Schmidt process , we first constructed an
orthogonal basis and subsequently obtained an orthonormal basis by normalization. However, this can
lead to very large or very small factors, which result in numerical instabilities. It is therefore more
favorable to normalize each found vector immediately:

s—1

bl
V=05 — Y [vsbilbi,  bsi= =

=1

In the summation, rounding errors can additionally accumulate. An iterated procedure is therefore
more stable.

Theorem 17.86 (Modified GRAM-SCHMIDT process). Let V' be a unitary space and vy,...,vp € V
linearly independent. For s =1,..., k we define

bs s—
b370 = Vg, bs,i = bs,ifl — [bs,ifl,bi]bi (Z =1,...,5— 1), bs = ‘b : 1| .
s,s—1

Then by, ..., by is an orthonormal basis of (v1,...,vk).
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Proof. Tt suffices to show that the vectors by, ..., by coincide with the vectors obtained in [Theorem 11.10}
This is clear for b; = ﬂ—h Let s > 2 and assume the claim has already been shown for by,...,bs_1.

Then bs 1 = vs — [vs, b1]b1. Inductively, let

)

bs,i = Vs — Z[v87 bj]bj

Jj=1

already be shown for some i < s — 1. Because [b;, bj41] = 0 for j <, we have

i i+1
bsit1 =vs — Y _[0sb5]bj — [vs, bis]bip1 = vs — Y _[vs,bj]b;.
j=1 j=1
This shows that b, —; is the vector calculated in [Theorem 11.10| (before normalization). O

Remark 17.87. When calculating the QR decomposition of an invertible matrix A € GL(n,C), one
requires not only the orthonormalized columns of A (as columns of @) but also the coefficient matrix
R. There are two common methods for this, which we present for real A (see [Exercise I11.15| for the
general case):

(a) We perform the orthonormalization as a composition of reflections. For this, let a; be the first
column of A and b := a; — |ai|e;. The reflection Q1 € O(n,R) across the hyperplane (b)* can be
calculated according to [Exercise II.11] as a HOUSEHOLDER transformation:

2

t
— Wbb

leln

(for b= 0 let Q1 = 1,,). Because of
[a1 + |ar]e1, b] = |a1|* — |a1|la1, e1] + |a1|[e1, a1] — |a1]* = O

it follows that a; + |ai|e; € (b)* and

—

1
Qra = §(le+ Qi(a1 + |arler)) = = (=b+ a1 + |a|er) = |ar]es.

2

It follows that Q1A = ("101| :) One proceeds analogously with columns 2,...,n and obtains

corresponding matrices Q2, . .., Q, € O(n,R) (in fact, it suffices to consider the shortened columns
(@i -y ani)t). Now R := Q,, ... Q1A is an upper triangular matrix and Q := Q1 ...Q, € O(n,R)
with A = QR, since Ql_l = Q;.

(b) Instead of reflections, one can use GIVENS rotations (cf. [Remark 11.43):

13—1
cos ¢ —sine
Dst(@) = | P S O(TL,R)
sin ¢ cos
1n—t

We proceed as in the Gaussian algorithm. Suppose the first £ — 1 columns of A are already in
upper triangular form. After row swapping, one can assume ag # 0 (A invertible). To eliminate

the entry a; for i > k, we set ¢ := |(agk, air)| = v/|axk|* + |aix|? and

; 1,0
cos g = [(akka alk)?( ) )] _ %
C C
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Because of sin? ¢ = 1 — cos? ¢ = a?j /c?, we can assume sin @ = —a;,/c (if necessary, replace
with —¢). Now
L1
akk/c aik/c
Dyi(p) = Lick—1
7‘11'1@/(: akk/c

ln—i

By replacing A with Dy;(¢)A, a;; becomes 0. In this way, one obtains a sequence of Givens
rotations Q1,...,Q; € O(n,R) such that R := @Q;...Q1A is an upper triangular matrix. For
Q = Q}...Q! € O(n,R), it holds that A = QR. Although this requires significantly more
matrices than @, the @; are sparse, so the multiplications are inexpensive.

Example 17.88. We calculate the QR decomposition A = QR of a random (invertible) matrix
A € R?9%20 ysing the four presented methods. The quality of the results is shown by a comparison of
Q'Q with 199. The color scale refers to the absolute values of the entries outside the main diagonal (the
smaller, the more accurate):

Gram-Schmidt Modified Gram-Schmidt
Te—14 le—15

2.5

8
2.0

6
15

4
1.0

2
0.5
0.0 0

Householder Givens
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18 Analytical Aspects

18.1 Eigenvalue Estimates

Remark 18.1. A Hermitian matrix A € C™*™ has, according to |Corollary 13.20| real eigenvalues
AL > ... > Ay We write A\g(A) := A for the k-th largest eigenvalue. The following Min-Max Theorem
relates these numbers to the so-called RAYLEIGH quotients ”ﬁ}f and generalizes [Lemma 17.55

Theorem 18.2 (COURANT-FISCHER). For every Hermitian matriz A € C"*", it holds that

. vAv* . vAv*
M:(A) = max min = min max .
V<C™ 0#£veV vv* v<Ccr 0£veV  vU*
dim V=k dim V=n—k+1

Proof. Let pp(A) be the middle part of the formula. According to the spectral theorem, there exists an
S € U(n,C) with SAS* = diag(A1,...,A\p) and Ay > ... > A,. By replacing V' < C" with {vS : v € V'},
one can assume A = diag(Aq,...,\,). Furthermore, one can restrict oneself to normalized v € V' by
replacing v with v/|v|. For V := (e, ..., ex), it holds that

k
A) > min vAv* = min Nelve]? > min A\p|v]? = A
pr(A) 2 min vevz k| vk | 2 min k|v] k

lv[=1 lv|=1 =1
Conversely, let V' < C™ with dim V' = k be arbitrary. According to the dimension formula, there exists
a normalized vector w € V N (e, ..., ep). It follows that

. * * . 2
Elél‘x/l vAV* < wAw* = Z)\Z\wz\ < M.
lv|=1 i=k

Since V' is arbitrary, pui(A) < Ax = Ax(A) holds. For the second equality, one considers analogously
V= (eg,...,en) and VN {ey,..., ex). O

Theorem 18.3 (CAUCHY's Interlace Theorem). Let A = (a;;) € C"™" be Hermitian and P € C"**
with orthonormal columns (k < mn). Then A\i(A) > XNi(P*AP) > Ay—k4i(A) fori=1,... k.

Proof. Since A is hermitian, B := P*AP € C**¥ is also hermitian. For U < C* let P(U) := {uP* : u €
U} < C". Since P has full rank, dim U = dim P(U) holds. Furthermore, |uP*| = |u| for all u € U. By
Courant-Fischer it follows that

Ai(B) = max min vAv* < max minvAv* = \;(A).
U<ck veP(U) V<C" veV
dimU=i |v|=1 dim V=i |v|=1
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Let b; be an eigenvector of B for the eigenvalue A\;(B) and U := (b;, ..., b). Then

An—k+i(4) = min  maxvAv* < max vAv* = maxuBu* = \;(B)
v<er veV veP(U) uclU
dim V=k—i+1 |v|=1 lv|]=1 lu|]=1
as in the proof of O

Example 18.4. For I C {1,...,n}, P = (e; : i € I) has orthonormal columns. Cauchy’s interlacing
theorem then applies to the submatrix B := P*AP = (a;j : i,j € I). In the case |I| = n — 1 one obtains

A(A) > A (B) = Aa(A) = Xa(B) > ... > A1 (B) = An(A).

18.2 The Spectral Radius

Definition 18.5. For A € C"*",
p(A) :=max{|A| : A € C eigenvalue of A}

is called the spectral radius of AE

Example 18.6.
(a) For unitary matrices A, p(A) = 1 holds.
(b) A € C™*" is nilpotent if and only if p(4) = 0.
(c) From the Jordan normal form it follows that p(A*) = p(A) and p(A*) = p(A)* for k € N.

Theorem 18.7. For all A € C"*":
(a) ||A]| > p(A) for every submultiplicative matriz norm.

(b) For all € > 0 there exists a submultiplicative matriz norm with ||A]| < p(A) + €.

Proof.

(a) Let A € C be an eigenvalue of A with absolute value p(A) and v a corresponding eigenvector. Let
B € C™*"™ with first column v and otherwise only zeros. Then

p(A)B] = |AB| = |AB|| < | Al B|
and p(4) < || A].

(b) Let J = S71AS be the Jordan normal form of A with S € GL(n,C). Let D := diag(e, €2, ...,€").
The main diagonals of N := DJD ™! and J are identical, while the entries below the main diagonal
are € or 0. For the matrix norm || B| := [|[DS™!BSD™!||1, it now holds that ||A| := || N]j; <

p(A) + € according to [Lemma 17.62 O

Theorem 18.8 (Geometric Serie@. For all A € C™*", the following statements are equivalent:
(1) p(4) < 1.

LAll eigenvalues lie in the complex plane within the circle with center 0 and radius p(A).
2In this context also called NEUMANN series.
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(2) limy_oo A = 0,.
(3) YptoAF = (1, — A~

Proof.

(1) = (2): Let e > 0with g := p(A)+e < 1. According to[Theorem 18.7] there exists a submultiplicative
matrix norm with ||A|| < ¢. It follows that ||A*|| < [|A||* < ¢* — 0 as k — 0.

(2) = (1): Let A be an eigenvalue of A with magnitude p(A) and eigenvector v. Because \*v = AFv — 0,
it follows that p(A) = || < 1.

(1) = (3): As before, there exists a submultiplicative matrix norm with ¢ := ||A|| < 1. Let By, :=
Yoo Ak By the triangle inequality, we have

m o0
1Bull <> a" <) d" =
k=0 k=0

By Bolzano-Weierstraf, the bounded sequence (By,)m, has a convergent subsequence (B,,, ). For
B :=limj_,oc B, it holds that

2)

(1, — A)B = lim ( Z A" = lim (1, — A™ T =1,

k—)oo k—>oo

i.e. B = (1, — A)~L. Since all convergent subsequences of (B,,) have the same limit, the entire
sequence must also converge to B.

(3) = (2): Since the partial sums B,, converge, their differences B, — By,—1 = A™ must form a null
sequence. 0

Corollary 18.9. Let A € C™ with ||A|| < 1 for a submultiplicative matriz norm. Then Y p_, A* =
(1, — A)~! holds.

Proof. From [Theorem 18.7]it follows that p(A) < 1. O

Example 18.10. The submultiplicativity in [Corollary 18.9|is indispensable: For A = (3/4)? =1, We
have ||Al|lmax = 3/4 < 1 with the matrix norm from [Example 17.61|7 but A¥ = (%)k_lA.

Theorem 18.11. For every matriz norm ||.|| and all A € C"*", it holds that

p(A) = lim {/]45].
i

Proof. For an arbitrary (not necessarily submultiplicative) matrix norm ||.||’, there exist constants
A, ¢t > 0 according to [Lemma 17.51| such that A||A¥|| < ||A¥||" < u||A%| for all k. Tt follows that

VA AR < /1A < it/ 1A

Due to limy_yoo VA =1 = limy_,o0 ¥/, it suffices to prove the statement for a specific matrix norm. Let

S™1AS = diag(Jn, (M), - - -5 Jn.(Ns))
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be the Jordan normal form of A with S € GL(n,C). We define || B|| := ||S™!BS||max for B € C™*"
with the norm from [Example 17.61] Every non-zero entry of A* has, according to , the
form (’;))\ffl with 1 <4< sand 0 <1 <n— 1. For every ¢ > 0, k < (1+ ¢€)* holds if k is large enough.
It follows that

lim ¢ <k>|)\i|kl = \| lim &k(k—1)... (k—1+1) Lim |N|77F = |\
k—o00 l k—o00 k—o0
This shows limy_,o, v/||A%|| = p(A). O

18.3 The Exponential Function of a Matrix

Definition 18.12. For A € C™*", let

exp(A) := o
k=0

be the exponential function of A.

Remark 18.13.

(a) Due to }%ﬂ < % — 0, exp(A) is well-defined according to [Theorem 18.8

(b) Through exp(Al,) = e*, for A € C, exp extends the ordinary exponential function on C.

(c) Let
J = 87TAS = diag(Jn, (A1), .., Jn,(Ns))

be the Jordan normal form of A with S € GL(n, C). Due to the continuity of matrix multiplication,
it holds that

S~ Lexp(A)S = exp(J) = diag(exp(Jn, (A1), - - -, exp(Jn, (Xs))).

According to [Lemma 14.41] the non-zero entries of exp(Jp,(\;)) have the form

SN g e
I k=D II°
— k! — Nk —1)! !
Thus, it holds that
1
1
Lin(A\) = exp(Jpn(N\)) = e} ! e cmxm
(mil)! % 1

and
exp(A) = Sdiag(Ln, (M), .-, Ln,(As)) S
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Example 18.14.

(a) For the permutation matrix P = (9 }) we have

1 = 1 ~ (cosh(1) sinh(1)\  [1.54... 1.17...
eXp(P)_kZ_()@lc)!ln+kZ_(](2k+1)!P_<sinh(1) cosh(1)>_(1.17... 1.54...)

with the hyperbolic trigonometric functions.

(b) For the matrix

5 0 1
A=|-5-1i —i -1
-9 0 -1
from [Example 1437 we have
0 1 0\ /2 0 0 0 1 0\ " 4e2 0 2
exp(A)= [0 -1 1] [e? € 0 0 -1 1 = [ —4e?+et et —¢?
1 =30 0 0 et 1 =30 —9¢2 0 —2¢2

(¢) According to|Remark 18.13] exp(A) = 1,, holds if and only if A is diagonalizable and the eigenvalues
are integer multiples of 27ri.

Theorem 18.15 (JACOBI). For A € C™" we have |det(exp(A)) = ™).

Proof. Wlog. let A be in Jordan normal form with eigenvalues A1,..., A, € C. Then exp(A) is a lower
triangular matrix with diagonal (e*, ... e*). This shows det(exp(A)) = ert+An = tr(4), O

Example 18.16. If A is real, then det(exp(A)) > 0.

Theorem 18.17 (Functional equation). For commuting matrices A, B € C"*"™ we have

‘exp(A + B) = exp(A) exp(B). ‘

In particular, exp(A) is invertible with exp(A)~! = exp(—A).

Proof. We use the Jordan-Chevalley decomposition A = Dy + N4 and B = Dg + Np from
lary 16.20/°| Since all involved matrices are polynomials in A or B, they are pairwise commuting. Accord-

ing to [Lemma 14.11} D4 and Dp can be simultaneously diagonalized. Wlog. let D4 = diag(\1, ..., Ap)
and Dp = diag(p1,..., ). Let D := Dg+ Dp and N := N4 + Np. From the functional equation of
the ordinary exponential function, we obtain

exp(D) = diag(eMTH1 ... eMTHn) = diag(e, ..., M) diag(et, . .., ") = exp(D4) exp(Dp).

Since N4 and Npg are nilpotent, it holds that

oo 2n k k—I
1 1/k NY N
exo9) = 3 00+ = 305 ()t = 353 R N — s st
k=0 " k=01=0 k=0 1=0

3This can be avoided by using the Cauchy product for absolutely convergent matrix series instead.

204



Analogously,

co k n 0o
Dk—l Nl Nl Dk—l
eXp(D+N):ZZ(k—l)!l!:l “kZ‘:(k_l)!:exp(N)exp(D).
—0 —

The corresponding equations also hold for D4 + N4 and D + Np. Overall, it follows that

exp(A+ B) = exp(D + N) = exp(D) exp(N) = exp(D4) exp(Dp) exp(Na) exp(Np)
— exp(D) exp(Na) exp(D) exp(Ns) = exp(A) exp(B).

The second assertion follows from exp(A)exp(—A) = exp(A — A) = exp(0,) = 1,. O

Remark 18.18.

(a) The commutativity of A and B in the functional equation cannot be omitted, because otherwise
exp(A)exp(B) = exp(A + B) = exp(B + A) = exp(B)exp(A) would hold for all A, B in
contradiction to [Theorem 18.19] In fact, the GOLDEN-THOMPSON inequality

lexp(A + B)| < |exp(A) exp(B)|
holds for all Hermitian matrices A, B with equality if and only if AB = BA (without proof).

(b) As is well known, every z € C* can be uniquely written in the form |z|e¥! with —7 < ¢ < 7. The
map log: C* — C, z +— In(|z|) + i is called the principal branch of the natural logarithm.

Theorem 18.19. For every A € GL(n,C) there exists exactly one B € C"*" with exp(B) = A and
—m < Im(X) < 7 for every eigenvalue A of B.

Proof. For existence, we can assume A = J,(u) for a u # 0 according to [Remark 18.13 Let A = log(u)

and B := J,(\). According to [Remark 18.13] p is an eigenvalue of exp(B) = L, () with algebraic
multiplicity n and geometric multiplicity 1. From [Theorem 14.28|it follows that exp(B) =~ A. Therefore,
there exists an S € GL(n, C) with exp(S™1BS) = S~lexp(B)S = A.

Now let A € GL(n,C) be arbitrary and B, C' with the specified properties. After a change of basis, we

can assume B = diag(Jy,, (A1), ..., Jn.(As)). According to |[Remark 18.13
A =exp(B) = diag(Lp, (A1), .-, Ln.(As)).

Due to the special choice of eigenvalues with the principal branch of the logarithm, C' must have the
same Jordan normal form as B. So let S € GL(n,C) with S™'BS = C. From

A =exp(C) =S exp(B)S = S 'AS

it follows that S € C(A). We must show S € C(B). Obviously y4 = (X — e )™ .. (X — eMs)ms.
Wilog. let A1,..., s be sorted such that identical \; are adjacent. According to C =
diag(C1, ..., Cy), where each C}, belongs to a block diag(Ly, (i), ..., Ln; (Aj)) with A\; = ... = A;. We
can therefore assume Ay = ... = Ag with n; > ... > ns. Now A is a linear combination of the powers of
J = diag(Jy, (0),..., J,.(0)). In particular, C(J) C C(A). According to Frobenius (Theorem 15.32))

dim C(4) = Y (2i — 1)n; = dim C(J).
i=1
It follows that C(J) = C(A). On the other hand, B is also a linear combination of J. This shows
S e C(A) =C(J) C C(B), as desired. O
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Example 18.20. The eigenvalues of a unitary matrix U can be written in the form e?!l, ... e#ni
with ¢1,..., ¢, € R according to [Corollary 13.20] According to the spectral theorem, there exists an
S € U(n,C) with U = Sdiag(e®!, ..., e?)S* For the Hermitian matrix H := S diag(p1, ..., @n)S*,
it holds that

U = exp(Hi).

This connection plays a role in quantum mechanics. If one dispenses with the special choice of eigenvalues
in [Theorem 18.19] one can choose ¢1,...,p, > 0. Then H is even positive definite.

Remark 18.21.

(a) In analysis, one can calculate log(1 — z) for € R with |z| < 1 using the Mercator series

o0
log(l—z) = Z%
k=1

For p(A) < 1, according to [Theorem 18.11] the corresponding series with A instead of x also
converges. If A is nilpotent (i.e. p(A) = 0), the series terminates after n—1 summands. If applicable,
B :=log(1 — A) is the uniquely determined matrix from [Theorem 18.19| (Exercise II1.18)).

(b) A system of ordinary homogeneous differential equations of first order has the form f'(t) = Af(t),
where f: R — R" is a differentiable function with derivative f’ and A € R™ ™. One can show
that for a given A, all solutions f have the form f(t) = exp(At)c with ¢ € R (note: ¢ € R). This
is a generalization of the well-known derivative rule (e®) = ae®.

18.4 Non-negative Matrices

Remark 18.22. In probability theory and other practical fields, real matrices with only non-negative
entries occur. We show that the eigenvalues and eigenvectors of such matrices exhibit a special structure.
This is the theoretical basis for important applications such as the Google search algorithm.

Definition 18.23. One calls A = (a;;) € R™*™
e positive (resp. non-negative), if a;; > 0 (resp. a;; > 0) holds for all 4, j.
o decomposable, if n = m and there exists @ # I C {1,...,n} with a;; =0 for alli € [ and j ¢ I.
e indecomposable, if n = m and A is not decomposable.

We write A < B (resp. A < B), if B— A is positive (resp. non-negative). Furthermore, let A} := (|ay;|)i;

Remark 18.24. One easily sees that < defines an order relation on R™*™, We use the notation v > w
and vy also for vectors v, w (viewed as n x 1 or 1 X n matrices). In contrast to R, < is not total on
R™ ™ For example, neither (1, —1) < 0 nor (1,—1) > 0 holds.

Example 18.25.

(a) In stochastics, the long-term development of random events is studied using Markov chains. In the
simplest case, a Markov chain consists of states Z1, ..., Z,. Let the probability that a transition
from Z; to Z; occurs be w;j. W = (wij) is called the transition matriz of the Markov chain.
If the process starts in Z;, then the vector e;W* describes the state probabilities after k time
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units. One is therefore interested in limy_,oc W¥. Obviously, W is non-negative and every row
sum is 1. Matrices with this property are called (row-)stochastic. Obviously, v = (1,...,1)% is

an eigenvector of W for the eigenvalue 1. According to [Exercise I11.20, W is also stochastic for
k > 0. From |[Lemma 17.62] and [Theorem 18.11]it follows that

p(W) Jim \IWEl

(b) Obviously, every positive matrix is irreducible.

(c) A permutation matrix P, = (d;s(;)) is irreducible if and only if o € S, is an n-cycle. For if
I C{1,...,n} is the set of digits of a cycle of o, then §;,(;) =0 for alli € I and j ¢ I.

(d) For every reducible matrix A € R™™" there exists a permutation matrix P and 1 < k < n with

A A
PAP' = (ka(i—k) Ai)

(e) If A is irreducible, then A' is also irreducible.

Theorem 18.26 (PERRON). For every non-negative matriz A € R" ", p(A) is an eigenvalue with a
non-negative ergenvector.

Proof.

Step 1: p(A) is an eigenvalue of A.

In the case p(A) = 0, p(A) is an eigenvalue. So let p(A) > 0. By replacing A with p(A)~*A > 0, one
can assume p(A) =1. For 0 <t <1 and m € N, we have p(tA) =t < 1 and

(1=t EIS A > 1, 4+ A+ (A
k=0

If 1 is not an eigenvalue of A, then 1 — A is invertible and it holds that

(1—A)"' = (lim (1—tA) ' = lim (1 —tA) "' > lim (1, +tA+ ...+ (tA™) =1, + A+... + A™

t—1— t—1— t—1—

for all m € N. In particular, lim,, ..o A™ = 0 in contradiction to

Step 2: Every positive matrix A possesses a positive eigenvector for the eigenvalue p(A)E|
As above, we can assume p(A) = 1. Let v = (v1,...,v,) be an eigenvector for the eigenvalue 1 of A.
Then

vy = (Av)4 < Ajoy = Avg,

thus w := (A — 1,)vy > 0. In the case w = 0, vy = Avy > 0 is a positive eigenvector of A. Now
let w # 0. Then Aw > 0 because of A > 0. Therefore there exists an € > 0 with Aw > eAv,. For
z := Avy > 0 it holds that

(A=1,)z=A(A—1,)vy = Aw > ez,

thus Az > (1 + €)z. For B := (1 + €)' A it follows that Bz > z and B*z > z for all k € N. On the
other hand, p(B) = (14 ¢)"!p(A) < 1 and limy_,o, B* = 0 according to [Theorem 18.8, Contradiction.

Step 3: Every non-negative matrix A possesses a non-negative eigenvector for the eigenvalue p(A).
For k € Nlet A, := A+ 1J >0, where J = (1)7'j=;1- Certainly Ay > Ay > ... > A and A" > AT >

4This was originally proven by Perron.
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...> A™ for all m € N. From |[Theorem 18.11| (applied for example with the Euclidean norm) it follows
that p(A1) > p(A2) > ... > p(A). In particular, there exists

= lim p(Ag) > p(A).
k—00

According to Step 2, there exist positive eigenvectors vy of A for the eigenvalue p(Ay). After nor-
malization, |vgx| = 1 holds. By Bolzano-Weierstrafs, (vy)x has a convergent subsequence. Wlog. let
v 1= limg_,00 V% > 0. Because of |v| = 1, v # 0. Furthermore,

Av = lim Ay lim v = lim Agvg = lim p(Ag)vg = pov.
k—o00 k—o0 k—o00 k—o00

Because of u > p(A), it follows that u = p(A). O

Theorem 18.27 (PERRON-FROBENIUS). For every non-negative irreducible matriz A € R" "™ the
following holds:

(a) The algebraic multiplicity of p(A) as an eigenvalue is 1.
(b) Eya)(A) = (v) with v > 0.

(c) Up to scalar multiplication, v is the only non-negative eigenvector of A.

Proof.

(a,b) According to Perron, there exists an eigenvector v > 0 for the eigenvalue p(A). Let [ := {1 <i <
n :v; = 0}. For ¢ € I it holds that

0= p(A)Ui = (A’U)z = Zaiﬂ}j = Zaijvj.
j=1 J¢l
This only shows if a;; = 0 for all i € I and j ¢ I. Since A is irreducible, I = @ must hold, i.e.
v > 0.

Now let also Aw = p(A)w with w € R™1. Then there exists a A € R such that w — v > 0
vanishes at at least one coordinate. Since we have already seen that every non-negative eigenvector
for the eigenvalue p(A) is positive, it follows that w = Av. Therefore, at least the geometric
multiplicity of p(A) is equal to 1. The Jordan normal form of A thus possesses only one block for
p(A). Tt is therefore sufficient to show

Ker((A — p(A)ln)Q) = (v).

Let w € Ker((A — p(A)1,)?). Because (A — p(A)L,)w € (v), there exists a A € C with Aw —
p(A)w = \v. Since A* is also irreducible with p(A') = p(A), there exists u > 0 with A'u = p(A)u.
It follows that

Ao, u] = [Aw, u] — p(A)[w,u] = w' A'u — p(A)[w,u] = p(A) ([w,u] — [w,u]) = 0.
Because [v,u] > 0, we have A = 0 and w € (v) as desired.

(c) Let w > 0 be an arbitrary eigenvector of A for the eigenvalue A € C. As above, v > 0 follows from
the irreducibility of A. As before, let u > 0 with A*u = p(A)u. Because [w,u] > 0 and

ANw, u) = [Aw, u] = w'A'u = p(A)[w, u]

it holds that A = p(A). Thus v is, up to scaling, the only non-negative eigenvector of A. O
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Remark 18.28. The next theorem generalizes the estimate p(A) < ||A|loc from [Theorem 18.7] (set
z=(1,...,1) and use [Lemma 17.62)).

Theorem 18.29 (COLLATZ-WIELANDT). Let A = (a;;) € RLG"™ be irreducible and x > 0. Then
n n
min{z ajjri/riti=1,... ,n} < p(4) < max{z ajjri/zriti=1,... ,n}.
j=1 j=1

Proof. Let u > 0 with A'u = p(A)u. Let y; := Z?Zl a;jz; and z; := y;/x;. Then

n n n n n

n n
> (2= p(A))aju; =Y yjuy— D wj ) awjur =Y yjuj— » uk Y agz; =0.
j=1 k j=1

Jj=1 j=1 =1 k=1 j=1
Because z,u > 0, there exist 1 < s,t < n with z; < p(A4) and 2z > p(A). Thus min; z; < p(A4) <
max; z;. O
Theorem 18.30 (VON MISES). Let A € R™"™ be non-negative and irreducible. Then the sequence

Axk
= — k=1,2,...
xk-i—]. ’A.Tk’ ( )<y )

converges for every positive starting vector x1 € R™1 to a positive eigenvector for p(A). In particular,
p(A) = limy o | Azy).

Proof. According to Perron-Frobenius, the requirements of the power method (Theorem 17.70|) are
satisfied. However, we must verify that the iteration converges for every positive starting vector x1. Let
v,u >0 with Av = p(A)v and Aty = p(A)u. Because [u,v] > 0, we have R" = (v) @ ut. For x € ut, it
holds that

[Az,u] = 2" A'u = p(A)[z,u] = 0.

This shows that u® is A-invariant. If one extends v with vectors from u to a basis of R”, then A
is transformed into the form (9(64) 2) Because [r1,u] > 0, it follows that 21 ¢ u®. The proof of

[Theorem 17.70] now shows that the power method converges for . O

Lemma 18.31. Let A > 0 be irreducible and \ be an eigenvalue of A with absolute value p(A). Then
there exists a diagonal matriz U € U(n,C) with p(A)A = \UAU*.

Proof. Wlog. let p(A) > 0. Let w € C™*! be an eigenvector of A for the eigenvalue \. For z := w; > 0,
it holds that
p(A)z = (Aw)y = (Aw)4 < Az

Let u > 0 with A'u = p(A)u. From
0 < p(A)[zu] < [Az,u] = 2 A'u = p(A)[z. 1]

it follows that Az = p(A)z and z > 0. Let U := diag(w1/21,...,wn/2,) € U(n,C). For B := (b;;) =
p(A)NTIU* AU € C™" it holds that

A
Bz = p(/\)U*Aw = p(A) U w = p(A)z = Az.
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Since the entries of B and A differ only by factors of absolute value 1, we have By = A. Fori=1,...,n,
we have

n R n n n
(A2); = (B2)i = Y bijz = > Re(byy)z < D [Re(by)lz; < D [bijlz; = (A2)s.
j=1 =1 =1 =1
This is only possible if B = B, = A. O

Remark 18.32. Note that A and UAU™ in |Lemma 18.31| have the same main diagonal. Thus, if a;; # 0
for some 1 < i < n, then p(A) is the only eigenvalue of absolute value p(A).

Corollary 18.33. For every positive matriz A, p(A) is the only eigenvalue of absolute value p(A).
Proof. Follows from [Remark 18.32 OJ
Example 18.34. We consider a Markov chain with transition matrix

5
1

W=— |2
10\,

O =

4
4
1

Obviously, W is irreducible. According to p(A) =1 is the only eigenvalue of magnitude
1. According to [Theorem 17.66] Wao := limy_,oo W* exists. To calculate W, we must determine
eigenvectors of W and W* according to |Corollary 17.67. Since W is stochastic, v := (1,1,1)" is an
eigenvector of W for the eigenvalue 1. One calculates that w := 9—11(187 45,28)% is an eigenvector of W*
with [v,w] = 1. Now it holds that

L (18 45 28
Ww:thzg—l 18 45 28
18 45 28

In the long run, one is therefore in state Zi, Zs, or Z3 with probability é—? ~ 20%, 49%, or 31%,
respectively.

Theorem 18.35 (WIELANDT). Let A € R™ ™ be non-negative and irreducible with exactly k eigenvalues
of magnitude p(A). Then:

(a) The eigenvalues of magnitude p(A) are e*™/kp(A) for j = 1,...,k, i.e., they are distributed
uniformly on a circle in the complex plane.

2mi/k

(b) If 1 is any eigenvalue of A, then e W is also an eigenvalue of A.

Proof.
(a) Let AMip(A),..., \p(A) € C be the eigenvalues of A of magnitude p(A), i.e., [M|=...=| | =1
According to [Lemma 18.31 for each ¢ there exists a U; € GL(n,C) with \;A = U;lAUi ~ A
(unitarity is not needed). A comparison of the eigenvalues shows {\A; : j = 1,...,k} =

{M,..., \g} for i =1,... k. It follows that
k

k k
NTTx =12 =TT N
j=1 j=1

J=1
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and )\f =1fori=1,..., k. Therefore, A1,...,\; are exactly the k-th roots of unity defined in
[Example 11.28| and [Definition 17.6]

(b) Wlog. let A; = e*/k_ The similarity \; A ~ A shows that A\;u is an eigenvalue of A. O

Theorem 18.36. Let A € R™™ be non-negative. Then for every eigenvalue A € C of A of magnitude
p(A), there exists an m < n with \™ = p(A)™.

Proof. According to there exists a permutation matrix P such that

Al *
PYAP = ‘
0 Ag
with square non-negative irreducible matrices A1, ..., Ag. Every eigenvalue of A; is also an eigenvalue

of A (one extends a corresponding eigenvector with zeros). Since A has exactly n complex eigenvalues,
for every eigenvalue \ of A there exists an ¢ such that A is an eigenvalue of A;. The claim follows from

[I'heorem 18.351 O

Example 18.37. Let P, be a permutation matrix and ¢ = o3 ... 0} the decomposition into pairwise

disjoint cycles (including 1-cycles). Let I; be the length of o;. According to [Example 15.19) P has the
eigenvalues

2 l lo Ui
ClpClla"'? 11174127“'7 I """ Sy,

with ¢ = €2™/™ for m e N.

18.5 The PageRank

Remark 18.38. To sort results, the search engine Google assigns a weight to each website w, which
measures how many other websites link to w. We write w; — w); if the website w; contains a hyperlink
to wj. Let [; be the number of (indexed) hyperlinks on w;. One “defines” the PAGE Rankﬂ of w; by

1—-d Dj
= —— +d =L 18.1
pii=——+ Z L (18.1)
1<j<n
Wy —rw;
where n is the number of all indexed pages and 0 < d < 1 is a constant damping factorﬁ The PageRank
of w; is thus “large” if many pages w; (with high p; and low ;) link to w;. The condition d < 1 prevents

isolated websites (which are not linked to) from receiving PageRank 0. The p; cannot be calculated
directly through (18.1)). It is not even clear whether they are uniquely determined by ((18.1)).

Definition 18.39. With the above notation, G = (g;;) with

d oy d=dSf gy o,
L l; n 7
95 =114

- otherwise

is called the Google matriz.

5Named after one of the Google founders Larry Page (not after “web page”).
5Google uses d = 0.85. The exact value of n is unknown, but is likely to be greater than 10*°.
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Theorem 18.40. The Google matriz is stochastic. Furthermore, (p1, ...
= 1. In particular, p1, ...

of Gt for the eigenvalue 1 with py + ...+ p,

Proof. Because 0 < d < 1, we have G > 0. The i-th row sum of G is

li<g+1_d

li n

>+(n—li)ﬂ:1,

n

i.e. G is stochastic. By the definition of p;, it holds that

sz—lfderZ Z p]—l—d+dej Z

i=1 1<j<n 1<i<n
Wi —w; wj—w;
It follows that > ; p; = 1. For v := (p1,...,pn), we have
n
sz—zgjzpj T p; + Z
i 1<j<n
wWj—rw;

dpj
L = Pi,

,Pn) 18 the unique eigenvector
, Pnare uniquely determined.

——1—d+dej.

i.e. v is an eigenvector of G* for the eigenvalue p(G*) = p(G) = 1. According to Perron-Frobenius, v is

uniquely determined by > p; = 1.

Remark 18.41.

O

(a) In practice, p; is determined (approximately) using the von Mises theorem. One can show that
|A| < d holds for all eigenvalues A # 1 of G. Thus, the power method converges at least by the

factor 2 (see proof of [Theorem 17.70)).

(b) One can also view G as the transition matrix of a Markov chain, in which a surfer on wj; clicks
on one of the hyperlinks on w; with probability d and accesses a random other website with
probability 1 — d. Once the p; have been determined, one can use [Corollary 17.67] to determine

the long-term residence probabilities of the surfer (see [Example 18.34)).
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19 Linear Optimization

19.1 Linear Programs

Remark 19.1.

(a) In linear optimization, one maximizes (or minimizes) an objective function (for example, profit or
costs of a company) under constraints (for example, demand or capacity).

(b) For the sake of consistency, we will only use column vectors. Deviating from previous chapters,
let R™ be the space of real column vectors.

Example 19.2. A company produces two products P and ) using three machines A, B, C. The
machines have a maximum runtime of 170 hours (A4), 150 hours (B), and 180 hours (C') during the
production period. The production of P and @ requires the following resources:

Product Runtime A Runtime B Runtime C Revenue
P 1h 1h 0 300€
Q 2h 1h 3h 500€

In what ratio should units of P and @ be produced to maximize the total revenue? Let z and y be the
number of products P and @ to be produced. The objective function f: N2 — R, (x,y) — 300z + 500y
is to be maximized under the constraints

z,y >0, x + 2y < 170, r +y < 150, 3y < 180

These inequalities describe the area marked in blue in R?:

Yy
x +y =150
xr+ 2y =170 \
F(x,y) = 35.000 .
y = 60 ———
30

30 60 90 130 z

The parameters for a revenue of f(z,y) = 35.000 are marked with the red dotted line. Since the
slope —3/5 of this line does not depend on the revenue, it is easy to see that f is maximal for
(x,y) = (130, 20). The revenue then amounts to 49.000€. We are lucky that the solution (z,y) here is
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unique and integer-valued. For problems with significantly more parameters, this graphical approach is
unsuitable.

Remark 19.3.

(i) A “linear” objective function has the form f: R™ — R, z +— c'x + a for some ¢ € R™ and a € R.
Since constants have no influence on the position of extrema, one can assume a = 0. Because of
max f = —min(—f), one can restrict oneself to the search for maxima.

(i) Linear constraints on x € R™ can occur in the form c'z < b, ¢tz = b or ¢'z > b with ¢ € R™ and
b € R. Because of ¢’z > b <= (—c)'a < —b, one can do without the third variant. By adding a
so-called slack variable y, one can replace c'z < b by ¢z +y = b and y > 0. Slack variables do not
appear in the objective function. In general, one can assume x; > 0 for ¢ = 1,...,m by replacing
x; with two variables xj, z; >0 with z = 2z, — x_. All constraints can now be summarized in
matrix form Az = b with b € R™ and x > 0. Using the Gaussian algorithm, one can transform A
into row echelon form and delete zero rows. In particular, one can assume that A has full rank. In
the case n > m, Az = b can have at most one solution according to |[Remark 6.7, The search for a
maximum of the objective function is uninteresting in this case. We will therefore assume n < m.
By multiplying rows by —1, one achieves b > 0.

(iii) Alternatively, constraints of the form c'z = b can be split into ¢’z < b and —c*z < —b. One thus
achieves Az < b without adding slack variables and without restrictions on . We will return to

this in [Definition 19.14

Definition 19.4. A linear program (in standard form) L = (A, b, c) consists of A € R™*" with rank
n <m,be R with b > 0 and ¢ € R™. A non-negative vector x € R is called feasible, if = satisfies the
constraint Ax = b. We are looking for feasible x,,x that maximize the objective function f: R™ — R,
x— cx,ie., f(Tmax) > f(x) for all feasible x € R™. Furthermore, L is called

e solvable, if at least one T, exists.
e infeasible, if there are no feasible x.

o unbounded, if f becomes arbitrarily large on the set of feasible x.

Remark 19.5. Let L be a linear program with objective function f. Suppose f is bounded on the
set M of feasible z. By Bolzano-Weierstraf, there exists a sequence of feasible points (x;); with
s 1= lim; 00 f(23) = supgeps f(). Since M is closed, Tmax := lim;_,o 2; exists. Since f is continuous as
a linear function, f(Tmax) = s = max;ecps f(x), i.e. L is solvable. This shows that every linear program
is either solvable, infeasible, or unbounded.

Example 19.6. The problem from can be written as a linear program with three slack
variables:

121 . .
A=[11 .1 .], b = (170, 150, 180)", ¢ = (300,500, 0,0,0)".
3
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19.2 Convex Sets

Definition 19.7.

e A subset A C R" is called convez, if Ax + (1 — A)y € A holds for all z,y € A and 0 < A < 1.
Intuitively, this means that for any two points in A, their connecting line segment also lies in A.

e For vy,...,vp € R®" and Aq1,..., A\ € Ryg with A\; + ...+ A = 1, one calls vy + ...+ A\pvi a
convex combination of vy,...,vg.

e The set of all convex combinations of elements from A is called the convex hull of A and is

denoted by con(A) (or con(x1,...,xx) if A ={x1,...,25}). Obviously, con(A) is the “smallest”
convex subset containing A, i.e.

con(A) = ﬂ I.
ACI'CR"™
I' convex

Example 19.8.

(a) Convex sets in R are (open or (half-)closed) intervals. In R?, convex sets have neither holes nor
inward-facing “kinks”. Here is the convex hull of seven points (blue) and a non-convex set (red):

(b) For every norm, {z € R" : ||z|| < 1} is convex by the triangle inequality. For ||.||2 one obtains
the unit ball, for ||.||s the cube with edge length 2, and for ||.||; the so-called standard simplex
con(=ey,...,*e,) (for n = 3 this is an octahedron).

Theorem 19.9 (CARATHEODORY). Let A C R" and x € con(A). Then x is a convex combination of
at most n + 1 elements in A.

Proof. Let x = Ajv1 + ...+ Agvp be a convex combination with vy,...,v; € A and k minimal. Suppose
k > n+ 1. We form the matrix A € RO+tD*k with columns vy, ..., v, and the additional row (1,...,1).
Because rk(A) < n + 1 < k, there exists a y € RF\ {0} with Ay = 0. Thus yv1 + ... + ypvr = 0 and

1+ ... +yp=0. Let1gsgkwith%z%fom':1,...,k.ForA;:=A,-(1—§%§)>01tholdsthat

k k
Z)\;'Ui = Z)\ivi — ﬁ Zyivi =,
i=1 Ys =

i#£S
k A k
DT SIS I
is i=1 Ys i3
in contradiction to the choice of k. O
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Example 19.10. In contrast to subspaces, con(A) C R™ cannot always be “spanned” (as a convex
combination) by finitely (or countably) many elements in A. To see this, consider the convex unit
disk A := {z € R? : |z| < 1}. Suppose there exist countably many v, vs,... € A such that every
element in A is a convex combination of the v;. As is well known, there are uncountably many x € A
with |z| = 1 (parametrized by (cos(y),sin(p)) with ¢ € R). We can assume z # +wv; for i € N. Then
wlog. x = Avp + ... 4+ Agvp with £ > 2, \; > 0 and Ay + ... + Ay = 1. According to the triangle
inequality and the Cauchy-Schwarz inequality, it holds that

k k k
1= [,2] <Y Ailfz, o]l <) Aol <D xi=
=1 =1 i

only if z is linearly dependent on each v; and |v1| = ... = |vgx| = 1. But then & = +v;. Thus, one needs
uncountably many elements from A to represent every element as a convex combination.

Lemma 19.11 (FARKAS). For all U < R", exactly one of the following statements holds:
(1) There exists a uw € U with u > 0 and u; > 0.

(2) There exists a v € UL with v > 0 and v; > 0.

Proof. If and were to hold simultaneously with u and v respectively, then 0 = [u,v] =
ULV + . . . + Upvy > urvy > 0. We argue by induction on n. Forn =1, U =R or UL =R.Solet n>2
and

U= {zeR": (2,00 U} <R",
U:= {reR" 1 :3yeR:(z,y) eU} <R L

For dimensional reasons, there exists a ug € U such that U = (U x {0}) 4 (uo). From [Exercise 1.6 it

follows that _
Ut = Ut xR)Nup. (19.1)

By induction, there are three alternatives:
(a) There exists a @ € U with @ > 0 and @; > 0. Then holds with u := (u,0) € U.

(b) There exists a © e UL with % > 0 and & > 0. For v := (9,0) and all u = (@, uy,) € U it holds
that [u,v] = [a, 9] = 0, i. e. [(2)] holds for v.

(¢) There exist o € UL and @ € U with 3,4 > 0 and @y, 4; > 0. Let y € R with u = (4,y) € U. In
the case y > 0, holds for u. Therefore, let y < 0. According to ((19.1)), there exists a z € R
with v = (,2) € ug C UL. Because @, % > 0, we have

0=[u,v] =[4,0] +yz > yz

and z > 0. Thus holds for v. O

Example 19.12. In R?, Farkas’ Lemma states that for every line ¢ through the origin, either g or the
line g* perpendicular to it passes through the first quadrant (z,y > 0).

Corollary 19.13. For A € R™™ and b € R", exactly one of the following statements holds:
(1) There exists an x € R™ with > 0 and Az = b.
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(2) There exists a y € R™ with bty < 0 and Aty > 0.

Proof. If x and y are solutions of |(1){ and [(2)| respectively, then 0 < (A'y)tz = y*(Az) = y* < 0. Thus,
at most one of the statements can hold. We append —b on the left as a new column to A and obtain
S := (=b|A) € R™*(m+D) Lt U := Ker(S) < R™!. Suppose there exists an & = (z1,z)" € U with
x >0 and 1 > 0. After scaling, we can assume x1 = 1. Then 2* is a solution of .

By Farkas’ Lemma, we can now assume that there exists a # = (21, 2)* € UL with z > 0 and 2z; > 0.
According to [Example 11.16, UL = {S'y : y € R"}. So let y € R" with Sty = 2. Then b'y = —2; < 0
and A%y = z > 0. Thus|(2)| holds for y. O

Definition 19.14. Let L = (A,b,¢) be a linear program. The dual linear program L* to L minimizes
the objective function f*: R® — R, y — bty under the constraint A%y > c. Analogous to [Definition 19.4

one defines solvability, feasibility, and boundedness of L*.

Example 19.15. The dual program to L = (A, b, ¢) from [Example 19.6|is

11 . 300
2 1 3 500

min (170, 150, 180)y 1. y>1 0
yer? 1. 0
1 0

Because of y,¢ > 0, L* is bounded. Obviously, ¥ is a minimal solution only if equality holds in the first
two rows, i.e., y1 + y2 = 300 and 2y; + y2 + 3y3 = 500. Then y = (y1,300 — y1, (200 — y1)/3) and

[ (y) = c'y = 170y1 4 150(300 — y1) 4 60(200 — y1) = 57.000 — 40y;.
The minimum f*(y) = 49.000 is obtained for y; = 200 because of y3 > 0. This is exactly the maximum

value of L. The next theorem shows that this is no coincidence.

Theorem 19.16 (Duality Theorem). For every linear program L = (¢, A,b), the following holds:

(a) L is solvable if and only if L* is solvable. For solutions Tmax and Ymin, it holds that f(Tmax) =
S (Ymin)-
(b) If L (resp. L*) is unbounded, then L* (resp. L) is infeasible.

Proof.
(b) If z € R™ is feasible for L and y € R is feasible for L*, then
f@) = do <y Az = y'b = F(y). (19.2)
If L (resp. L*) is unbounded, then L* (resp. L) must be infeasible.

(a) Let zpax € R™ be a solution of L. Let
= (5 4) emoinmd
and U := Ker(Ay). If there existed a () € Ker(A;) with ¢ > 0 and w € RZ, then zpax +w > 0,

A(Tmax +w) = b and
f(xmax + w) = f(xmax) +1> f(wmax).
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By Farkas’ Lemma and [Example 11.16] there exists a y = A% (%) > 0 with v € R" and y; > 0.
Now s < 0 and Ay > —sc. For v := —%u, it finally holds that A'v > ¢, i.e. v is feasible for L*.

Now we consider

c —-A* A* 1, 0 O
A2 — _b 0 0 0 A 0 c R(n+m+1)><2(n+m+1)'
0 b=t 0 —c' 1

Suppose there exist z € R™, v € R" and s € R with (2, u%, s)A2 > 0 and a positive first
coordinate. Then

ctx > ub, Ax < sb, Ax > sb, x,s >0, Aty > se.
Suppose s > 0. By passing to 2(z%, u', s), one can assume s = 1. Then z is feasible for L and u
for L*, but (19.2) is violated. Thus s = 0 and Az = 0. For all A\, u > 0, xax + Az is feasible for
L and v + pu is feasible for L*. By choosing A or p (if ¢'z = 0) sufficiently large, (19.2) becomes

invalid again. Therefore, (x*, u', s) cannot exist.

Using Farkas’ Lemma, one finds a non-negative vector (1,uy,u_,z,x,s) € Ker(As). This means

t

Az = b, A(uy —u_)=c+z>c, b (uy —u_) =c'z —s < c'm.

Thus x is feasible for L and u := uy —u_ is feasible for L*. Because of f(z) = c'z > b'u = f*(u),
it follows that s = 0 from ((19.2]). Furthermore, u must be a solution for L* and f(zmax) = ¢tz =

blu = f*(u).
Finally, let ymin be a solution for L*. If in [Corollary 19.13| holds for y, then A*(ymin +y) > ¢
and f*(Ymin +¥) = ' (Ymin + ¥) < bYmin = f*(Ymin). Thus must hold, i.e. L is solvable. [

Example 19.17. It can happen that both L and L* are infeasible. For example, for A = (_11 _11),
b=c=(1,1)"

19.3 The Simplex Algorithm

Definition 19.18.

e The feasible set P := {r € RY : Az = b} of a linear program L = (A, b, c) describes a polyhedron.
Obviously, P is convex. One calls © € P a vertex of P or L if P\ {z} is also convex.

e For z € P, one calls supp(z) := {i : ; > 0} C {1,...,m} the support of x.

e For I C{1,...,m}and x € R™, let A; := (aj; : i =1,...,n, j€I), a7 := (x; : i € I) and
I':={1,...,m}\ I. One calls I a basis set of L if A is invertible. If additionally A;'b > 0, then
I is called feasible.

Remark 19.19.

(a) In geometry, polyhedra are defined as sets of the form P = {z € R" : Az < b}. Bounded polyhedra

are called polytopes. In R?, polytopes are convex polygons like the feasible region in [Example 19.2|
The vertices are exactly those points that one would colloquially call corners. The condition that

P\ {z} remains convex intuitively means that one can “round off” vertices.
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(b) We saw in how to transform polyhedra of the form {z : Az < b} into polyhedra
of the form {z > 0 : Az = b} by introducing slack variables. The geometric visualization
of the polyhedra defined in [Definition 19.18| thus refers to a proper subspace. For example,
P ={(z,y,2) >0:2+y+ 2z =1} describes an equilateral triangle on a plane in R with the
vertices eq, es and eg.

Lemma 19.20. For every feasible point x of a linear program L = (A, b, c), the following are equivalent:
(1) x is a verter.

(2) For I :=supp(z), it holds that tk(Ay) = |I].

Proof.

(1) = (2): Assume the columns of A; are linearly dependent. Then there exists a y € R™ with
supp(y) € I and Ay = 0. Furthermore, there exists an € > 0 with x £+ ey > 0. Now x £ ey lie in the
polyhedron P of L and = = J(z —ey) + 5 (z+ey). Then P\ {z} would be not convex. Contradiction.

(2) = (1): Assume P\ {z} is not convex. Then there exist y,z € P\ {z} and 0 < A < 1 with z =
Ay + (1 — A)z. Because of y, z > 0, it holds that supp(y),supp(z) C I. This shows Ary; = b= Ajrzs
and y; — z; € Ker(Ay). Since A; has full rank, it would follow that y = z = «. d

Example 19.21.
(a) In the case b =0, x = 0 is a vertex with I = @.

(b) If I is a feasible basis set for L, then there exists exactly one feasible vertex x with supp(z) C I,
because x; = A;lb > 0. In the case supp(x) € I, x can belong to several basis sets.

Corollary 19.22. Every linear program in m variables has at most Y . _, (7;) < 2™ wertices.

Proof. Each vertex x is uniquely determined by I := supp(x), because Arzr = b has (at most) one
solution according to [Lemma 19.20, The number of subsets I C {1,...,m} with |I| < n is known to be

i(?)si(?):aﬂ)m:zm. 0

k=0 k=0

Remark 19.23. The estimate in [Corollary 19.22]is not optimal for n > 2. Indeed, if x is a vertex, then
every index set I with supp(z) C I and rk(Ay) = |I] leads to the same vertex. Thus, one only needs
to consider so-called “antichains” {I1,..., I} of {1,...,m}, ie., Iy € I; for all s # t. A theorem by
SPERNER provides the sharper estimate k < (Lm"/‘2 J)H

!see notes| on Logic and Set Theory
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Nevertheless, the number of vertices can grow exponentially with m. For example, the linear program
with A = (1,,1,) € R™2" and b= (1,...,1)" has exactly 2" = /2" vertices (each I contains exactly
one element from {i,i +n} fori=1,...,n).

Theorem 19.24 (Fundamental Theorem of Linear Programming). If the linear program L = (A, b, ¢)
s solvable, then the maximum is attained at a vertexz.

Proof. Let xpax be a solution of L and I := supp(@max). We can assume that zpay is not a vertex.

As in the proof of [Lemma 19.20] there exist y € R™ \ {0} and ¢ > 0 with supp(y) C I, Ay = 0 and
T4 ‘= Tmax T €y > 0. Because of

f(@max) £ ef(y) = fa+) < f(@max)

it follows that f(y) = 0. We can choose € such that supp(zy) € I or supp(z_) C I holds. If necessary,
x4 or z_ is a solution of L with a smaller support. If we continue in this way, we arrive after finitely
many steps at a vertex z with f(z) = f(Zmax)- O

Remark 19.25. According to [Theorem 19.24] and [Corollary 19.22] one only needs to consider finitely
many (but possibly exponentially many) feasible vertices to solve a linear program. Nevertheless, it is
possible that the maximum is attained at infinitely many points, for example in the trivial case ¢ = 0.
With the following theorem, one can check whether a found vertex is a solution.

Theorem 19.26 (Simplex Criterion). Let L = (A,b,c) be a linear program with a feasible basis set I. If
y(I) =cby — ch AT Ap <0,

then the vertex corresponding to I is a solution of L.

Proof. Wlog. let I ={1,...,n} and A = (Ay, Ap). For every feasible vector x, Arx;+ Apxp = b holds.
It follows that xj + AI_1A1/331/ = Al_lb and

x>0
f(z)=¢* <il> = (A — AT Apap) + ap = SAT D+ y(Dap < AT
I/

with equality if ;7 = 0, i.e. if z is the vertex with supp(z) C I. O]

Remark 19.27. In practice, it is costly to enumerate all vertices. The idea of the simplex method is
to move from a vertex x to a “neighboring” vertex y with f(y) > f(x). Intuitively, neighboring means
that the connecting segment S := {A\x + (1 — A\)y : 0 < A < 1} forms an edge of the polyhedron P, i.e.
P\ S is convex.

Lemma 19.28. Let L = (A, b, ¢) be a linear program with a feasible basis set I. Let x be the corresponding
vertex (Ezample 19.21), y := x1 and M = (myj) = A7 Ap. Let j € I' with v(I); > () Then the
following holds:

(a) If the j-th column of M is non-positive (i.e. < 0), then L is unbounded.

%We index the components of v(I) and the columns of M with I’ instead of 1,...,n —m.
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(b) Otherwise, let i € I with

Yi _ min{y—k ckel, my > O}.
mij mkj

Then J =T\ {i} U{j} is also a feasible basis set and for the corresponding vertex ' it holds that
f@') = f(x).

(c) If y >0, then f(z') > f(z) in|b)]

Proof.

(a) Let 4 > 0and z € R" with zpp = pe; > 0 and 2y =y — pM; > y = x5 > 0, where M; < 0 denotes
the j-th column of M. Because of

Az = Arzr + Apzp = Az — ,LLA]M]' + ,LLA[/ej =b
z is feasible and
f(2) = chzr + pche; = o — pciM; + pele; = 'z + py(I); — oo (1 — 00).
Thus L is unbounded.

(b,c) Apparently S := A;lAJ = (e1,...,€i—1,Mj,€ei41,...,e,). By expansion along the i-th row, one
obtains det(S) = m;; > 0. In particular, S is invertible. Thus A ; must also be invertible, i.e. J is
a basis set. We define 2/ € R™ by

Uk — gy if ke T\ {i},
Ty =4 Vi it k=,

0 otherwise.

By the choice of i, it holds that y; >

m

Yimy; for k € I'\ {¢}. This shows 2’ > 0. Furthermore,
ij

A;lAﬂj, = A;lAjﬂff] = Z(yk N %ka)ek + %MJ

k#i s )
Yi Yi

= g (yk— ! mkj>ek+—Z M; =y =uwxr
mij mij

kel

and Ax’ = Ajxr = Az = b. Thus 2/ is a feasible vertex for J. Finally,

) = ck(k—ﬂmk~>+£c<: x—intM«I—ic-: m+yi I):; > f(x
Py =3 enlur =5y me) + e = S@) = oMy o nes = J(@) + 5 o (D) 2 £(@)

with equality if and only if y; = 0. O

Remark 19.29 (Simplex Algorithm). Let a linear program L = (A, b, c) be given.

(1) One determines a feasible basis set I; and the corresponding vertex ;. This can be achieved if
necessary by appending b as a column of A and completing {m + 1} to a basis set.

(2) For k=1,2,... repeat:

(a) If the simplex criterion y(I) < 0 is satisfied, then z}, is a solution for L.

(b) Otherwise, one can apply [Lemma 19.28] If [Lemma 19.28(a)|is satisfied, then L is unbounded
and one can terminate.
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(c) Otherwise, one finds with [Lemma 19.28(a)| a vertex xp1 with f(zr1) > f(zr).

(3) In practice, it can happen that the loop enters an infinite cycle of vertices x, g1, ..., T, Tk, - - -
In this case, one can start with a new starting vertex x; or incorporate artificial perturbations.

One can construct examples in which the simplex algorithm traverses all (exponentially many) vertices,
but in practice this occurs only very rarely.

Example 19.30. We consider again the linear program from

121 . .
A=[11 .1 .|, b = (170, 150, 180), ¢ = (300,500, 0,0, 0).
3 1

Obviously I} = {3,4,5} is a feasible basis set with vertex z; = (0,0, 170,150, 180)%, f(z1) = 0 and
Ar, = 13. It holds that ~(I) = (300, 500) and

1 2
Ml:AIi: 1 1
0 3

We can choose j = 1 in [Lemma 19.28] Then i = 4 because of 170 > 150. Now I, = {1,3,5} and
zo = (150,0,20,0,180)° with f(x2) = 45.000. One calculates

-1

110 2 0 0 1 0 2 0 1 1
Ma=1[1 0 O 1 1)=11 -1 0 1 1]=11 -1
0 01 30 0 0 1 3 0 3 0

and v(l2) = (500,0) — (300,0,0)M = (200, —300). Here one must choose j = 2 and ¢ = 3. Thus
I3 ={1,2,5} and x3 = (130,20, 0,0,120)* with f(z3) = 49.000. Furthermore

-1

1 20 10 -1 2 0 10 -1 2
Ms=11 1 0 0 1]=(1 -1 0 0O 1]=(1 -1
0 3 1 0 0 -3 3 1 0 0 -3 3

and v(I3) = (0,0) — (300, 500,0)M = (—200,—100). According to the simplex criterion, x3 is a solution.
Except for the slack variable x5, this is the solution found in
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20 Lattices and Quadratic Forms

20.1 Lattices

Remark 20.1. In the vector space axioms, it is not used that the field K possesses inverse elements
wrt. multiplication. One can therefore replace K with an arbitrary ring R and then speaks of R-modules
(more precisely: left modules). In general, the theory of modules is arbitrarily complicated and does
not have much to do with linear algebra anymore. Even Z-modules usually do not possess a basis (for
example, Fy is in a natural way a Z-module in which every element is linearly dependent because of
2.2 =0 for x € F9). In this section, we investigate a family of Z-modules within R™ which, by definition,
possess a basis.

Definition 20.2. A lattice is a subgroup A < (R™, +) of the form
A= {Z)\ibi AL A ez} — Zby+ ...+ Ty,
i=1

where B := {by,...,b,} € R" is linearly independent. If applicable, one calls B a basis of A and
rk(A) := | B| the rank of A. In the case m = n, one says: A has full rank. The matrix A € R™*" with
rows by, ..., b, is called a generator matriz of A. Furthermore, one calls

BlA]p := AA" = ([bs, bs])i; € R

the Gram matriz of A wrt. B.

Remark 20.3.

(a) For every basis B of a lattice A, it holds that |B| = dim(B) = dim(A). Therefore, rk(A) does
not depend on the choice of the basis. By replacing R™ with (A), one can often assume that A
has full rank.

(b) Since the generator matrix A has full rank, the Gram matrix AA" is positive definite (Lemma 12.40)).

Example 20.4.

(a) The trivial lattice with the standard basis B := {eq,...,e,} consists of all points in R" with
integer coordinates. The generator matrix and the Gram matrix wrt. B are 1.
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(b)

()

(d)

A section of a lattice A C R? with two different bases:
Yy Y
(717 3) )
(3.2) |
L] L]
(2,1)
I T . A T
(5? _1)

Let A € R™ " be positive definite with Cholesky decomposition A = R'R. Then there exists a
lattice with generator matrix R' and Gram matrix A. In this way, one can assign a “canonical”
lattice to A.

For a lattice A C R"™ with generator matrix A € R™*" let
A" ={r e (A):Vde A:[z,d € Z} CR".
For every x € (A) there exists a y € R” with x = yA. It holds that
TEAN = VoEB:[1,b| €L = A' € Z" <= z:=yAA' € ™.

For S := (AAY) 1A = [A]5'A € R™*™ it therefore holds that A* = {25 : z € Zm} This shows
that A* is a lattice with generator matrix .S. One calls A* the dual lattice to A. The Gram matrix
of A* wrt. S is

SS' = plA]F AA (Al = BlA]G"
The trivial lattice A is obviously self-dual, i.e., A* = A. In general, (A*)* = A, because
(SSH)™LS = B[A]BS = A.

Definition 20.5. For n > 1 let GL(n,Z) := {A € GL(n,Q) N Z"*": A=t € Z"*n}.

Lemma 20.6. For A € Z™*" it holds that A € GL(n,Z) if and only if det A = £1.

Proof. For A € GL(n,Z) it holds that det A € Z and det(A)~! = det(A~!) € Z, thus det A = 1. The

reverse inclusion follows from [Remark 9.24

O

Lemma 20.7. Let B and C be bases of a lattice A C R™. Then there exists an S € GL(m,Z) with
StB[A]BS = C[A]C-

Proof. Let Gp,Geo € R™*™ be the generator matrices of A wrt. B and C, respectively. Then there
exists S € ZM*™ with SGp = G¢. It follows that

clAle = GeGE = SGpGRS' = Sp[A]S*

and det(c[A]c) = det(S)? det(p[A]g) > det(p[A]p). For reasons of symmetry, det(g[A]g) > det(c[A]e)

also holds. This shows det(S) = £1 and S € GL(m,Z) according to |Lemma 20.6

O

!By the way, S* = A% is the pseudoinverse of A.
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Definition 20.8.

e A lattice A is called integral, if g[A]p is integral for a basis B. According to [Lemma 20.7] this
property does not depend on the choice of B.

e One calls disc(A) := y/det(p[A]p) the discriminant of A. This is also independent of B.

Example 20.9.

(a) If A has full rank with generator matrix A, then disc(A) = |det(A)|. Geometrically, disc(A) is in
this case the volume of the so-called fundamental mesh

{)\1b1+...—|—)\nbnZOS)\l,...,)\ngl}

for a basis by,...,b, of A (cf. [Example 9.2). In particular, disc(A) = 7/2 holds for the lattice
from [Example 20.4{(b)|

(b) A lattice A is integral if and only if A C A*. In general, disc(A*) = disc(A)~! holds.

20.2 The Minimal Norm

Definition 20.10. For a lattice A C R"™, let
min A := min{|z| : 2 € A\ {0}}

be the minimal norm of A.

Remark 20.11.
(a) Since a lattice A is a group, min A = min{|z — y| : 2,y € A,z # y} holds.

(b) Let A be a generator matrix of A and G := AA' the Gram matrix. For x € A there exists an
s € Z™ with x = sA. It follows that |z| = |sA| = V'sGs'. Let A (> 0) be the smallest eigenvalue
of G. According to |z| > v/A|s| holds. In particular, min A > v/A. Equality will
generally not occur, as there is not necessarily a normalized integer eigenvector of G. However,
there exist only finitely many vectors x € A with |x| = min A. They are called shortest vectors.
Both the determination of the shortest vectors and the determination of min A are difficult
algorithmic problems for n > 10. Modern encryption methods such as LWEH are based on this,
which — in contrast to classical methods like RSA — cannot yet be broken by quantum computers.

2Learning with errors
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(c) HARRIOT investigated in 1587 how (cannon) balls can be arranged as densely as possible in R”.
If the unit balls are arranged regularly, the centers form a lattice A with min A > 2 (otherwise
balls would overlap). The density of the arrangement can be measured by dividing the volume of
the unit ball 7,, by the volume of the fundamental mesh disc(A): p(A) = m.

(1) For n =1, A = Z2 is optimal with p(A) = 1.

(2) For n = 2, an optimal arrangement is obtained by the hexagonal lattice A = Z(2,0)+%(1, v/3)

NN

i e ot
i

NN,

with min A = 2 and p(A) = QWW ~ 0.91. The square lattice Z(2,0) + Z(0, 2) has only density
/4~ 0.79.

(3) For n = 3, one takes the optimal arrangement in the plane and stacks these offset on top of
each other:

A =7(2,0,0) + Z(1,v/3,0) + Z(1,1/v/3,/8/3)

It holds that min A = 2 and p(A) = 3% ~ 0.74. Gauss proved that there is no lattice with

higher density (Theorem A.81{ cf. [Exercise 111.27). KEPLER conjectured in 1611 that it is
generally impossible to arrange balls even more densely (even irregularly)ﬂ This was only
proven in 1998 by HALES using a computerﬁ

(4) For 4 < n <7, the densest sphere packing is not known. For n = 8, VIAZOVSKA proved in

3There are infinitely many ways to stack the planes offset with the same density, but these are formally not lattices.
4Since 2017, there has been a “formal” proof verified by computer.
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2016 that the so-called FEg-lattice with generator and Gram matrix

2 . . . . . . . 4 -2 . . . . o1
-1 1 . . . . . . -2 2 -1 .
-1 1 . . . . . .o =-1 2 -1 .
-1 1 . . . . . ... -1 2 -1 .
-1 1 . . . . . e A |
-1 1 -1 2 -1
. . . . .o —1 1 . . . . . .o =1 2 .
I Lz 1/ 1/2 1/2 1/2 1/3 1/3 1. . . . . .2
is the densest arrangement. It holds that p(Eg) = 3“—81 ~ 0.25. One sees that Eg consists of
the vectors z and x + %(1, ..., 1) for x € Z8 with 2 | 1 + ...+ zg. In particular, min Fg = 2.

One year later, the case n = 24 was also solved. Viazovska received the Fields Medal in 2022
for these achievements.

Example 20.12. For the lattice A = Z(2,1) + Z(1/2,2) from [Example 20.4(b)l £(3/2,—1) are the
shortest vectors with min A = 1/13/2.

Theorem 20.13. A subgroup U < (R™,+) is a lattice if and only if for all d € N there exist only
finitely many x € U with |z| < d.

Proof. For every lattice, the specified restriction holds according to Conversely, let
U < (R™, +) such that the condition holds. Let uy, ..., ur € U be a maximal set of linearly independent

vectors. Then U C (uy,...,ux) =: V. In the case k = 0, U = {0} = (@) is a lattice of rank 0. Now let
the claim already be proven for k — 1. Since W := U N (uy, ..., ur_1) also satisfies the assumption of
the theorem, W is a lattice with basis by, ...,b;_1. We consider

S2:{)\1b1+...+)\k,1bk71+)\ukIOS)\l,...,Ak,l<1, OS)\Sl}ﬁU.

By the triangle inequality, S is bounded and therefore finite by assumption. Because ug € S, there
exists a by, = A1by1+...+ Ap_1bg—1 + Aug € S with A > 0 minimal. Obviously b1, ...,b, € U are linearly
independent. Every element v € U has the form v = pu1b1 + ... + purbe with pq, ..., ux € R. Let xp € Z
with 0 < pp — A < A. Then there exist x1,...,2r_1 € Z such that

u—x1by — ... — xpby :)\llb1+“'+)\§{;—]_bk’—1+)\;cuk‘ €S
with 0 < MN,...,A,_; < 1and 0 < A, < A holds. By the choice of b, it follows that A\ = 0 and
Nibi 4+ ...+ N, bg—1 € W. Since by,...,b,_1 is a basis of W, it must hold that \j =...=X,_, =0.
This shows u = x1b1 + ... + z3bg. Thus U is a lattice with basis by, ..., bg. O

Corollary 20.14. If A, A C R" are lattices, then so is AN A.

Proof. As is well known, AN A is a subgroup of (R”,+). Like A; AN A can also contain only finitely
many elements with bounded norm. O
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20.3 Integer Matrices

Remark 20.15. The study of integral lattices leads to matrices with integer entries. In
we had already constructed matrices with polynomial entries and noted that the Gaussian algorithm is
not applicable because it would require division. With some number theoryEL we develop a substitute
for the Gaussian algorithm in Z™*™ with which systems of equations over Z can be solved.

Definition 20.16. For a,b € Z we write a | b (a divides b), if a ¢ € Z with b = ac exists. A d € Z
is called a common divisor of a1,...,a, € Z,if d | a1,...,d | ay. Let cd(ay,...,a,) be the set of
common divisors of ay,...,a,. One calls d € cd(aq,...,a,) the greatest common divisor and writes
ged(ar,...,a,) == d, if d > 0 and e | d holds for all e € cd(ay,...,a,). In the case d = 1 we call
ai,...,an coprime (as with polynomials).

Remark 20.17.

(a) If g and ¢ are greatest common divisors of ay, ..., a,, then g | ¢’ | g and g = +¢’ holds. Because of
g,g > 0 it follows that g = ¢/, i. e. there exists at most one greatest common divisor of ay,...,ay,
(this justifies the notation ged).

(b) Contrary to its name, the ggT is not necessarily the largest common divisor. For example,
cd(0,0) = Z, but ged(0,0) = 0 (note 0 | 0). More generally, ged(ay,...,a,) = 0 if and only if
ap=...=a, =0.

(¢) One should compare the following lemma with [Lemma 15.6

Lemma 20.18 (BEzouT). For aq,...,a, € Z there exist by, ..., b, € Z with a1by + ... + apb, =
ged(ay, ... a,) and ged(by, ..., by) = 1.

Proof. Induction on n: In the case n = 1 one sets by = 1. Let n > 2 and the claim be already proven
for n — 1. Then there exist by,...,b,—1 € Z with ged(aq,...,an—1) = a1by + ...+ an_1b,—1. Because
of cd(ay,...,a,) = cd(ged(ay, . ..,an—1),an) we have ged(ay, ..., a,) = ged(arby + ... + an—1bp—1, an).
Therefore we can assume n = 2. Let

d:=min{e € N:3byj,by € Z : e = arby + azbs}.

For e € cd(a1, az2) it then holds that e | d, thus also ged(a1, az2) | d. Euclidean division yields a; = gd +r
with ¢ € Z and 0 < r < d. Because of r = a1 —qd € Zay + Zas, it follows that » = 0 from the minimality
of d. Thus d | a; and analogously d | ag. This shows d | ged(ag, a2) and ged(ai,as) = d = a1by + agbs.
For g := ged(by, b2) we have

b b d
d| a1—1+a2—2 = —,
g g g
hence g = 1. O
Lemma 20.19. Foray,...,a, € Z there exists a matriz in Z™*™ with first row (or column) (a1, ..., a,)
and determinant ged(ay, ..., ap).

5More details can be found in my [Number Theory notes
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Proof. In the case a1 = ... =a, =0, 0, satisfies the claim. So let wlog. a; # 0 (swap columns/rows if

necessary). Since the determinant is linear in each row (and column), we can assume ged(ay, ..., a,) = 1.
We argue by induction on n. For n = 1, choose A = (a1). Now let n > 2. By the induction hypothesis,
there exists A; € ZM=Dx(n=1) with first row (a1,...,an—1) and

g :=det(4;) = ged(ay,...,an—1) > 0.

By Bézout, there exist s,t € Z with gs+ a,t = 1. Let b; := a;t/g € Z fori=1,...,n— 1. We construct

Ay € 20=1)x(n=1) by deleting the first row of A; and instead adding (by, ..., b,_1) = é(al, ceeyp—1)
as the last column. Then det(A3) = (—1)"¢ holds. Let
an
A= Ay 0
by -+ byq s
By expansion along the last column, one sees
det(A) = (—1)"a, det(Az) + sdet(A1) = ant + gs = 1.
The analogous statement for columns is obtained by transposition. O

Remark 20.20. The next theorem provides an integer version of the row echelon form (cf.

rem 6.10).

Theorem 20.21 (HERMITE Normal Form). For every matriz A € Z™™ there exists exactly one
non-negative matric H € Z"*™ with the following properties:

(i) H=SA for some S € GL(n,Z).
(ii) Zero rows are located at the bottom of H.

(1it) For 1; := min{l < j < m : a;; # 0}, it holds that 1 < 10 < ... (if defined) and a;, < a;r, for
j=1,...0—1.

In particular, H is an upper triangular matriz.

Proof. Ezxistence: The following algorithm transforms A into a matrix H with the desired properties.
We traverse the columns of A from left to right. Let (ai,...,a,) be the ﬁrst column of A. By Bézout,

there exist by,...,b, € Z with d := a1b1 + ... + anb, and gcd(bl, ., by) =1 Bym there
exists an S € GL(n,Z) with first row (by,...,by,). By replacing A w1th SA, we achieve a; = d > 0.
However, this also changes as,...,a,. If we repeat this step, d can at most become smaller. After
finitely many repetitions, a; € cd(ag,...,ay). For i > 2, there exist coprime by, b; € Z with a1b1 = a;b;.
By there exists an S € GL(n,Z) with i-th row (b1,0,...,0,—b;,0,...,0). After replacing
A with SA, a; = 0 holds. In this way, we achieve ag = ... =a, =0.

In the second column of A, we can analogously achieve ase > 0 = azs = ... = an2. In the case ass = 0,

we proceed to the third column. In the case a12 < 0 or aja > age, we add or subtract asgs from a9 by
multiplication with an elementary matrix from the left (this does not change the first column of A).
By repeating this step sufficiently many times, one obtains 0 < a12 < age. Once all columns have been
traversed in this manner, A (or H) has the desired properties.

Uniqueness: For the uniqueness of H, we argue as in the proof of We can assume
wlog. that A itself satisfies the properties of H. Let a; (or s;) be the i-th column of A (or §). Then
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h; = Sa; is the i-th column of H. Let a; € (etl, e e%). We show a; = h; and s, = 62 by induction on k.
In the case k =0, a; = 0 and h; = Sa; = 0. Now let the claim be already proven up to & — 1. The first
column (from the left) of A that does not lie in (e},..., el ;) has the form a; = (a1, ..., ak;,0,...,0)"
with ag; > 0. By the induction hypothesis, hj; = aj; + s;jra; for j < k and hy; = sprag;. Since S is
invertible, s # 0 and hy; # 0. Therefore, i = 7, and hy; > 0 must hold. It follows that s;rar; = hj; =0
and s;j; = 0 for j > k. From det(S) = 1, it follows that sz, = 1 and hy; = ag,. For j < k, it holds that

0 < hji = aji + sjrak; < hii = ag;.

From 0 < aj; < ay;, it follows that s;;, = 0 and s3 = e;. Furthermore, a; = h; as claimed. O

Example 20.22. If one has a lattice A with an integer generator matrix A, one can determine a
canonical basis using the Hermite normal form:

Remark 20.23.

(a) The properties of the Hermite normal form do not make use of integrality. One can therefore also
transform rational matrices into Hermite normal form by temporarily multiplying by the least
common denominator of all entries and applying the algorithm to the resulting integer matrix.

(b) In the Hermite normal form, one only operates on the rows (i.e., from the left) of a given matrix.
If one also allows column operations, one arrives at a uniquely determined diagonal matrix.

Theorem 20.24. For A € Z"*™ there ezist uniquely determined non-negative numbers dy | da | ...
with
dy 0

SAT = da (SMITH normal form)
0

or certain S € n,7Z) an € m,Z). One calls dy,...,dpininm elementary divisors of A.
f n S € GL(n,Z dT e GL(m,Z). O lls d dmin{n,m} €l divi f A

Proof. Existence: For the zero matrix, the claim is clear (note 0 | 0). As in the proof of
one can assume a1 > 0 = ag; = ... = ay,1. The same procedure with the columns (i.e., by multiplication
with 7' € GL(m, Z) from the right) leads to A = diag(d, A1). If not every entry of A; is divisible by d,
one adds a corresponding column of A; to the first column of A (the corresponding elementary matrix
has determinant 1). Then one starts from the beginning and reduces d further in this way. After finitely
many steps, all entries of A; are divisible by d. Now one applies the procedure to A;. In doing so, the
divisibility by d is preserved in each step. In the end, one obtains the desired diagonal matrix.

Uniqueness: Let Dy (A) be the ged of all determinants of k x k submatrices of A. The columns of
AT are integer linear combinations of the columns of A. This also holds for k x k submatrices. Thus
Di(A) | Di(AT) | Dp(ATT™Y) = Dy(A). Analogously, Di(A) = Dj(SA) and therefore Dy(A) =
Dy,((d;0i5)) = d1 ... dy. Thus the elementary divisors are uniquely determined by A. O]

Remark 20.25.

(i) If A is square, then |det A is the product of the elementary divisors of A. The above proof shows
how the elementary divisors can be characterized by subdeterminants.
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(ii) In contrast to the Gaussian elimination, the procedure for the Smith normal form is significantly
more complex.

(iii) The Smith normal form allows for solving integer systems of linear equations Az = b. For this,

let SAT =D = (diél]) as in |Theorern 20.24| with dy,...,dy >0=dg11 =... = dmin{n,m}- The
simpler system Dy = Sb = (by,...,b,)" is solvable if and only if d; | b; for i = 1,...,n. The
solutions are then y = (b1/dy,...,bx/dk, *,...,*), where x stands for an arbitrary integer. The

solutions of Ax = b are obtained by x = Ty.

Example 20.26. We are looking for all z € Z3 with

21 -5 26 47
Az:=[ 3 -1 4 |x=]| 7 | =:b (20.1)
-8 2 =10 —18

The algorithm in the proof of [Theorem 20.24| (modulo obvious simplifications) yields:

21 -5 26 -1 3 4 1 0 0
3 -1 4 ~|1-5 21 26 |~ | 5 6 6
-8 2 =10 2 -8 -10 -2 -2 =2
1 0 0 1 00 1 00
~10 6 6 | ~[0 2 2] ~10 2 0] =D
0 -2 -2 0 6 6 000
For
-5 -8 =2 -1 1 =2
S=|-1 -1 0 | € GL(3,Z), T:=[-1 0 —-1]eGL(3,%2)
2 3 1 2 -2 3

it holds that SDT = A. Therefore, (20.1)) is equivalent to

-3
Dy=S8"1b=|-4
0

with g := Tx. This shows y = (=3, —2,a) with a € Z. Thus 2 = T~ 'y = (a — 4,5 — a,6 — a) for a € Z.

Theorem 20.27. Let A C A CR"™ be lattices. Then there exists a basis by,...,bg of A and uniquely
determined natural numbers dy | da | ... | d;, such that diby,...,dib; is a basis of A.

Proof. Existence: Let aq,...,a; and ¢y, ..., ¢ initially be arbitrary bases of A and A, respectively. Here
[ = rk(A) < 1k(A) = k holds. We write ¢; = Z?:l xija; with z;; € Z for i = 1,...,1 and set A :=
(z45) € Z%. According to [Theorem 20.24} there exist S = (s;;) € GL(I,Z) and T = (t;;) € GL(k,Z)

with A = S(0;;d;)T and dy | ... | d;. The elements b; := E?:l tija; € Afori=1,...,k form a basis of
A. Because of
k k l l
C; = Zl‘ijaj = Z Z simdmtmjaj = Z Simdmbm
j=1 j=1m=1 m=1

{d1b1,...,dib;} is a basis of A.
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Uniqueness: Let b}, ..., b, be another basis of A and d} | ... | d, such that d\b},...,db] is a basis
of A. Then there exist S = (s;5) € GL(k,Z) and T = (t;;) € GL(I,Z) with ¥, = Z?:l si;b; and
dib, = 23‘21 t;jd;jb; for all i. A comparison of coefficients shows dgsij = t;jd; and

(8ijd;)S = T(d;5d;).

From the uniqueness of the Smith normal form, it follows that d; = d; for i = 1,...,1. O

20.4 Theorems of Hermite and Minkowski

Lemma 20.28. Every lattice A C R"™ possesses a basis by, ..., b, with [by| = min A.
Proof. Let by,...,b, € A be an arbitrary basis. A shortest vector v € A has the form v = A1b1+. ..+ by

with coprime A1, ..., A\ € Z. According to [Lemma 20.19| there exists an S € GL(k,Z) with first column
AL, ..., Ag. By change of basis (Lemma 20.7]), one can therefore assume |b;| = |[v| = min A. O

Theorem 20.29 (HERMITE). For every lattice A C R™ of rank k, it holds that

min A < (g)(kl)ﬂ {/disc(A).

Proof. Let by, ..., by be a basis of A and G = (g;;) € R¥*¥ the corresponding Gram matrix. According
to [Lemma 20.28] we can assume min A = |b1| = \/g11. For k =1, \/g11 = disc(A) holds as claimed. Let
k > 2 and the claim be already proven for £ — 1. The vectors

bi, b i
[ 1}1)1:(),'—971[)161&”

Ik 911

C; = b,’—

for 2 < i < k are orthogonal to b;. We consider the lattice A with basis c¢a,...,cr and A; with basis
bi,co, ..., ck. For the Gram matrices, Gy, = S'GS = diag(g11, Ga) holds, where

1 —912/911 LRI —glk/gll

has determinant 1. This shows disc(A) = disc(A1) = /g11disc(A). By induction, there exists a
Yy =xoca+ ...+ xpcK € A with za,..., 2 € Z and

ly| = min A < (g)“—”/‘*(d%))k;'

Furthermore, there exists an x; € Z with

W= ‘xl—k&:@—}—...—l—gﬁgxk‘ <
g11 gi1

N | =

One easily verifies S™' = 2 - 1; — S (the entries outside the main diagonal change sign). For v :=
2101 + ...+ xbg € A, it therefore holds that

g11 = (minA)? < |v]? = 2Ga' = 257 Gy, S 12" = Pg11 + (22, ..., 2k)Ga(22, . .., z1)"
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1

gu (&) A BFy e

<M< -
g1

4 4 3

Rearranging yields

gn < (;l)kﬂ(diszif)?)kll’ g1 < (;1>k(k—1)/2 disc(A)?. O

Example 20.30. A lattice with Gram matrix (2 1) yields equality in Hermite’s bound. We will replace
the exponential factor (4/3)( =1/ by the polynomial factor v/k.

Theorem 20.31 (MINKOWSKI’s theorem on linear forms). Let A CR™ be a lattice with full rank. For
all dy,...,d, € Ry with dy...d, > disc(A) there exists an x € A\ {0} with |z;| < d; fori=1,...,n.

Proof (RADO). Let A = (a;;) € R™*™ be a generator matrix of A.

Case 1: A C Z".
According to the Hermite normal form, we can assume that A is an upper triangular matrix. Then

dy...d, > disc(A) = |[det(A)| = |ai1 ... annl-

For integers 0 < «; < |a;;| and 0 < §; < d;, we consider the system of equations zA = a + §. We show
by induction on n that for a given §, there exists exactly one « such that the system has an integer
solution x. In the case n = 1, a; and z; are uniquely determined by

a1 = xr10a11 — (51 = —(51 (mod ’an’).

Let n > 2 and B := A,,. Inductively, there exist unique aq,...,a,—1 such that xq,...,z,-1 is an
integer solution of xtB = a4+ §. Now «,, and z,, are uniquely determined by

Qp = T101n + ... + TpGpp — Op = @1pT1 + ... + Tp—1Gn—1, — 0p,  (mod |apy])

(because ay; = 0 for i < n, z,, only appears in this equation).

Obviously, there are (|di |+1) ... (|dn]+1) > d; ...d, possible vectors §, but only |a11 ... ann| < di...dy
possible a. Thus, for at least one o, there must exist § # ¢’ such that yA = o+ and zA = a + ¢’ have
integer solutions y # z. For z := (y — 2)A € A\ {0}, it holds that |z;| = [0; — 0| < d; fori=1,...,n.

Case 2: A C Q™.
Let m be a common denominator of all entries in A € Q™*™. Then one can apply Case 1 to mA C Z™
and mdy, ..., md,. This yields an z € mA \ {0} with |z;| < md; for i = 1,...,n. Obviously, %x eA
satisfies the claim.

Case 3: A C R".
Let Ay, Ag,... € Q"™ with limg_,o, Ax = A. According to Case 2, there exist x1,x2,... € Z™ \ {0}
with |(zxAg);| < d; for k € Nand i = 1,...,n. Because of |zy| = |(zxAx) AL | < |d||A, "], the sequence
(k) is bounded. It must therefore contain a constant subsequence z := zy, = x, = .... Now it holds
that
(@AY] = lim [(Ag,)] < di
]—>OO

fori=1,...,n. O
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Remark 20.32. The linear forms theorem is a special case of Minkowski’s lattice point theorem, which
guarantees the existence of lattice vectors in certain convex sets. The corresponding geometric argument

is sketched in [Exercise 111.28

Corollary 20.33. For every lattice A of rank k, it holds that | min A < Vk 4/ disc(A).
Proof. Since the statement only depends on the Gram matrix of A, we can assume A C R according to
Example 20.4. By the linear forms theorem, there exists an x € A with |z;| < {/disc(A) fori=1,... k.
It follows

min A < |z| < y/kdisc(A)2/F = VE{/disc(A). O
Remark 20.34. A calculation shows that the estimate from [Corollary 20.33]is sharper than Hermite’s

bound for £ > 23. However, both bounds are not optimal for £ > 3. The smallest number ~; with
min A < /7 v/disc(A) for all lattices A of rank k is called the k-th Hermite constant (cf.[Remark 20.50)).
Using measure theory, BLICHFELDT proved

e 2r(he <25

where I' is the Euler gamma function. So far, only the following values are known:

n|l 2345 6 7 8 24
w1l 3 2 4 8 & 64 28 28

The values 73 = 4/3 and ~3 = 2 are derived in [Theorem 20.59| and [Theorem A.80l For n = 8, Fg from
yields the optimal value vg = 2.

20.5 The LLL Algorithm

Remark 20.35. Many problems for lattices A can be solved algorithmically by constructing a basis of
“short”, “nearly orthogonal” vectors. Over K € {R,C}, one can always construct an orthonormal basis
using Gram-Schmidt. Over Z, the situation is more complicated. In the first step, we bring the Gram
matrix into a block diagonal form with blocks as small as possible.

Definition 20.36. A lattice A C R" is called decomposable, if there exist lattices A1, Ay C A with
A=A ®Ayand A C Azl. If applicable, A = Ay L Ay is called an orthogonal decomposition.
Otherwise, A is called indecomposable.

Remark 20.37. A lattice A is decomposable if and only if there exists a basis B with p[A]p =
diag(A1, Az).

Theorem 20.38 (EICHLER). Every lattice A possesses an orthogonal decomposition A = Ay L ... L Ag
into indecomposable lattices A1, ..., Ay that are uniquely determined up to their order.
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Proof. Since the rank can only decrease finitely many times, A can always be orthogonally decomposed
into indecomposable lattices Aq, ..., Ag. We call x € A minimal if x is not the sum of shorter vectors,
i.e. for y,z € A with x = y + z it holds that |y| > |z| or |z| > |x|. Since only finitely many vectors
in A have a given norm (Theorem 20.13)), every z € A can be written as a sum of minimal elements.
Because |21 + ... + x| = |x1| + ... + |zg| for z; € A;, every minimal element lies in one A;. Let
x € A; be minimal as an element of A;. Let y,z € A with x = y+ 2. Let y = y1 + ... + yr and
2z =21 + ...+ 2, be the unique decompositions with y;,z; € A; for j =1,..., k. Then z = y; + 2; and
lyl = ly1l + ... + |yk| > |yi| > |z| or |z| > |z|. Thus x is also minimal in A.

Let M C A be the set of all minimal elements. We define an equivalence relation on M by
x~y = Jz1,...,2s EMix =21,y = 25, 25, 2i41] O fori=1,...,s — 1.

Elements from different equivalence classes are orthogonal and thus linearly independent. Therefore,
there can only be finitely many equivalence classes Mj,...,M; C M. Each M; lies in one A; and
generates as a group a lattice A; € A, (the set of all integer linear combinations of elements from M;).
By definition,

A1+...+Al:A1 J_...J_Al.

If there exists an 2 € A;\ A;, then = can be decomposed into minimal elements (within Aj), of which at
least one does not lie in M;. Then A; would have to contain further equivalence classes of M and one
would have an orthogonal decomposition A; = A; L I'. This contradicts the indecomposability of A;.
Thus A; = A;. Analogously, it follows that £ =1 and A; = A; for i =1,..., k after renumbering. [0

Theorem 20.39. For every indecomposable integral lattice A of rank m > 2, it holds that min A > 2.

Proof. Let A = (a;;) € Z™ ™ be the Gram matrix of A with respect to a basis. Suppose there exists
an ¥ € Z™ with zAz* = 1. Then ged(x1,...,7,) = 1. According to there exists an
S € GL(m, Z) with first column x. By replacing A with S*AS, we achieve a;; = 1. Now there exists an
upper triangular matrix 7' € GL(m, Z) with ones on the main diagonal such that T*AT = diag(1, 4;)

with A; € Z(m=Dx(m=1) Kolds. This contradicts [Remark 20.37 O

Lemma 20.40. Let A C RF be a lattice with basis v1, ..., vy. Let by, ... by be the orthogonal basis from
the Gram-Schmidt process applied to v, . ..,vx (without normalization). Then disc(A) = |b1]. .. |bg]
holds.

Proof. Let A € RF*™ be the generator matrix with rows v1,...,v,. Let B be the matrix with rows
bi,...,by. According to the Gram-Schmidt process, there exists a lower triangular matrix R € RF**
with ones on the main diagonal and RA = B. Because of det(R) = 1, it holds that

disc(A) = \/det(AAY) = \/det(BBt) = \/det(diag(|b1[2, ..., |bx[2)) = |b1]. . . |bk]. O

Remark 20.41.

(a) In the following, let |z] € Z be the rounded value of z € R, i.e. [z — [#]| < % (it does not matter
whether one rounds *.5 up or down).

(b) Let v1,...,vx € R™ be linearly independent and by,..., b the corresponding Gram-Schmidt

orthogonal basis. Then there exists a wy € (by,...,bg—1) = (v1,...,Vk—1) With v = by + w.
Therefore, by, is the image of the projection of vy onto (by,...,bx_1)*. In particular, b does not
change if one replaces vy with an element from vy + (v1, ..., v5_1).

235



Definition 20.42. Let % < d < 1. Let vq,...,v be a basis of a lattice A C R™ and by, ...,b; the

corresponding Gram-Schmidt orthogonal basis. Let j;; := [rgtl"g] for j < 4. One calls vy, ..., v d-reduced,
J

if the following conditions hold:
e (Length condition) |u;;| < § forall 1 < j <i <k,

e (LovAsz condition) [b;|* > (6 — piZ;_1)[bi—1]? for all 2 <@ < k.

Theorem 20.43 (LLL algorithmﬂ). The following algorithm transforms a basis v, ...,vr of a lattice
A CR" into a d-reduced basis.

(1) Compute the Gram-Schmidt orthogonal basis by, ..., by from vy,..., vg.
(2) Compute ;5 for 1 < j <i<k.
(3) Seti=2.
(4) As long as i < k repeat:
(a) Forj=i—1,i—2,...,1:
e Replace v; with v; — | pij|vj.
e Update p; forl=1,...,7.
(b) If the Lovdsz condition holds for v;: increase i.

(c) Otherwise: swap v; with viy1?! and go to step .

Proof. We first show that the algorithm terminates. The numbers
dS:|b1|’bs| D:dldk

change only in step Suppose v; violates the Lovdsz condition, i.e. |b;]? < (§ — u%i_l)\bi_lp. By the
swap v; <> v;—1, di, . ..,d;—o remain untouched, while b;_; is replaced by

i1 =V — Z Hijb; = bi 4 pii—1bi—1
j<i—1
replaced. Because of [b;—1,b;] = 0, we have
051 * = 103[* + i i [bia| < 8]bia]*.
Therefore, d;_1 is replaced by
’bl‘ .. ‘bi_QHb,/iil‘ < \/Sdi_l

replaced. For j > 4, vi,...,v; and vi,...,v;,v—1,...,v; obviously generate the same lattice A;.
Therefore, d;, ..., d; do not change according to [Lemma 20.40] Overall, D is thus reduced by at least
the factor v/§ < 1. According to [Lemma 20.40| and Hermite, we have

d; — disc(A,) > (%)j(j—l)m(

3\J-1)/4
i I

min Aj)j > (Z min A)j.
Therefore, D is bounded from below by a positive constant that depends only on A. This shows that
the Lovasz condition can only be violated finitely many times. Thus, after finitely many steps, i = k + 1

is reached and the algorithm terminates.

5Pronounced: Triple-L algorithm. Named after A. LENSTRA, H. LENSTRA and L. LovAsz.
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At the end of the algorithm, the Lovasz condition for v1, ..., v is satisfied. In step v; is modified.
According to [Remark 20.41} by, ..., b; remain untouched by this. For j =4 — 1, one replaces j;; by

[Ui — UL’L-|’U7b] [Ui,b']

(note v; € bj+ (b1,...,bj—1)). Subsequently, |p;;—1| < 1/2 holds. For j = i — 2, one analogously obtains
|pii—2| < 1/2, while p; ;1 is no longer changed because j is traversed in descending order. At the end,
|pij| < 1/2 holds for all j < 4, i.e. the length condition is satisfied. Overall, vy, ..., vy is d-reduced. [

Remark 20.44. One can show that the LLL algorithm has polynomial runtime in k. Larger values of
d (i.e. close to 1) yield shorter basis vectors with longer runtime. In many implementations, § = 3/4
is chosen as a compromise. In fact, the algorithm also terminates for § = 1, but not necessarily in
polynomial runtime (without proof).

Theorem 20.45. Let vy,...,v; be a d-reduced basis of a lattice A CR™. Let p := \/4%. Then
jor] <M Pmin A, for] . for] < PPETD dise(A).

Proof. Let by, ...,b; be the Gram-Schmidt orthogonal basis for vy, ...,v;. It holds that o := p? =

5711 7> %. From the d-reduction it follows that

61> > (0 — 7, 1) |bia|? = o7 bia|* > .. = 07 by

for j <i. Let v = Ajv1 + ...+ A\v; = mbi1 + ... + nb; € A be a shortest vector with Ay,..., \; € Z,
M,...,n; € Rand \; # 0. By construction of by, ..., b, it holds that n; = A;. In particular, |n;| > 1.
Since b1, ..., b, are pairwise orthogonal, it follows that

(min A)? = Jo]? = i [ba]* + ...+ 57 bl > [bil* 2 ' 01]* = 0 o] > 0 Ffon]?

and |v1| < p*~! min A. We show
Ll ‘
1+ 1 Zl ol < gt
]:

by induction on i. For i = 1 it is 1 = . Let ¢ > 2 and the assertion for i — 1 be already proven. Then

1= A 1 . . 1 .
14+ i ;O’J <o24 10’_1 =2 (1 + ZO’) < g1

As above, it is therefore

i—1 1—1 i—1
2 1 o .
o = o+ D" s = 102+ D7 by < 24+ 5 Do il < o
Jj=1 j=1 j=1

It follows that
o1] ... Jug] < PPED2]by [ by B2 pR =12 gige(A), O

Remark 20.46. For § = 3/4 one obtains p = v/2 ~ 1.41. With § — 1, p approaches the factor
2/+/3 a2 1.15 from the Hermite bound. We will return to this in . The estimate for |vy]|
suggests that vy is the shortest among the basis vectors. However, this is not always the case as the
following example shows.
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Example 20.47. We consider a lattice A with Gram matrix

4 7 5 3 =2

7 11 3 6 3
5 3 17 -5 4
3 6 -5 11 3
-2 3 4 3 9

and disc(A) = 169. Hermite yields min A < 2+v/169 ~ 3.72. The LLL algorithm with § = 3/4 or

d = 9/10 yields reduced bases with Gram matrices

14 4 -4 5 7T 1 -1 3 0
7T 11 1 -5 -1 1 11 -5 -4 3
4 1 7 -1 3|, -1 -5 10 1 O
-4 -5 -1 10 1 3 -4 1 11 -5
5 -1 3 1 10 0o 3 0 -5 9

Up to sign, there is only one shortest vector and min A = v/7 ~ 2.65.

20.6 Quadratic Forms

Remark 20.48. We change our perspective on lattices by neglecting the generator matrix and instead
only considering Gram matrices. We then know the rank, but no longer the overarching Euclidean
space. The situation here is similar to bilinear forms and their Gram matrices. In [Remark 12.4] we
introduced quadratic forms via bilinear forms. We repeat the definition with Z instead of a field.

Definition 20.49.

e For a symmetric matrix C' € R™*"™  the map

n
qg=qc: 7" = R, x> 0zt = Z CijTi%j
ij=1
is called a quadratic form of rank n with Gram matriz C.
e One calls g¢
— non-degenerate, if C € GL(n,R).

— positive (resp. negative), if C'is positive (resp. negative) definite, i.e., ¢(x) > 0 (resp. ¢(z) < 0)
for all x # 0. If ¢ is positive, then

min ¢ := min{|q(z)| : z € Z" \ {0}}
is called the minimum of gq.
— integral, if C' € Z"*".
e One calls det(q) := det(C) the determinant of q.

e Two quadratic forms g4 and qp are called equivalent, if there exists an S € GL(n,Z) with
StAS = B.
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Remark 20.50.

(a) The symmetry of C' is non-essential, because for an arbitrary matrix A € R"*", C := (C + C")
is symmetric with g4 = go. If A is integral, then C' does not have to be integral. Some authors
therefore define integral quadratic forms by the condition ¢c(z) € Z for all x € Z". This means
ci; € Z and 2¢;; € Z for all i # j.

(b) If ¢ is degenerate, one can eliminate a variable and reduce the rank by transitioning to an

equivalent form. We are mainly interested in positive quadratic forms (cf. [Exercise I11.30)). If ¢ is
negative, one can switch to the positive form —q and transfer results.

(c) Every lattice A with Gram matrix G defines a positive quadratic form g with |z|? = qg (21, ..., 21)
for all x € A, where z1,...,xz; are the coefficients wrt. the chosen basis. A change of basis of
A corresponds, according to [Lemma 20.7], to the transition to an equivalent quadratic form.
Conversely, we have seen in how to construct a lattice from a positive definite
matrix. In this way, one can switch back and forth between lattices and positive quadratic forms.
However, there are many lattices with the same Gram matrix and arbitrary rank. Note that
min gg = (min A)? and det(q) = disc(A)? holds. The Hermite bound therefore has the form

4)(k—1)/2

ming < <§ {/det(q)

(d) Equivalent quadratic forms g4 and g have the same determinant and take the same values. In
particular, min g4 = min gp if the forms are positive. Just as we reduced a lattice basis with the
LLL algorithm, we will replace a quadratic form with a “simplest” possible equivalent form.

(e) As with lattices, for a given d > 0 there are only finitely many = € Z™ with ¢(z) < d (Remark 20.11)).
Furthermore, according to [Lemma 20.28| there exists an equivalent form g¢o with ¢1; = mingq.

Theorem 20.51. Every integral quadratic form q is equivalent to a form qc with

* % 0
c=|" > 0.
0 * %

Proof. The proof proceeds similarly to [Theorem 20.24] Let ¢ = qa. Let (ai,...,a,) be the first
row/column of A and by,...,b, € Z with

d = ged(ag, ... ,an) = agba + ...+ anby.

According to |Lemma 20.19} there exists a U € GL(n — 1,Z) with first column (bo,...,b,). Let
S := diag(1,U) € GL(n,Z). Then AS has the entry d at position (1,2). Repeating this step, as

eventually divides each of the numbers ao,...,a,. As usual, one achieves a; = 0 for i = 3,...,n. By
multiplying S* from the left to AS, the first row is not changed. Since S*AS is symmetric, the first
column of A now has the same form. One proceeds analogously with rows 2,...,n — 1. In the end, A
has been transformed into the desired matrix C. O

Example 20.52.

2 11 21 0 2 1 0 210
1 2 1)]~11 2 -1]~|1 2 -—-1]~1(1 21
1 1 2 1 1 1 0 -1 2 01 2
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Remark 20.53.

(a) [Theorem 20.51|is not suitable for counting equivalence classes of quadratic forms, because infinitely
many such tridiagonal matrices are equivalent to each other. For binary quadratic forms (i.e.,
n = 2), [Theorem 20.51) merely provides a sign reduction. We treat this case in [Theorem 20.59]

(b) An integral positive quadratic form ¢ is called unimodular if det(q) = 1. Let g¢ be unimodular
with n < 5. Because (4/3)? < 2, ming = 1 according to Hermite. As in [Theorem 20.39| one
constructs an equivalent form with C' = diag(1,Cy) and det(C7) = 1. One can now repeat the
same argument with g¢,. Finally, ¢ is equivalent to ¢i,,. In particular, g is, up to equivalence, the
only unimodular quadratic form of rank n. According to a theorem by MORDELL, this also holds
for n € {6,7}. For n = 8, the Eg-lattice introduced in determines a unimodular

form ¢ with min ¢ = 2. In particular, ¢ is not equivalent to g,.

Theorem 20.54. For alln € N and d € R, there exist, up to equivalence, only finitely many positive
quadratic forms q with rank n and det(q) < d.

Proof. Let ¢ be a quadratic form of rank n with det(q) < d. Let A be a corresponding lattice

(Remark 20.50)). Let v1,...,v, be a d-reduced basis of A (for example for § = 3/4). By transitioning
to an equivalent quadratic form, one can assume g¢ with ¢; = |v;|? for i = 1,...,n. According to

eorem 20.45| c11 ... cpy, is bounded by a function in d. Since C' is positive definite, it also holds that
CiiCjj — c?j > 0, i.e., |cij| < \/Gicj; for i # j. Therefore, there are only finitely many possibilities for
C. O

Definition 20.55. A positive quadratic form ¢ with Gram matrix C = (¢;;) € R™*" is called
(Minkowski)-reduced, if for i = 1,...,n the following holds:

o ¢;; < q(x) for all z € Z™ with ged(xi, xit1,...,2n) = 1,

® Ciif1 > 0if7 < n.
Theorem 20.56 (MINKOWSKI). Every positive quadratic form is equivalent to a reduced form.

Proof. We reduce a positive quadratic form ¢ with Gram matrix C' step by step. Let 1 < i < n.
Among the vectors z € Z™ with ged(x;, ..., z,) = 1, we can choose one with minimal ¢(z) according

to [Remark 20.50, According to [Lemma 20.19} there exists a T' € GL(n — ¢ + 1,Z) with first column
(ziy...,2pn). Then

1 I 0
S = 1 zi—1 O S GL(TL,Z).
T
Replacing C by S'CS, c11,...,¢i—1,-1 remain unchanged, while ¢;; now satisfies the first Minkowski
condition. In this way, one ensures that the condition holds for ¢i1,. .., ¢cu,. The signs of ¢; ;41 can be
changed by S = diag(ey,...,€,) with €1,...,6, € {£1} (c11,...,cnn remain unchanged). O
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Example 20.57. Let ¢ be the quadratic form for the lattice A C R® from [Example 20.47, The Gram

matrix

7T 0 3 -1 3
0 9 4 0 2
3 4 10 1 =2
-1 0 1 10 3

3 2 =2 3 13

defines an equivalent reduced form. Compared to the §-reduction, the diagonal elements have become
even smaller.

Remark 20.58.

(a) Let go be reduced. Let x € Z™\ {0}, g = ged(z1,...,2,) and y; = x;/g. Then ¢1; <
q(y1, ... ,yn) = g?q(z) holds. This shows ¢;1 = min g. Furthermore, c1; < q(e2) = caa < q(e3) =
c33 < ... < cpp. For ¢ < 7 it also holds that

Cjj < q(ei + €j) =c; 261']' + ¢4,
l.e. 2’6@" < Cii.

(b) Omne can show that g¢ is already reduced if finitely many inequalities of the form ¢; < g(x) hold
(together with ¢; ;41 > 0). However, the number of these inequalities grows exponentially with
n. For n > 10 it is very costly to reduce a given quadratic form. The reduction according to
KORKINE-ZOLOTAREV provides a compromise between the efficiency of the LLL algorithm and
the quality of the Minkowski reduction. We will not go into this in detail.

(c) The diagonal entries ¢;; of a reduced quadratic form g¢ are uniquely determined by the Minkowski
condition. Furthermore, there exist only finitely many vectors x € Z™ with go(x) = ¢;;. Therefore,
there exist only finitely many matrices S € GL(n,Z) such that the equivalent form ggtcg is also
reduced. This shows that every positive quadratic form is equivalent to at most finitely many
reduced forms. Among these, one can choose a canonical representative by defining an order on
the matrix entries (e.g., among all equivalent forms let ¢j2 be minimal etc.). For n < 2 there is
generally only one reduced form per equivalence class.

Theorem 20.59 (GAUSS). A positive quadratic form q = q¢ is reduced if and only if 0 < 2¢19 < ¢17 <
co22. In this case ci11c90 < %det(q). If qp is reduced and equivalent to q, then C = D.

Proof. Let a := c11, b := ¢12 and ¢ := co9. If ¢ is reduced, then 0 < 2b < a < ¢ holds by |[Remark 20.58
Conversely, let 0 < 2b < a < ¢ be given. For (z,y) € Z%\ {0} it holds that

q(z,y) = az® + 2bzy + cy® > a(z? + ) + 2bxy

e B e N (20.2)
> a(z” +y°) — alzy| = a(|z] — [y|)* +alzy| > a

with equality if (z,y) = (1,0). Therefore a = ming < ¢(z1,z2) for ged(z1,22) = 1. Furthermore
c=q(0,1) < g(x1,x2) for ged(z2) = 1. Thus g is reduced.

For uniqueness, let S = () € GL(2,Z) with S'CS = (%) and 0 < 20/ < a < ¢ (note a = ming).

v

Wlog. let ¢ < c. For (z,y), equality holds in (20.2)). There are two cases for this:

Case 1: y # 0.
From (20.2)) it follows that ¢ = a < ¢/ < ¢. Thus ¢ = ¢. From a? — b? = det(C) = a® — (V)2 and ¥/ >0
one obtains b =1'.
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Case 2: (z,y) = (£1,0).
By replacing S with —S, one can assume z = 1. Then v = det(S) = £1. From

ua—gguaj:b:blgg
2 2

it follows that u < 1. In the case u < 0, b’ would be negative. For u = 0, S = 15. So let u = 1. Then
b=a/2 =10 From ac — b? = det(C) = ac’ — b? it follows that ¢ = . O

Remark 20.60.

(a) The bound c¢y1¢29 < %det(q) corresponds to the estimate from |Theorem 20.45| for 6 — 1.

(b) Let A be a lattice with d-reduced basis v1, v2 and Gram matrix C' = (¢;5). Then

[cra] _ [[v2, ]|
c11 |ve]?

= |p21] <

)

DO | =

i.e. 2|c12] < e11. The (only) Lovasz condition is
(6 — pay)|on|* < [baf? = |v2 — parvn|? = Jval? = 2pmn [v1, va] + 3y [o1[* = Jval? — 3 o %,
i.e. dci1 > co9. For § = 1, g¢ is reduced if one ignores the sign of c¢ps.
(¢) The following algorithm reduces a positive binary quadratic form ¢c:

(1) If ¢11 > co2, swap c11 and coo.

(2) Let A := [c12/c11]. Subtract A times the first row/column from the second row/column of C'.
Afterwards, 2|ci2| < ¢11 holds.

(3) If ¢11 > 92, then go to []
(4) Replace ci2 by |12

(d) The equivalence classes of positive quadratic forms go with rank 2 and det(q) < 10 are given by
the following parameters:

det(¢)|[1 2 33 44556677 888999 10 10
ep 11121 2212121321321 2 1
¢, 0001001000101 000T10 0 0
c2 |1 232423536 473483509 5 10

There are such tables for n < 5 on the internet (cf. [Exercise I11.32) ﬂ

(e) For n > 3, there exist equivalent positive reduced quadratic forms with different Gram matrices.
To see this, consider g := q¢, with

1 k
Cj = 2 1
1 2

T = DN

for k € {0,1}. According to [Example 20.52} gy and g; are equivalent. According to [Example 12.35
qo is positive and min gy = 2. Because ¢; =2 = ming; for ¢ = 1,2,3 and ¢12 = co3 = 1, g9 and ¢
are reduced.

"https://www.math.rwth-aachen.de/homes/Gabriele.Nebe/LATTICES/
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20.7 Successive Minima

Definition 20.61. Let ¢g: Z" — R be a positive quadratic form. Following Courant-Fischer, we define
the successive minima
wi(q) == min max{q(s1),...,q(si)}.

81,..4,8;€
linearly independent

Remark 20.62. Obviously ming = p1(q) < ... < un(q). If go is reduced, then

p1i(q) < max{g(e1),...,q(e)} = ci

for ¢ = 1,...,n. In general, however, equality does not necessarily hold.

Example 20.63.

(a) Let
] Vo
R . Vo
c=|. . 1 . 12
.. .1 1
Yo 12 Y2 1/2 5/4
Because of
2 2, 9 9 - L N2 1,
q(x) :SU1+...+CC4+1$5+$1$5+...+$4I5 :;(azi—f—zxg,) —I—Zaz5 >1
for x € Z™ \ {0}, q is positive and reduced. On the other hand,
B:={e1,...,es,(—1,-1,-1,-1,2)}

is linearly independent with ¢(b) = 1 for b € B. This shows p5(q) = 1 < & = css.

(b) The successive minima of the form ¢ from [Example 20.57| are 7,9, 10, 10,11. Here too, us(q) =
11 < 13 = ¢55 holds.

Lemma 20.64. For every positive quadratic form q of rank n, there exist linearly independent vectors
S1y-.-ySn € Z™ with q(si) = pi(q) fori=1,...,n.

Proof. Obviously, there exists s; € Z™ with ¢(s1) = p1(q). Suppose s1,. .., s with ¢(s;) = ui(q) for
i =1,...,k have already been chosen. By definition, there exist linearly independent t1, ..., tx41 with
q(t;) < prs1(q) for i = 1,...,k 4+ 1. At least one of the ¢;, say t;, must be linearly independent of
S1y...,8k. Let i < k+ 1 be minimal with p;(¢) = pg+1(q). From

pi(q) < max{q(s1),...,q(si-1),q(t1)} < prr1(q)

it follows that ¢(t1) = pr+1(q). We can therefore set sii1 := ¢;. The claim now follows inductively. [

Remark 20.65. The following theorem improves Hermite’s bound (Remark 20.50)).
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Theorem 20.66 (MINKOWSKI). For every positive quadratic form q of rank n, it holds that

4)n<n—1>/z

p1(q) - - - pin(q) < (g

det(q).

Proof. Let S € Z"*™ with columns sy, ..., S, as in|[Lemma 20.64| (Note: S is not necessarily in GL(n, Z)).
Let ¢ = gc and S'C'S = R'R be the Cholesky decomposition of S'CS. Let

D := diag(p1(q), - - -, 1n(q)), Cy:=S'R'D'RS™
and ¢ := qc,. Then

det(q)

det(r) = det(D) ™ det(S™ RS ™) = o

Let x € Z™'\ {0}, y :== S71z and 2 := Ry. Let k := max{1 < i <n:y; # 0}. Then z = Sy =

Y181+ - .. + YrSk is linearly independent of s1,. .., sx—1. In particular, g(x) > pur(q). Since R is an upper
triangular matrix, it also holds that zx11 = ... = 2z, = 0. Therefore
( ) thD—lR tD—l z% + + Zl% > 1 ‘ |2 thR 1 ( )>1
q(z)=y y==z z= > z|* = Yy y=—-—q(x)>1.
11(q) pr(a) — p(a) 111:(q) 11 (a)

In particular, ¢ is positive and

1 < (ming)" < <§)n(n—1)/z

4>n(n—1)/2 det(q)
3

det(q1) = (7 _
(@) =13 p1(q) - - pin(q)
according to Hermite (Remark 20.50). O

Remark 20.67.
(a) The proof shows that one may replace (4/3)"~1/2 in Minkowski’s bound by the n-th Hermite

constant -, (Example 20.30)).

(n—1)/2
b) For a d-reduced lattice basis v1, ..., vy, the same bound |vi|?...|v,|? < )" det(g) holds
3
asymptotically as § — 1 according to [Theorem 20.45|

(c) An integral positive quadratic form q is called universal, if q: Z™ — Ny is surjective. A theorem
of Lagrange from number theory states that the quadratic form

q(z) = xlgxt = x% + a:% + a;% + xi

is universal, i.e., every natural number is the sum of four squaresﬁ The 15-Theorem of CONWAY

states that an integral positive quadratic form is already universal if it takes the values 1, 2, 3, 5,
6, 7, 10, 14, and 15.

8see Number Theory notes

244


https://benjaminsambale.github.io/subpages/teach.html

Exercises

Exercise III.1 (Binary Exponentiation). Let K be a field and A € K™*"™.
(a) Design an algorithm for the efficient calculation of A* by iterated squaring.

(b) Show that in this way one can get by with at most 2|log, (k)| matrix multiplications (where
|logy (k)| is the largest integer z with 2% < k).

Exercise ITI.2 (HERON’s method). Let a € R with a > 1. Show that the sequence
1 a

xo =1, Tptl = f(xn + —)

2 n

converges quadratically to \/a, i.e. lim, oo T, = /a and |zp41 — Va| < %‘l‘n —+/a|? for n € N. Explain
why the number of correct decimal places of x,, doubles in each iteration step.

Exercise II1.3. Let K be a field and A € K™*" of rank k. Show that there exist B, C' € K™** with
A = BC". How can this be used to speed up calculations and reduce memory requirements if k < n.

Exercise I11.4. Prove or disprove: Similar matrices in C"*™ have the same condition number.
Exercise II1.5. Show that A € C"*™ has the same rank as the pseudoinverse A™.
Exercise II1.6. Prove or disprove: (AB)* = BT A" for all A € C"*™ and B € C"™*F,

Exercise IT1.7. Show: If the system Ax = b with A € C"*™ has at least one solution, then all solutions
have the form A*b+ (1,, — AT A)y with y € C™.

Exercise II1.8. Determine the largest (finite) number that can be represented with the data type

float (Remark 17.29)).

Exercise III.9. Let A € K™*" with principal minors det(Ag) # 0 for k = 1,...,n — 1 (see
mark 12.43)). Show that a unique LU decomposition in the form A = LU exists (see [Theorem 17.35]).

Exercise IT1.10 (BRUHAT decomposition). Show that for every matrix A € GL(n, K) there exist

permutation matrices P, @Q, lower triangular matrices L1, Lo and upper triangular matrices Uy, Uy with
A=I11PLy, = U QUs.

Exercise III.11 (Polar decomposition). Show that for every matrix A € C"*™ there exist uniquely
determined matrices U € U(n,C) and P € C"*" with A = UP, where P is positive semidefinite.
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Exercise IT1.12 (HADAMARD inequality). Let A € C"*" with columns si,...,s,. Show |det(A)| <
|s1] ... |sn| with equality if and only if s1,...,s, are pairwise orthogonal.
Hint: QR decomposition.

Exercise II1.13. Let p,q > 1 with % + % =1, s,z,y € R59 and v,w € C". Show:

(a) (BERNOULLI inequality) 1 + sz < (1 + x)® for s > 1.
Hint: One needs the continuity of the power function.

(b) (YOUNG inequality) zy < ‘%p + %.

(c) (HOLDER inequality) > i [vsw;| < ||v][p]lw]lq-
Hint: This generalizes the Cauchy-Schwarz inequality.

(d) (MINKOWSKI inequality) [|v + w|l, < [[v]lp, + |lw]]p.

(e) The p-norm is indeed a norm on C™.
Exercise III.14. Let ||.|| be a norm defined on C**! for all n. Show that

| Az|]
|All = = max || Az|
0£zeCmxt |lzf|  laf=1

defines a matrix norm on C™**™,

Exercise III.15. Formulate and prove the orthonormalization procedure with Householder transfor-

mations and Givens rotations from [Remark 17.87 for A € GL(n,C).
Exercise II1.16. Show limk%oo(ln + %A)k = exp(A) for all A € C"*".
Exercise ITI.17. Show that exp(A) is positive definite if A € C"*" is Hermitian.

Exercise III1.18. Show:
(a) The number of permutations in S,, with exactly k cycles (including 1-cycles) is

n n! 1
M‘_kv 2 I .

! A
1<ty k< k
l1+...4+l=n

Hint: [Z] is called the Stirling number of the first kind.

(b) For n > 2 there are as many permutations in S, with an even number of cycles as with an odd
number of cycles, i.e. Z}Zzl(—l)k [Z] =0.

(c) Let N € C™*™ be nilpotent and

Then exp(A4) = 1,, — N holds.

Exercise II1.19. Show that for A € SL(n, C) there exists a B € C™*" with exp(B) = A and tr(B) = 0.
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Exercise I11.20. Let A, B € R™*" be stochastic matrices. Show that AB is stochastic.

Exercise II1.21. If A € R™" and A~! are stochastic, then A is a permutation matrix.

Exercise IT1.22. Let 0 < p,g < 1 and A 1= (1;7’ 1§q). Calculate limy_,o, A".

Exercise II1.23. Let A € R™*" be non-negative and irreducible. Show (1,, + A)"~! > 0.

Exercise I11.24. Let V be a K-vector space of dimension n. A set A C V is called affinely dependent,
if pairwise distinct elements ai,...,a;r € A and A\,..., A\ € K* with A\ai; + ...+ Agap, = 0 and
A1+ ...+ A\p = 0 exist. Otherwise, A is called affinely independent. Show:

(a) There exists an affinely independent set with n + 1 elements.
(b) Every set of at least n 4 2 elements is affinely dependent.

(¢) ACV is affinely dependent if and only if {v —w :w € A\ {v}} is linearly dependent for some
veA

Exercise II1.25. Let V be a K-vector space. An affine linear combination of v1,...,v; € V is a sum
of the form Awv1 + ...+ Mpvg with Aq,..., s € Kand A\ +... + A\, = 1E] The set of all affine linear
combinations of elements from A C K™ is called the affine hull aff(A).

(a) Describe the affine hull of two points in R".

(b) Show that a set A C V is closed under affine linear combinations (i.e. aff(A) = A) if and only if
there exists an z € A such that A — z is a subspace of V.

Exercise IT1.26. Let A € R"*™ and b € R™*!. Show the following variants of |Corollary 19.13

(a) There exists an z with Az < b if and only if y* > 0 for all y > 0 with y*A = 0.
Hint: Consider (1,, A, —A).

(b) There exists an & > 0 with Az < b if and only if y'b > 0 for all y > 0 with y*4 > 0.

Exercise II1.27.

(a) Determine the lattice A C R3 corresponding to the square arrangement of unit spheres (the

spheres in each layer touch spheres in the layer below, see |Remark 20.11]):

9In contrast to convex combinations, the A; are not restricted.

247



(b) Calculate min A and the density p(A).

(c) Explain why this arrangement is not a counterexample to Kepler’s conjecture.

Exercise II1.28. Let A C R” be a lattice with full rank and § := = min A. Let F C R” be the

=
fundamental mesh of A (Example 20.9). Let W := (—4/2,6/2)™ C R™ be the open cube with center 0
and side length §. Show:

(a) For distinct z,y € A, (z+W)N(y+ W) = 2.

(b) There exist x1,...,z; € A with W C Ule(xi + F).

(c) For the volume, it holds that

§" =vol(W) =vol(F N (W —z1) U...U(W —ay))) < vol(F) = disc(A),

i.e. min A < y/n{/disc(A).
(d) For the dual lattice A*, it holds that (min A)(min A*) < n.

(e) For every positive quadratic form g of rank n, it holds that min ¢ < ndet(q).

Exercise II1.29. Let go be a reduced positive quadratic form of rank 2. Show for the successive
minimum p2(q) = coo.

Exercise II1.30. Let ¢ be an indefinite quadratic form of rank 2, i.e. there exist =,y € Z? with
q(z) < 0 < q(y). Let d := — det(q) not be a square number. Show:

(a) d>0.

(b) ¢ is equivalent to a form gc with 0 < ¢12 < Vd < |e11| + c12 < |eaa| + cio.

(c) Up to equivalence, there are only finitely many integral indefinite quadratic forms of rank 2 and
determinant —d (even if d is a square).

(d) Determine up to equivalence all integral indefinite quadratic forms ¢ of rank 2 with det(q) > —4.

Remark: In contrast to positive binary quadratic forms, there is no canonical normal form for indefinite
forms.

Exercise II1.31. Show that a positive quadratic form g¢ of rank 3 is reduced if and only if:

0 < 2c12 < c11 < e92, 2|c13] < e,

0 < 2c93 < c2 < c33, 2(c12 + c23 — c13) < €11 + c22.

Exercise II1.32. Determine all reduced integral quadratic forms of rank 3 with determinant < 5.
Which of them are equivalent?
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Exercise II1.33. For A € K™ and B € K**! we define the Kronecker productlﬂ
aitB - amB
A9 B:=| D e Km
an.lB cee am.nB
as a block matrix. Show for matrices A, B, C, D with suitable format and \ € K:
(a) A (BRC)=(A®B)®C.
(b) (A® B)' = A* @ B".
(c) A (B+C)=AB+A®C.
d) (A+B)@C=AC+B&C.
(e) M(A®B)=(A)®B=A® (\AB).
(f) (A® B)(C® D) = (AC) ® (BD).
g) tr(A® B) = tr(A) tr(B).
h) rk(A ® B) = rk(A) rk(B).
(i) det(A® B) = det(A)™ det(B)" if A € K™*™ and B € K™*™.

(
(

Exercise II1.34. Let A € R"*" and B € R™*™. Show:
(a) If A and B are orthogonal, then so is A ® B.
(b) If A and B are positive definite, then so is A ® B.
(c) If A and B are stochastic, then so is A ® B.

Exercise II1.35. Let A, B € R™*™ be positive definite. Show min g4 < (ming4)(mingp).
Remark: KITAOKA has proven that for quadratic forms with rank < 43 equality holds. For rank 292
there exist examples for the strict inequality.

03ls0 called tensor product
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Convex Optimization

Remark A.68. In this section, we investigate optimization problems with a convex (or concave)
objective function under linear constraints. Since the simplex algorithm does not work in this concept,
there is no reason to bring the constraints into standard form by introducing slack variables. We
therefore consider convex sets of the form

M :={zeR™: Az < b}

with A € R™™ 1k(A) = m < n and b € R"” (Remark 19.3). As usual, x € M is called a vertez, if
M\ {z} is convex. For I C {1,...,n}let Ar:=(a;j:i€I,j=1,...,m). We call I a basis set, if Ay is
invertible. If applicable, |[I| = m.

Theorem A.69. Let M := {x € R™: Az < b} with A € R™™ and b € R™. x € M is a vertez if and
only if there exists a basis set I with Ajx = by.

Proof. Let I be a basis set with Ajx = by. Let y,z € M and 0 < A <1 with z = Ay + (1 — A\)z. From
br = )\A[y + (1 — )\)A]Z < \by + (1 — )\)b[ = by

it follows that Ary = by and Ajz = by. Since Ay is invertible, y = x = z holds. Thus z is a vertex.

Conversely, let x be a vertex. Let I be the set of indices ¢ with Z;nzl a;jx; = b;. Assume rk(Ar) < m.
Then there exists a y € R™ \ {0} with Ajy = 0. For i ¢ I, 377" a;;z; < b; holds. Therefore, there

exists an € > 0 with z + ey € M. Because of z = (2 + ey) + 5(z — ey),  cannot be a vertex. Thus
rk(A;) = m. Therefore, there exists a basis set J C I with Ajz = by. O

Definition A.70. Let M C R" convex. A function f: M — R is called

e convex, if
FAz+ (1= XNy) < Af(z)+ (1 =N f(y)

holds for all z,y € M and 0 < A < 1. If the strict inequality holds in the case x # y, then f is
called strictly convex.

e (strictly) concave, if —f is (strictly) convex, i.e.
fAz+ (1 =Ny) > Mf(x) + (1 =N f(y)
Remark A.71.

(a) Every linear function is convex and concave.

(b) If f: M — R is convex, then N := {(z,y) € M x R : f(x) <y} C R*"! is convex, because for
f(z;) <y; and 0 < A <1 it holds that

F(Azy + (1= V) < A1) + (1= A flez) < dyr+ (1 — Ay
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(c¢) In analysis, it is shown that f is (strictly) convex if and only if the Hessian matrix of the second

derivatives (8528];;> is positive semidefinite (definite). For n = 1, this means f”(x) > 0 for all
i0%j

x € M, i.e., the slope of the graph increases continuously.

Azy + (1 — N

A (1) + (1= A) f(x2) |
f()\xl + (1 — )\)1‘2) 1

I L2

Theorem A.72. Let M = {x € R™ : Az < b} # & be convex and f: M — R be convex (resp. concave).
If f has a mazimum (resp. minimum) on M, then it is attained at a vertex.

Proof. We argue as in the proof of [Theorem 19.24] Let © € M be a maximum of f. Let I(xz) = I be

the set of indices 7 with 377", a;jz; = b;. Assume rk(A;) < m. As in the proof of [Theorem A.69| there

exist y € R™ and € > 0 with x4 :=x £+ ey € M. Since f is convex, it holds that

F) = F(5re + 50 ) < g f@e) + 3 fe) < max{ f(zy), Fa)} < ()

and f(z4+) = f(x) = f(z_). Since we always assume that A has full rank, Ay # 0 holds. We can
therefore choose € such that I(x4) 2 I or I(z_) 2 I holds. Subsequently, we replace = by x (resp.
z_) and repeat the argument. After finitely many steps, one reaches rk(A;) = m. Then x is a vertex.
The proof for concave functions proceeds analogously. O

Remark A.73. If f is strictly convex (or concave), then the maximum (or minimum) can only be

attained at vertices (for this, [Theorem A.69|is not needed).

Theorem A.74 (Inequality of the harmonic, geometric and arithmetic mean). For all positive
T1,...,Tn € R, it holds that

n 1 +...+x,

with equality if and only if x1 = ... = x,,.
Proof (CAUCHY). The first inequality follows from the second by replacing x; with 1/z;. We show the

second inequality by an unusual induction on n. For n = 1, equality holds. For n = 2, we have

2 _ 2
7(:E1 ng) — X1 = 7(1‘1 4562) >0

with equality if and only if 1 = x2. Now let the statement be satisfied for n. Then

n T 2n TaNT 2n N
R S SR R gEy
ver < (D00 2 ) S (25
=1 1=n-+1

=1
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with equality if and only if 1 = ... = x9,. Thus the claim holds for 2n. Now let A := Z?:_ll —#iz. Then

T1...Tp-1A < (nzzlxi—f-A)n: (M—f—é)n:A”

. n n n n
=1

and z1...2,_1 < A" ! with equality if and only if 21 = ... = x,_1. Thus the claim also holds for

n—1. O

Theorem A.75. For every positive semidefinite matric A € C"*", it holds that {/det(A) < tr(A)/n
with equality if and only if A is a scalar matriz.

Proof. According to A has non-negative eigenvalues Aj,...,\, € R. According to
Remark 10.35] it holds that

/det(A) = /o )\1 b ) = S r(A)

n

with equality if and only if \; = ... = \,. Since A is diagonalizable according to the spectral theorem,
A must then be a scalar matrix. O

Lemma A.76. For x1,...,Zn,Y1,-..,Yn > 0, it holds that

V(x1+y1)...(xn+yn)2 Yy xn+ YY1 yn

with equality if and only if (x1,...,2,) and (y1,...,yn) are linearly dependent.

Proof. Wlog. let x; +y; > 0 for i = 1,...,n. According to the inequality between the arithmetic and
geometric mean, it holds that

n n n
1_12 Z; _i_lz Yi >"H H Yvi  R/T1 Tt YY1 Un
- Sy oy T _|_ 4 . n
n 1 T T Yi n i1 Ti T Yi bl IIZ yz i1 T T Yi \/(ZL‘l +y1).

‘. (xn + yn)
. . . . i _ xX; Yi . Yi . . . L .
with equality if and only if -Ti:iyi = _ﬁyj and Tty 3 _ﬁyj for all 4, j. This means x1y; = x;y; for
i=1,...,n. If z or y is the zero vector, then the vectors are linearly dependent. Otherwise, wlog. 1 # 0
and y; = %xl fort=1,...,n. Thus z and y are linearly dependent. O

Lemma A.77 (Simultaneous Diagonalization). Let A € C™*" be positive definite and B € C™*™ be
positive semidefinite. Then there exists an S € GL(n,C) with S*AS = 1,, and S*BS = diag(A1, ..., An).

Proof. According to [Exercise I1.18] there exists a Hermitian root v/A of A. Clearly, C := \/Z_lB\/E_l

is also Hermitian. By the spectral theorem, there exists a U € U(n,C) with U*CU = diag(A1, ..., An).
The claim now holds for S := \/ZilU . O

Theorem A.78 (MINKOWSKI INEQUALITY). Let A € C™*" be positive definite and B € C"*™ be
positive semidefinite. Then

{/det(A + B) > {/det(A) + {/det(B
with equality if and only if B = AA for some A > 0. In particular, det(A + B) > det(A) + det(B).
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Proof. According to [Lemma A.77| there exists an S € GL(n,C) with S*AS =1, and
D := S*BS = diag(A1,...,\n).

By multiplying from the left and right by {/det(S*) and {/det(S) respectively, we can assume A = 1,
and B = D. By assumption, Aq,..., A, > 0. From it follows that

Vdet(1,+ D)= V(A + M) ... (14+ X ) > 1+ VA1 A = V/det(1,) + ¥/det(D)

with equality if and only if A := A\; = ... = \,,. For the original matrix, this means B = S™*DS~1 = \A.

The second claim follows from
det(A+ B) = {/det(A 1 B)" > (’\l/det(A) + vdet(B))”
=Y <Z> {L/det(A)'" Q/det(B)“’k > det(A) + det(B). O
k=1

Theorem A.79. Let v € R™. The set M C R™™ of all positive definite matrices with main diagonal v
is convex. The map M — R, A — {/det(A) is strictly concave.

Proof. Let A,B € M and 0 < A < 1. Obviously C' := AA + (1 — A\)B has main diagonal v. For
z € R™\ {0} we have
2Cz" = Az Az" + (1 — N)zBz" > 0.

This shows C' € M. According to the Minkowski inequality, it holds that

V/det(C) > V/det(AA) + {/det((1 — A\)B) = A¥/det(A) + (1 — \) ¥/det(B)

with equality if and only if AuA = (1 — \)B for some g > 0. Since A and B have the same main
diagonals, it follows that Ay = (1 — A) and A = B. Thus A — /A is strictly concave. O

Theorem A.80 (OPPENHEIM). Let qo be a reduced positive quadratic form of rank 3. Then

1 1

€11C22€33 < €11C22€33 + 5011022(033 —c22) + 5011033(022 —c11) < 2det(q).

If cr1c90c33 = 2det(q), then q is equivalent to the quadratic form with Gram matric

(211
%1121
11 2

Proof (BARNES). Let M C R3*3 be the set of reduced positive definite matrices with main diagonal
(a,b,c), where a < b < c. For

C = e M

SIS IS
< o8
I SR\
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it holds that 0 <z < a/2,0 <y <b/2, 2 <a/2, —z<a/2and x +y — 2z < (a + b)/2 according to
Exercise I11.31] One can therefore identify M with the convex set M C R3 of all (x,v, 2) with

1 0 0 a

-1 0 0 0

0 1 0 x 1 b
A=]10 -1 0 yl| <= 0 =:v

0 0 1 z 2 a

0 0 -1 a

1 1 -1 a+b

According to Sarrus’ rule, it holds that
det(C) = abe + 2xyz — ay® — bz* — ca®.

According to [Theorem A.79 and [Remark A.73| the minimum of €'+ {/det(C) (and thus also the
minimum of det) on M is attained only at vertices. According to , the vertices are
obtained by choosing three linearly independent rows of A and solving the corresponding system of
equations. There are eight possibilities to choose three linearly independent rows from the first six rows
of A. However, the choice (z,y,z) = (a,b, —a) does not satisfy the last inequality. If one chooses the
seventh row as equality, then z = %(a + b) — x — y. This yields two further vertices:

I 2(z,y,2) det(C) ‘ I 2(z,y,2) det(C)
{1,3,5} (a,b,a) abc— ;(ab®+a’c) | {1,3,7} (a,b,0) abe — ¥(ab? + a’c)

)
{1,4,5} (a,0,a) abc— }(ab®+a’%c) | {1,4,7}  (a,0,—b) asI={1,4,6} witha=10
{1,4,6} (a,0,—a) abc— 1(ab®+a’c) | {1,6,7} (a,b—a,—a) abc — X(ab? + a’c)
{2,3,5} (0,b,a) abc— %(ab®+a?b) | {2,3,7F  (0,b,—a) as I = {2,3,6}
{2,3,6} (0,b,—a) abc— }(ab®>+a?b) | {2,6,7}  (0,b,—a)
{2,4,5}  (0,0,a) abc — 3a%b {3,6,7}  (0,b,—a)
{2,4,6} (0,0, —a) abc — $a®b {4,6,7}  (b,0,—a) asI=1{1,4,6} witha=>

Apparently det(C) > abc — %(ab® + a?c) and
1 1
abe < abe + §ab(c —b)+ §ac(b —a) < 2det(C).

Equality holds only if a = b = ¢ and 2(z,y, 2) € {(a,aq,a),(a,a,0),(a,0,+a), (0,a,+a)}. According
to [Example 20.52| (a,a,a) ~ (a,a,0) holds. By permutation of z,y,z and sign changes, one sees
(a,a,0) ~ (a,0,£a) ~ (0,a,+a). O]

Theorem A.81 (GAUSS). For every lattice A C R3, it holds that p(A) < ﬁ If equality holds, then
the Gram matriz of A has the form

211
cll 2 1
1 1 2

for a suitable choice of basis.

Proof. Let C be the Gram matrix of A. By a change of basis, we can assume that go is reduced.
As in [Remark 20.11] we arrange unit spheres with centers in A. Since the spheres do not overlap,
c11 = min(A)? > 4 holds. From Oppenheim, it follows that det(C) > 25. This shows

(A) = 47 B 47 < T
P 7 3dise(A) T 3/det(C) - 3v2
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If equality holds, then according to Oppenheim, one can construct a basis of A such that C has the
specified form. O

Theorem A.82 (FISHER inequality). Let M = (4 B) € C™*™ be positive definite. Then det(M) <
det(A) det(C) holds with equality if and only if B = 0.

Proof. According to the Sylvester criterion, A,C as well as A~', C~! are positive definite. With
it holds that

— din i 1 1 VA BT
D = diag(vV'A,VC) M diag(VA,VC) ! = (ﬁlB*ml X )

From it follows that
det(A)~ ! det(C) "' det(M) = det(D) < (tr(D)/n)" =1,

thus det(M) < det(A) det(C'). Equality holds if and only if D is a scalar matrix, i.e. VA 'BYT ' =
0=0B. OJ

Corollary A.83. Let A = (a;;) € C™*" be positive definite and A7l = (bij). Then aby; > 1 for
1=1,...,n.

Proof. According to the formula for the complementary matrix A, by = det(A;;)/ det(A). By swapping
the first and i-th row/column, A is similar to (}131'}; fi)' From Fisher, it follows that det(A) <
(0773 det(Aii) = aiibii det(A). O
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Index

A

absolute value, [99]
complex number, [I0§]

adjugate,

affine hull, 247]

affine space, 2§

affinely (in)dependent,

AlphaEvolve,

associative law,

axiom, [[3|
axiom of choice, [I3} [I7]

B

backward substitution,
Banach space, [180]
Banach’s Fixed Point Theorem, [I86]
Banach-Tarski paradox,
Barnes,
basic transposition,
basis

dual, (9|

of a lattice, 223

of a vector space,
basis change matrix,
Basis Extension Theorem, [32]

basis set, 18] 25]]
feasible, 218
Bauer-Fike,
Bernoulli inequality,
bidual space,
bijection, [I9]
bilinear form, [TT3|
alternating, [113]
antisymmetric, [I13]
degenerate, [113
indefinite, [I20]
index, [T19]
negative (semi)definite,
positive (semi)definite, [120
symmetric, [I13]
binary exponentiation, 245
Binet formula, [94]
Blichfeldt, 234]
Bruhat decomposition, 245
bubble sort,

Bézout,
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C
cancellation, [I80]
Cantor,
Carathéodory,
Cartan-Dieudonné, [112]
cartesian product, [I7]
Cauchy, 252
Cauchy’s interlacing theorem, [200
Cauchy-Binet formula,
Cauchy-Schwarz inequality,
Cayley-Hamilton, [96]
centralizer, [T70]
Ceres, [184]
Chan-Li,
Change of basis,
characteristic polynomial

of a map, 02|

of a matrix, 02|
Chinese Remainder Theorem, [159
Cholesky decomposition,
Cholesky method,
circular reasoning, [31]
codomain, [I9]
coefficient,

leading,
coefficient matrix,

augmented, [1]
Collatz-Wielandt, 209]
column operation, [43]
column vector,
commutative law,
companion matrix, [I50]
complement, [32]

dual,

orthogonal,

complex conjugation, [108
composition, [I9]
condition number, [I76] [I90]
congruence

of matrices, [116

of polynomials, [I58]
constant term, [S6|
continuum hypothesis, [T3] [20]
contraction, [I86]
contraposition, [T2]
converse, [12]
convex combination, [215



convex hull, 215 F

convolution theorem, [I73] Farkas’ lemma, 216

Conway, FFT, see Fourier transform

coordinate representation, Fibonacci numbers, @

cosine, [I0]] field, 24]

Courant-Fischer, 200] of complex numbers, [107]

Cramer’s rule, [74] of rational functions, [I60]

cross product, [I04] ordered, [T08]

cycle, with four elements,
disjoint, with three elements,

with two elements, [24]

D Fillmore, [5§|
De Morgan’s law, Fisher inequality, 256]
decimal fractions, Fitting, [136
Dedekind identity, floating-point numbers, [I80]
derivative, [I59] forward substitution,
determinant Fourier matrix, [I73|

of a map, Fourier transform

of a matrix, continuous, [[74]

of a quadratic form, 23§ discrete,
determinant theorem, [71] fast,
diagonal matrix, [36] Francis algorithm,
diagonalizability, Frobenius, [I55]

simultaneous, [I35] Frobenius inequality, [82]

for bilinear forms, 253 Frobenius norm, [I89

diagonalization arguments, 20] Frobenius normal form, [I51
difference, [14] function, see map
differential equation, [206 functional, 59
dimension, functional analysis, [33]
dimension formula, functional equation,
direct product, 24 fundamental mesh,
discriminant, [225] fundamental theorem
distributive law, [12] [15] 24] of algebra, [109]
divisor, linear programming, 220]

common, [22§]

greatest, 228 G
domain, [T9 Gauss, 241}, 255]
dual space, [59] Gauss algorithm, [44]
Duality Theorem, with pivoting, [181
Gauss-Seidel method,

E general expansion theorem, [83]
Eichler, 234] generalized eigenspace, [[30]
eigenspace, [63] Generalized Eigenspace Decomposition, [I37]
eigenvalue, generating set, [30]
eigenvector, [63] generator matrix, 223
elementary divisor, 230] geometric series, [20]]
elementary matrix, [43] Gershgorin, [T196]
endomorphism, Givens rotation, [I98]
equivalence class, Goldbach’s conjecture, [T1]
equivalence relation, golden ratio, [94]

Euclidean algorithm, [T40] Golden-Thompson inequality,
Euclidean division, Google matrix,

Euclidean space, @ Gram matrix

Euler, of a bilinear form, [I14]
exchange lemma, of a lattice, [223

exponential function, 22} 203] of a quadratic form, [238
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Gram-Schmidt process, [102]
modified, [197]

group, [23]
abelian,
affine,
alternating, [77]
general linear, [39]
orthogonal, [T04]
special linear,
special orthogonal,
special unitary, 128
symmetric, [75]

unitary, [127] 12§

Godels incompleteness theorems,

H

Hadamard inequality, [246]
Hales,
Hamiltonian skew field,

Harriot, 226]

Harvey-van der Hoeven, [I74]
Hermite, 232]

Hermite constant,
Hermite normal form, [229
Heron’s method,
Hessenberg matrix, [195]
Hessian matrix, [[21]

Hilbert matrix,

Holder inequality,
homeomorphism,
homogeneity, [125] 185
homomorphism, [50]
homomorphism theorem, [54]
Horner scheme,

Householder transformation,

hypercube, [67]
hyperplane, [33]

I

identity,

identity element, [23]
identity matrix, [37]
image, [19]

inclusion map,

index,

Inequality harm., geom., arithm. mean, [252]

interpolation, [89]
intersection, [174]
invariant, [67]
inverse element, [23]
inverse function, 2]
isomorphism, [50]
isomorphism theorem
first,
second,
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J
Jacob, [I51]
Jacobi, [204]
Jordan block,
generalized,
Jordan normal form, [T40]
Jordan-Chevalley decomposition, [I63]

K

Karatsuba algorithm, [T72]
Kepler, 226]

kernel,

Kitaoka,
Korkine-Zolotarev,
Kronecker delta, [35]
Kronecker product, [249]
Kronecker-Capelli, [4]

L

Lagrange polynomial,
Laplace expansion,
large language model,
lattice,

basis

d-reduced, 230]
(un)decomposable, [234]
dual,
Eg,
integral, [225]

self-dual, 224
Law of cosines, [167]

law of excluded middle,
law of non-contradiction,
Law of sines,
Least Squares Method, [I83]
Leibniz formula, [77]
length
of a cycle,
Lights Out,
linear (in)dependence,
linear combination, [25]
affine, 247]

convex, 2T5]
linear factor,

linear program,
dual, 217
infeasible, 214]
solvable,
unbounded,
linear system,
(in)homogeneous,
overdetermined, [12]
solvable, [A1]
underdetermined,
LLL algorithm,
logarithm tables,



Lovasz condition, 236]
LU decomposition, [I87]
LWE,

M
main diagonal, [36]
mantissa, [I80]
map, [I9]
adjoint,
affine, [51]
bijective, [19]
concave, 25]]
strict, 257
convex, [25]]
strict, 251

diagonalizable, [64]
simultaneous, [I35]
dual,
hermitian,
injective, [I9]
linear, [50]
nilpotent, [I38]
normal,
orthogonal,
semisimple,
separable, [I6]]
surjective, [I9]
symmetric, [I04]
trigonalizable,
simultaneous, {135
unitary, [127]
Markov chain, [2006]
mathematical induction, [I6]

matrix, [35]
adjoint,
antisymmetric, [I14]
block, [38]
block diagonal, 3§
commuting, [38]
complementary,
congruent, [IT6]

converges, [19]]
diagonal dominant, [T96]

diagonalizable,
simultaneously, [I68]
equivalent,
hermitian, 12§
positive (semi)definite, [168]
(in)decomposable,
inverse, [38]
invertible,
nilpotent,
non-negative, [200]
normal, [128]
orthogonal,
positive, [200]

quasi-converges, [194]
regular, [38]
row-equivalent,
similar,

singular,
skew-symmetric, [114]
sparse, [(2]

square, [35]
stochastic,

symmetric, [36]
transpose, [30]
triangular, [66]
strict, [66]
tridiagonal,
trigonalizable,
simultaneously,

unitary, [12§]
well/ill-conditioned,

matrix inversion, [47]
matrix norm, [I89]
induced,
submultiplicative,
Mazur-Ulam, [104]
Mercator series, [200]
Millennium problems,
Min-Max theorem, [200
minimal norm, 225]
minimal polynomial, 05|
Minkowski, [29] 240 244
Minkowski inequality,
Minkowski space, 119,
Minkowski’s lattice point theorem, [234]
Minkowski’s linear forms theorem, 233]
Mirsky, 93]
mnemonic, [37] 53} 54} [56} [65] 89} [110]
module,
modus ponens,
Moore-Penrose, [I79]
Mordell, [240]
multilinear form, [IT3]
multiplicity
algebraic,
geometric, [63]

N
natural logarithm, [22]
Neumann series, [201]
Newton’s method, [I09]
normm, % [TZ3 [153
equivalent, [I86]
normal equation,
normal form

Frobenius, [15]]

Hermite, 229]
Jordan,
Smith, [230



Weierstra®, [I5]]
numbers

cardinal,

complex,

integers, [I4]

natural, [T4]

rational, [T4]

real, [T4]

(0]
one-way function, 22|
Oppenheim,
order relation,
lexicographical,
total, [I§]

orthogonal basis

wrt. a bilinear form, [I17]
orthogonal decomposition,

orthonormal basis, [102

wrt. a bilinear form,

P

Page rank,
paradox, [1]]
parallelogram law, [I00]

part
imaginary, [I07]
real,
partition, [T4] [[3§

permutation, [75]
permutation matrix, [70]
Perron,
Perron-Frobenius, [208
Piazzi,

pivot, [I8T]

Polar decomposition, 245]
polar representation, @
polarization,
polyhedron,

polynomial, [86]

companion matrix, [I50]

congruent, [I5§]
constant, [S6]
coprime, [T46]
derivative,
irreducible, [T46]
monic, [36]
separable, [I59]
zero, [80]
polytope,
Power Method, 193]
power set, [I5]
predicate, [T1]
preimage, [I9]

Principal Axis Theorem, [T10]

principal minor, [123]
Product rule, [I60]
projection, [51]
proposition, [T1]
equivalent,
pseudoinverse, [I79
Pythagoras, [T00]
trigonometric, [I67]

Q

QR algorithm,

QR decomposition, [182

quadratic form,
binary, 240]
equivalent, 23§
indefinite, 248
integral,
minimum, 238§
non-degenerate, 238
positive, 23§
reduced, [240]
unimodular,
universal,

quantum mechanics, [200]

quotient space, 2§

R
Rado, 233]

rank

of a lattice, 223

of a map,
of a matrix,

Rayleigh quotient, [200]
reflection
in R?,
in R",
relation,
antisymmetric, [I§]
asymmetric, [I§]
reflexive, [T7]
symmetric, [I7]
transitive, [I§]
trivial,
remainder,
representation matrix, [54]
restriction, [I9]
right-hand rule,
ring, [37]
root, [89]
double, [01]
of unity, [I0§]
simple/multiple,
rotary reflections, [I11

Primary decomposition, [148 rotation, [106]
Prime factorization in K[X], [147 row echelon form, [44]
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row operation, [A3]

row vector, [35]

RSA,

Ruffini’s rule,
Russell’s antinomy,

S
Sarrus rule,
SAT problem,
scalar, [25]

scalar matrix, [30]
scalar product,
Schatzman, [195
Schur decomposition,
real, [I6§
Schur’s Lemma, [T56]
Schur-Horn, [132]
Schonhage-Strassen algorithm,
selection sort, [70]
sesquilinear form, [125]
set
convex, [2T5]
countable,
disjoint,
empty, [[3]
equinumerous, [I9]
(in)finite,
uncountable,
sign, [70]
signum, [76] B3]
Simplex algorithm,
Simplex criterion, 220]
sine, [T0]]
Singular Value Decomposition,
slack variable,
Smith normal form, [230]
solution set, [41]
span, [29]
spectral radius, [201]
Spectral Theorem, [129
spectrum, [I29
splitting field, [I57]
standard basis, [30]
standard inner product,
standard matrix,
standard scalar product,
standard simplex, 215
statement, [TT]
Steinitz, [32]
Stirling number,
Strassen algorithm,
subgroup, [26]
proper, [20]
subset, [I4]
proper, [I4]
subspace,
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cyclic, [T49]
F-invariant, [I70]
f-invariant,
proper, [27]
successive minima, 243]
sum of subspaces, 29} [64]
direct, [29]
Sum rule, [I60]
support, 21§

Sylvester criterion, [122
Sylvester inequality, [82]
Sylvester’s determinant formula, [I66]
Sylvester’s Law of Inertia

for hermitian matrices, [131

for symmetric bilinear forms,
symplectic space,
system of representatives, [I§]

T

Taussky, [169]
tensor product, 249
trace

of a map,

of a matrix,
transition matrix, [200]
transitivity, [12]
translation, [82]
transposition, [75]
triangle inequality,
trigonometric identities,
tripel, [I7]
tupel, [17]

U
union, [I3]
disjoint, [T4]
unitary space, [I25]

vV
Vandermonde matrix, [73]
variable,
vector, [25]
normalized, [99]
orthogonal, [99] [125]
shortest, [225]

vector space, [25]
euclidean,
finite-dimensional,
finitely generated, [30]
isomorphic, 0]
unitary, [125]

Venn diagram,

vertex, 218 25]]

Viazovska, [226]

von Mises, [209]



W
Weierstra normal form, [I5]
Wielandst,
Wilkinson,

Y
Young inequality,
Z

Zassenhaus algorithm,
Zermelo-Fraenkel system,
zero matrix, [35]

zero space, [25]

zero vector, [25]

Zorn’s Lemma, [33]
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